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Unit B1 
Symmetry and groups 


Introduction to Book B 


In this book and Book E you will study a branch of mathematics known as 
group theory. The word group describes a particular type of mathematical 
structure that occurs naturally in many branches of mathematics, as well 
as in other disciplines such as chemistry and physics. In particular, this 
structure is to be found wherever symmetry exists. Figure 1 illustrates 
some of the many ways in which symmetry occurs in nature: for example, 
the human form is (outwardly) symmetric, as are many biological, 
chemical and geological forms. 
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Figure 1 Symmetry in nature 


You will see how groups arise from symmetry, and how they occur in other 
contexts, such as in relation to addition and multiplication of numbers. 
You will study the theory of groups, which allows us to discover and make 
use of the properties of groups that arise from their structure, rather than 
from the nature of the actual objects that form the group — these objects 
might be numbers, or functions, or any of many other possibilities. You 
will see how group theory, a rich and beautiful mathematical theory, is 
built up from just four simple assumptions about the nature of the 
structure that we call a group; these assumptions are known as the group 
axioms. 


This first book of group theory introduces the basic ideas leading up to a 
simple but powerful result known as Lagrange’s Theorem, which underpins 
much of the development of the subject. The second book of group theory, 
Book E, takes the theory further. Although you will be learning abstract 
theory throughout the group theory books, you will also encounter many 
concrete examples of groups and see how these illustrate the abstract ideas. 


The first two units in Book B, namely Unit B1 Symmetry and groups 
and Unit B2 Subgroups and isomorphisms, are quite substantial, and 
you should expect to spend longer studying them than you would for 


an average unit, particularly for Unit B1. In compensation, 
Unit B3 Permutations and Unit B4 Lagrange’s Theorem and small 
groups are shorter. 


Introduction to Book B 


Unit B1 Symmetry and groups 


A note about proofs 


In this book, and throughout the rest of this module, you will see many 
proofs. You have seen some already in previous units, but the number of 
proofs will increase from now on. 


These proofs are important: proofs are an essential part of mathematics. 
If you take the time to read and understand them, then they will often 
improve your understanding of the theory, and they will also help you to 
learn how to write your own proofs, which you are asked to do in some 
exercises. 


However, some proofs can be difficult and time-consuming to read. Also, 
sometimes a proof may not contribute significantly to your understanding 
of the theory: for example, it might mostly depend on ideas that are not 
closely connected to the mathematics that you are currently studying, or it 
might consist of a largely technical and not very enlightening check 
through various possible cases. It may be better for you to skip such 
proofs, at least initially, especially if you are short of time or if you do not 
plan to go on to study more pure mathematics after M208. Throughout 
the module, the unit texts provide guidance about some proofs that you 
might choose to skip or delay reading for these reasons. 


Introduction 


In this first unit of group theory you will look at ideas of symmetry for 
two- and three-dimensional shapes, and see how these ideas can be 
expressed mathematically. You will see how this leads to the concept of a 
group, and you will meet many other examples of groups. You will also see 
how some simple results about groups can be deduced directly from the 
group axioms. 


Remember that this is quite a substantial unit, so you should expect it to 
take more time than an average unit. 


1 Symmetry in R? 


This first section is about the symmetry of two-dimensional shapes. 


1.1 Symmetries of plane figures 


When you think of symmetry, you probably think of shapes like the heart 
shape in Figure 2: it has reflectional symmetry because a reflection in its 
axis of symmetry leaves the shape looking the same. Another type of 
symmetry is exhibited by the capital N also shown in Figure 2: it has 
rotational symmetry because a rotation of a half-turn about its centre 
leaves the shape looking the same. For other shapes, rotational symmetry 
may involve a quarter-turn or a third of a turn, for example. 
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Figure 2 A heart shape and a capital N 


Both types of symmetry, reflectional and rotational, are described in terms 
of transformations that leave a shape as a whole looking the same, namely 
reflections and rotations. These types of transformations can be used to 
describe symmetry because they transform shapes rigidly — that is, 
without distorting their size or shape. In other words, they preserve 
distances between points: the distance between any two points is the same 
as the distance between their images under the transformation. 
Transformations that have this property are known as isometries. 


To enable us to formalise these ideas about symmetry, we make the 
following definitions. You have met the first definition below already, in 
Unit Al Sets, functions and vectors. 


Definitions 
A plane figure is any subset of the plane R?. 


A bounded plane figure is one that can be surrounded by a circle (of 
finite radius). 


For example, the heart shape and the capital N in Figure 2 are bounded 
plane figures. An infinitely long straight line is a plane figure, but not a 
bounded plane figure. In the group theory books of this module, we will 
mainly consider plane figures that are bounded. 


We define a symmetry of a plane figure as an isometry that maps the 
figure to itself, as follows, and as illustrated in Figure 3. 


Definitions 


An isometry of the plane is a function f : R? — R? that preserves f 
distances; that is, for all points X,Y € R?, the distance between f(X) > 
and f(Y) is the same as the distance between X and Y. 


A symmetry of a plane figure F is an isometry that maps F to itself, 


; : . R2 2 = 
that is, an isometry f : R4 — R^ such that f(F) = F. rive. 3. ditoe? 


preserves distances 
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Figure 5 The centre of 
rotational symmetry and axes 
of symmetry of a bounded 
plane figure 


As you may have learned in your previous studies, the isometries of the 
plane are of four types: rotations, reflections, translations and 
glide-reflections. A rotation rotates each point of the plane through the 
same angle about a particular point. A reflection reflects each point of 
the plane in a particular line. A translation moves each point of the 
plane by the same distance in the same direction. A glide-reflection is a 
reflection in a line followed by a translation parallel to that line. 


For a bounded plane figure, such as the heart shape, any translation 
(except the translation through zero distance) does not map the figure to 
itself and so is not a symmetry. The same is true of a glide-reflection 
(unless the translation involved is the zero translation — in which case the 
glide-reflection is simply a reflection). So the types of isometries that are 
potential symmetries of a bounded plane figure are the following. 


e The identity transformation: equivalent to doing nothing to a figure. 


e A rotation: specified by a centre and an angle of rotation, as illustrated 
in Figure 4(a). 

e A reflection: specified by a line — an azis of symmetry, as illustrated in 
Figure 4(b). 


(a) (b) 


Figure 4 (a) A rotation about a centre through an angle 0 (b) A reflection in 
an axis of symmetry 


The identity transformation can be regarded as a zero rotation or a zero 
translation. We refer to it as the identity symmetry of a figure, or just 
the identity. It is sometimes called the trivial symmetry. 


A rotational symmetry is a symmetry that is a rotation, and a 
reflectional symmetry is a symmetry that is a reflection. 


When specifying a rotational symmetry, we measure angles anticlockwise, 
as illustrated in Figure 4(a) (unless otherwise stated), and interpret 
negative angles as clockwise. The angle 27/3, for example, specifies an 
anticlockwise rotation through 27/3 radians, whereas —27/3 specifies a 
clockwise rotation through 27/3 radians. 


All the rotational symmetries of a bounded plane figure have the same 
centre of rotation (except that the identity symmetry can be regarded as 
a rotation about any point), and all the axes of symmetry of the figure 
pass through this centre, as illustrated in Figure 5. 


Of course, some figures, such as the one in Figure 6, have no symmetries 
other than the identity symmetry. 


Since a rotation through 27 radians has the same effect on a figure as the 
identity symmetry, we consider these two transformations to be the same. 
In general, we have the following definition. 


Definition 


Two symmetries f and g of a figure F are equal if they have the 
same effect on F, that is, f(X) = g(X) for all points X € F. 


The rotation through 0 radians is called the trivial rotation; it is equal 
to the identity symmetry. Any rotation not equal to the trivial rotation is 
called a non-trivial rotation. 


We can apply our ideas of symmetry to any plane figure, but we will 
mainly consider the regular polygons, the first few of which are shown in 
Figure 7. In general, a polygon is a bounded plane figure with straight 
edges, and a regular polygon is a polygon all of whose edges have the 
same length and all of whose angles are equal. 


AHGOSO 


equilateral square regular regular regular regular 
triangle pentagon hexagon heptagon octagon 


Figure 7 Regular polygons 


Let us illustrate the ideas by starting with the square. Remember that we 
consider the square to be a subset of the plane, with its four vertices 
located at definite positions in R?. We need a means of tracking the 
position of the square relative to its initial position after a rotation or a 
reflection has been carried out. 


To do this, imagine a paper model of the square that we can move around 
in the plane. If we mark a dot in one corner of this paper model, then we 
can keep track of the position of the square after a rotation. For example, 
if we take the initial position of the square to be as shown in Figure 8(a), 
with the dot in the top left corner, then after the square has been rotated 
anticlockwise through a quarter turn, its position is as shown in 

Figure 8(b), with the dot in the bottom left corner. 


(a) (b) 


Figure 8 The position of the square (a) initially (b) after it has been rotated 
through a quarter turn anticlockwise 
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Figure 6 An irregular figure 
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Using our paper model to keep track of the position of the square after a 
reflection is not quite so easy. A reflection takes each point of the square to 
its mirror-image in an axis of symmetry. This is not something we can 
demonstrate with our paper model by moving it around within the plane. 


However, we achieve the same effect as a reflection if we ‘flip’ the paper 
square along the axis of symmetry. Turning the paper square over in this 
way takes each point of the square to its mirror-image in the axis of 
symmetry, just as the reflection does. Therefore, if we colour the two sides 
of the paper square differently — say, light blue on one side and darker blue 
on the other — and mark the dot in the same corner on both sides (as if the 
dot goes through the paper), then we can keep track of the position of the 
square after a reflection. 


For example, if we again take the initial position of the square to be as 
shown in Figure 9(a), with the dot in the top left corner and the light blue 
side showing, then after the square has been reflected in the vertical axis of 
symmetry its position is as shown in Figure 9(b), with the darker side 
showing and the dot in the top right corner. 


(a) (b) 


Figure 9 The position of the square (a) initially (b) after it has been 
reflected in the vertical axis of symmetry 


We now use this paper model to describe the symmetries of the square. 
You might find it helpful to make such a model. 


The square has four rotational symmetries, namely the rotations about its 
centre through 0, 7/2, m and 37/2 radians (anticlockwise), since all of 
these transformations map the square to itself, as shown in Figure 10. The 
rotation through 0 radians is just the identity symmetry. 


Ee icic 


initial identity rotation rotation rotation 
position symmetry througha/2 througha through 37/2 


Figure 10 ‘The four rotational symmetries of the square 


A rotation through 27 radians returns the square to its original position, 
and so is the same symmetry as the identity symmetry. Similarly, a 
rotation through 57/2 radians is the same symmetry as a rotation through 
m/2 radians, because its overall effect on the square is the same. A rotation 
through —7/2 radians is the same symmetry as a rotation through 37/2 
radians, because a rotation through 7/2 radians clockwise has the same 
effect on the square as a rotation through 37/2 radians anticlockwise. 
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Now let us consider the reflectional symmetries of the square. The square 
has four axes of symmetry: a vertical axis, a horizontal axis and two 
diagonal axes. So it has four reflectional symmetries, as shown in 


Figure 11. 
x / 
P| fa 
. . . . T . . N . Š a . . 
initial reflection in reflection in reflection in reflection in 
position vertical diagonal horizontal diagonal 


Figure 11 The four reflectional symmetries of the square 
This completes the set of symmetries of the square. It contains eight 
elements: the identity, three non-trivial rotations and four reflections. 


In the next exercise you are asked to find the symmetries of three more 
plane figures, namely the 4-windmill (a symmetric windmill shape with 
four ‘sails’), the rectangle and the equilateral triangle. 


Exercise B1 


For each of the following figures, describe its set of symmetries by drawing 
diagrams similar to those given in Figures 10 and 11 for the square. 


(a) (b) (c) 


| 
4-windmill rectangle equilateral / /// 


triangle 


(To hand-draw the light and dark sides of the models reasonably quickly, [lV i 

you could draw them in the way illustrated for the square in Figure 12.) | 
Figure 12 Hand-drawing the 
paper model of the square 
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Symmetries of a regular polygon 


You saw in Exercise B1(c) that an equilateral triangle has six symmetries: 
three rotations and three reflections, as shown in Figure 13(a) (recall that 
we may think of the identity symmetry as a rotation). You have also seen 
that a square has eight symmetries: four rotations and four reflections, as 
shown in Figure 13(b). 


a 7 


(a) X, Ž (b) 9 N 


Figure 13 The symmetries of the equilateral triangle and the square (the 
identity symmetry is not shown) 


These are special cases of the following general fact. 


A regular polygon with n edges has 2n symmetries, namely n 
rotations (through multiples of 27/n) and n reflections. 


These symmetries are illustrated in Figure 14. A regular polygon with n 
edges is known as a regular n-gon. 


(=> \ oy <> 


Z : “7 


(a) (b) 


Figure 14 Symmetries of a regular n-gon (a) when n is odd (b) when n is 


even 


For odd values of n, each of the n axes of symmetry passes through a 
vertex and the midpoint of the opposite edge, as shown in Figure 14(a). 


For even values of n, there are n/2 axes of symmetry that pass through 
opposite vertices and n/2 axes of symmetry that pass through the 
midpoints of opposite edges, as shown in Figure 14(b). 
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1.2 Four properties of the set of 
symmetries of a plane figure 


For any plane figure F, we denote the set of all symmetries of F by S(F). 
Every figure F has at least one symmetry, namely the identity symmetry, 
usually denoted by e. So, for every plane figure F, the set S(F) of 
symmetries of F is non-empty. 


In this subsection, you will meet four important properties that the set 
S(F) always has, no matter what the figure F is. 


Closure 


Let F be any plane figure. As you saw in the last subsection, the elements 
of S(F) are the distance-preserving functions f : R? — R? such that 

f(F) = F. Suppose that f and g are elements of S(F). Then we can form 
the composite function go f : R? — R?. (Remember that o is read simply 
as ‘circle’.) Since f and g both preserve distance, so must go f; and since f 
and g both map F to itself, so must go f, as illustrated in Figure 15. Hence 
go f is also an element of S(F). So we know that if f and g are elements 
of S(F), then go f is an element of S(F). We describe this situation by 
saying that the set S(F) is closed under composition of functions. This is 
our first important property, stated as a proposition in the box below. 


f g 


i Ce -m 


OS ee 
gof 


Figure 15 If f and g are symmetries of a plane figure F, then so is go f 


Proposition B1 Closure property for symmetries 


The set of symmetries S(F’) of a plane figure F is closed under 
composition of functions; that is, for all elements f and g of S(F), the 
composite go f is an element of S(F). 


So if we take any two symmetries of a plane figure and compose them, 
then we can recognise the result as a symmetry of the figure. 


To illustrate this, let us compose some elements of S(O), the set of 
symmetries of the square. (The notation S(O) is read as ‘S square’.) 


1 Symmetry in R? 
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Figure 16 shows the symmetries of the square, which were described in the 
previous subsection, and it introduces a labelling for these symmetries that 
we will use throughout the group theory books of this module. The identity 
symmetry, which is not shown in Figure 16, is denoted by e, as usual. 


| | 
rotations reflections 


Figure 16 Standard labelling for the elements of S(O) 


We will be using the labelling in Figure 16 frequently, so you will probably 
find it useful to try to remember it. The non-trivial rotations are a, b 

and c, in order of the angle of rotation, and the reflections are r, s, t 

and u, starting from the vertical axis of symmetry and working 
anticlockwise. We will use a similar labelling convention for the 
symmetries of some of the other regular polygons. 


Note that the axes of symmetry of the square are fixed in the plane; so, for 
example, r means ‘reflect in the vertical axis of symmetry, regardless of 
any symmetries already carried out’. The worked exercise below should 
clarify what this statement means in practice. 


Worked Exercise B1 


Find the following composites of symmetries of the square. 
(a) aot (b) toa 


1 Symmetry in R? 


®. Looking at the final position, we see that the effect of aot is 
to reflect the square in the diagonal from bottom left to top 
right, as shown below. This is the same as the effect of the 
symmetry u. & 


The diagrams show that 
aot = Ue 


(b) ©. We proceed as in part (a). We draw the effect of t o a, that is, 
first a and then t. & 


Ga ee 


LOG 


@ We see that the effect of toa is the same as the effect of s. ® 


The diagrams show that 


toa =s: 


Notice that in the worked exercise above, toa #aot. 


Here is a similar exercise for you to try. A 
Exercise B2 
Find the following composites of symmetries of the square. (The labelling 
of the symmetries, introduced in Figure 16, is summarised in Figure 17 for 
easy reference.) < 
N 


(a) boc (b) sos (c) tou 


Figure 17 S(2) 
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Worked Exercise B1 and Exercise B2 illustrate a number of properties of 
composition of symmetries of a figure F’, as follows. 


First, order of composition is important. For example, in Worked 
Exercise B1 you saw that 

aot=u 
but 

toa=s. 
In general, if f,g € S(F), then go f may or may not be equal to fog. 
That is, in general, composition of symmetries is not commutative. 


Second, composition of rotational and reflectional symmetries of a 
bounded plane figure follows a standard pattern, as follows: 
rotation o rotation = rotation, 
rotation o reflection = reflection, 
reflection o rotation = reflection, 


reflection o reflection = rotation. 


For example, in S(O), 


boc=a, aot=u, toa=s, tou=c. 
The pattern above is summarised in the following table: 


o rotation reflection 


rotation | rotation reflection 
reflection | reflection rotation 


Finally, composing a reflection with itself gives the identity symmetry e. 


For example, in S(O), 
ror=e, sos=e, tot=e, uwoue. 

This should be no surprise! If you reflect twice in the same axis then you 

get back to where you started. 


The next exercise is about composing the symmetries of the three plane 
figures whose symmetries you were asked to find in Exercise B1, namely 
the 4-windmill, the rectangle and the equilateral triangle. These three 
shapes are shown in Figure 18, along with the standard labelling that we 
will use for their symmetries. In each case the identity symmetry is not 


shown but is denoted by e, as usual. 
r Km 
1 
$ C N a 
ef BS Xe 


Figure 18 Standard labelling for the elements of S(*), S() and S(A) 


a: 


Exercise B3 


(a) For the 4-windmill, find the following composites of symmetries. 


(i) aob (ii) aoc 


(b) For the rectangle, find the following composites of symmetries. 


(i) aor (ii) aos (iii) ros 


(c) For the equilateral triangle, find the following composites of 
symmetries. 


(i) aob (ii) aor (iii) sot 


Associativity 

We now move on to a second important property of the set of symmetries 
of a figure F. This property is called associativity, and it is a general 
property of composition of functions. 


To illustrate it, let us look at an example of composing three elements of 
S(Q), the set of symmetries of the square (see Figure 19). If we want to 
compose the elements t, a and b, in that order, then we can first compose t 
with a, and then compose the result with b: 


bo(aoct)=bou=s. 
(Remember that aot means ‘do t, then a’. You saw that aot = u in 
Worked Exercise B1, and you can work out that bo u = s using the same 
method.) 


Alternatively, we can first compose a with b and then compose t with the 
result: 

(boa)ot=cot=s. 
(You can work out that boa = c and cot = s using the method of Worked 
Exercise B1.) 


Notice that we obtain the same answer, s, in each case. This is because 
essentially both bo (aot) and (boa) ot mean ‘do t, then a, then b’. 


In the same way, if F is any plane figure, and f, g and h are any 
symmetries in S(F), then 

ho (go f) = (hog)o f. 
We express this fact by saying that composition of symmetries is 
associative. So our second important property is as follows. 


Proposition B2 Associativity property for symmetries 


Composition of symmetries is associative; that is, if F is a plane 
figure, then for all f,g,h € S(F), 


ho(gof)=(hog)of. 
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Figure 19 S( 
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For practical purposes, associativity means that we do not need to use 
brackets when we write a composite of three elements: there is no 
ambiguity in writing simply ho go f, without brackets, because it does not 
matter whether we interpret it as ho (go f) or (hog)o f, as both give the 
same answer. 


In fact, associativity tells us that we can write a composite of any finite 
number of elements without brackets; for example we can write 
kohogof, where f, g, h and k are all symmetries of a figure F, without 
ambiguity. You will see more explanation of this in Subsection 4.1. 


Exercise B4 


Check that, in S(O), 
ao(toa)=(aot)oa. 


(In Worked Exercise B1 we found that aot = u and toa = s.) 


Existence of an identity 


At the beginning of this subsection, it was mentioned that any plane figure 
has at least one symmetry — the identity symmetry. The existence of an 
identity is our third important property of a set of symmetries. The 
identity symmetry e has the property that when it is composed with any 
symmetry f € S(F), in either order, the result is simply f. 


Proposition B3 Identity property for symmetries 


The set S(F) of symmetries of a plane figure F contains a special 
symmetry e (the identity symmetry) such that, for each symmetry 


f in S(F), 
| 96S =e j 


Existence of inverses 


We now consider our fourth and final important property of sets of 
symmetries of plane figures. This property depends on the fact that a 
symmetry is a one-to-one and onto function from R? to R?. This is 
because a symmetry, being an isometry, maps R? rigidly onto itself. 


Because a symmetry f € S(F) is a one-to-one and onto function from R? 
to R?, it has an inverse function f—~! : R? —> R?. Moreover, since f 
preserves distances and maps F to itself, so must f~!. In other words, f~t 
is also a symmetry of F, so f7! € S(F). You saw in Unit A1 that the 
composite of f and f~', in either order, is the identity function; that is, it 
is the identity symmetry e. These conclusions form our fourth important 
property, stated below. 


1 Symmetry in R? 


Proposition B4 Inverses property for symmetries 


Each symmetry f in the set S(F) of symmetries of a plane figure F 
has an inverse symmetry f~! in S(F), such that 


foj =e=f "oj. 


To illustrate this property, let us look again at S(0). 


Worked Exercise B2 


Write down the inverse of each of the elements of S(O). a 
(The elements of S(O), except the identity element e, are shown in 
Figure 20.) 
N 
SS 


Figure 20 S(O) 


If a symmetry of a figure is its own inverse, then we say that it is 
self-inverse. Worked Exercise B2 shows that the elements e, b, r, s, t 
and u of S(O) are all self-inverse. 


Exercise B5 


Draw up a table of inverses for each of the following sets of symmetries. 


(a) S) (b) SG) o SA) 


We will return to these four important properties of sets of symmetries of 
plane figures in Section 3. 
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1.3 Symmetries of the disc 
A bounded figure that we have not yet considered is the disc.Figure 21 
shows a rotational symmetry and a reflectional symmetry of the disc. 


Z 


Z 


Figure 21 A rotational symmetry and a reflectional symmetry of the disc 


Rotation about the centre through any angle is a symmetry of the disc. 
Likewise, reflection in any line through the centre is a symmetry of the 
disc. Thus the disc has infinitely many rotational symmetries and infinitely 
many reflectional symmetries. 


We cannot use individual letters to label these infinitely many symmetries, 
so we denote a rotation about the centre through an angle 0 by rg, and a 
reflection in the axis of symmetry making an angle 0 with the horizontal 
axis by gg, as shown in Figure 22. 


To 


Figure 22 Standard labelling for rotational and reflectional symmetries of 
the disc 


For any integer k, rotations through 0 and 0 + 2km produce the same effect 
as each other, as illustrated in Figure 23(a) for k = 1, so we can restrict 
the angles of rotation to the interval [0, 27). Reflection in the line at an 
angle @ to the horizontal produces the same effect as reflection in the line 
at an angle 0 + m to the horizontal (in fact, it is the same line), as 
illustrated in Figure 23(b), so we can restrict the angles for axes of 
symmetry to the interval [0, 7). 


SN 


6+ 27 


(a) 


Figure 23 (a) Two angles of rotation that give the same symmetry (b) Two 
angles that correspond to the same axis of symmetry 


So the symmetries of the disc are: 
rg: rotation through an angle 0 about the centre, 
for 0 € [0, 27); 
dg: reflection in the line through the centre at an angle 0 to 
the horizontal (measured anticlockwise), for 8 € [0, 7). 


The identity symmetry e is ro, the zero rotation. Note that qo is reflection 
in the horizontal axis and is not the identity symmetry. 


We denote the set of symmetries of the disc by S(O), read as ‘S disc’: 
S(O) = {rọ : 0 € [0,27)} U {qo : 0 € [0,7)}. 


We can compose the symmetries of the disc using diagrams similar to 
those that we used when composing symmetries of the square. Imagine a 
paper model of the disc, coloured light blue on one side and a darker blue 
on the other, with a dot marked at the same place on both sides, as if the 
dot goes through the paper. We will take the initial position of the disc to 
be with the light side showing and the dot at the right. 


Worked Exercise B3 


Find the following composites of symmetries of the disc. 


(a) Pr/4 OV r/2 (b) Ir /4 © In /2 (c) In /4° Vr /2 


Solution 


(a) 


V7 /2 Ty /4 


T 37/4 


So Copa Vr /2 = 13/4 
(b) 


Ix /2 Vn /4 


T37/2 


So ar/4 ° In /2 = T3n/2- 


1 Symmetry in R? 
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Exercise B6 


Find the composite T./4 ° qr/2- 


There are concise formulas for composing any two symmetries of the disc 
without having to draw diagrams, but we will not need these formulas in 
this module. 


1.4 Direct and indirect symmetries 


In most of the sets of symmetries of plane figures that we have considered, 
the symmetries are of two sorts: those that we can demonstrate with a 
paper model without turning it over, and those for which we need to take 
the model out of the plane, turn it over and replace it in the plane. If we 
use a paper model that is light on one side and dark on the other, and the 
initial position is with the light side showing, then the symmetries of the 
former type are those that result in a final position with the light side 
showing, and the symmetries of the latter type are those that result in a 
final position with the dark side showing. We make the following 
definitions. 


Definitions 


The symmetries of a plane figure F that we can demonstrate with a 
paper model without lifting it out of the plane to turn it over are 
called direct symmetries. We denote the set of direct symmetries of a 
figure F by St(F). 

The remaining symmetries are called indirect symmetries: they are 
the symmetries that cannot be demonstrated with the paper model 


without lifting it out of the plane, turning it over and then replacing 
it in the plane. 


For a bounded plane figure, the direct symmetries are rotations and the 
indirect symmetries are reflections. For example, the direct symmetries of 
the square are the rotations e, a, b and c, so 


St (QO) = {e,a, b,c}. 


The indirect symmetries of the square are the reflections r, s, t and u. 


In general, consider any plane figure F that has a finite number of 
symmetries, and think of our usual type of paper model of F, light on one 
side and dark on the other. Take the starting position to be a position 
with the light side showing. Let the number of direct symmetries of F 

be n. In other words, there are n different ways to pick up the paper 
model of the figure and place it back down to occupy the same region, with 
the light side showing. If the figure F has no indirect symmetries, then 
these n direct symmetries are the only symmetries of F. 


Now suppose that F has at least one indirect symmetry. In other words, it 
is possible to pick up the paper model of F, turn it over and place it back 
down to occupy the same region, but with the dark side showing. Once 
you have done that, there must be n different ways in which you can pick 
up the paper model again and place it back down to occupy the same 
region, with the dark side still showing. In other words, F has n indirect 
symmetries, and if you choose any one of them, then you can obtain all n 
of them by composing the one that you chose with each of the n direct 
symmetries in turn. 


Figure 24 illustrates this for the square. It shows that each of the four 
reflections of the square can be obtained by turning the model over and 
then rotating it. 


Rotate 
model 


Rotate 
reflected 
model 


r=Seor s§=aor i= bor U=Ccor 


Figure 24 ‘The direct and indirect symmetries of the square 


1 Symmetry in R? 
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So we have the following useful result. 


Theorem B5 
If a plane figure has a finite number of symmetries, then either 
e all the symmetries are direct, or 


e half of the symmetries are direct and half are indirect. 


For example, the 4-windmill has only direct symmetries, whereas for the 
square half of the symmetries are direct and half are indirect. 


: sr Exercise B7 


(a) List the elements of the set of direct symmetries of the equilateral 

= : triangle, and draw a diagram (similar to Figure 24) to show how the 
indirect symmetries of the equilateral triangle can be obtained from 
the direct symmetries by using just one indirect symmetry. 


5 \ A i Use the standard labelling for the elements of S(A), shown in 
Figure 25, and take the initial position of the triangle to be with the 
Figure 25 S(A) light side showing and the dot in the top corner, as shown below. 
(b) Repeat part (a) for the rectangle. Use the standard labelling for the 
aed elements of S(<), shown in Figure 26, and take the initial position to 


be as shown below. 


HK 


Figure 26 S(5) 


In Subsection 1.2 you saw some results about composites of rotations and 
reflections. These can be generalised to corresponding results about direct 
and indirect symmetries, as follows: 


direct o direct = direct, o direct indirect 


direct o indirect = indirect, direct | direct indirect 

indirect o direct = indirect, indirect | indirect direct 

indirect o indirect = direct. 
Notice also that the inverse of a direct symmetry is a direct symmetry, and 
the inverse of an indirect symmetry is an indirect symmetry. This is 
because for any symmetry f the composite f o f~! is equal to the direct 
symmetry e, so f and f~! are either both direct or both indirect, by the 
results about composites above. 


Figure 27 An infinite You have seen in this section that for a bounded plane figure the direct 
triangular grid symmetries are rotations, and the indirect symmetries are reflections. For 
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an unbounded plane figure, such as the infinite triangular grid in Figure 27, 
the direct symmetries are either rotations or translations, and the indirect 
symmetries are either reflections or glide-reflections. We will not need to 
consider translations and glide-reflections further in the group theory 
books of this module, as we will generally be working with bounded figures. 


2 Representing symmetries 


So far we have represented symmetries of plane figures by letters, and used 
diagrams or models to work out composites. This method is illuminating 
but time-consuming. In this section you will learn a notation for 
symmetries that allows us to compose them easily, though at the expense 
of geometric intuition. 


2.1 Two-line symbols 


To introduce this new notation for symmetries, let us again consider the 
symmetries of the square. In Figure 28 the locations of the vertices of the 
square have been labelled with the numbers 1, 2, 3 and 4. We consider 
these numbers to be fixed to the background plane. So the number 1 is 
always at the top left-hand corner of the square. It does not label the 
vertex of the square, and so it does not move when we apply a symmetry 
to the square. 


1 4 


2 3 


Figure 28 ‘The square with its vertex locations labelled 


Here is how we use these numbers to record the effect of a symmetry. 
Consider, for example, the symmetry a (rotation through 7/2 about the 
centre), whose effect is shown in Figure 29. 


1 4 1 4 


a as 


2 3 2 3 
Figure 29 The effect of the symmetry a 


This symmetry maps the vertices as follows. 


Shorthand 
vertex at location 1 to location 2 1+> 2 
vertex at location 2 to location 3 2+>3 
vertex at location 3 to location 4 3r>4 
vertex at location 4 to location 1 4-41 


2 Representing symmetries 
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We can think of a as a function mapping the set {1, 2,3, 4} to itself: 


lt 2 

233 12 3 4 
a: which we might writeas a: | | | J 

4—1 


Our new notation for a is based on the version on the right above, with the 
arrows omitted and the numbers enclosed in brackets. We write 


-f{fï234 
"= \2341]' 


Remember that, strictly, the symmetries of the square do not act on the 
numbers 1, 2, 3, 4. In our new notation we are using these numbers as 
shorthand for ‘the vertex of the square at location 1’, ‘the vertex of the 
square at location 2’, and so on. 


As another example, consider the symmetry r of the square (reflection in 
the vertical axis), whose effect is shown in Figure 30. 


rT i 4 
a 
pa || 
| 
2 3 2 3 
| 


Figure 30 The effect of the symmetry r 


This symmetry 
interchanges the vertices at locations 1 and 4, 
interchanges the vertices at locations 2 and 3. 


So, in our new notation, we write 
1234 
r= 
4321 
The identity symmetry e leaves all the vertices at their original locations, 
so we write 


_fl234 
P14 oa ay" 


We refer to this new notation for a symmetry of a plane figure as the 
two-line symbol for the symmetry. To specify a symmetry in this form, 
we must first provide a picture of the figure with labelled locations. 
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2 Representing symmetries 


Worked Exercise B4 


For the square with vertex locations labelled as shown in Figure 28 (also 
shown in Figure 31 for convenience), describe geometrically the symmetry 
represented by the two-line symbol 


1234 
214.3)" 


Identify it as one of the symmetries a, b, c, r, s, t, u of the square (shown 
in Figure 31). 


Figure 31 S(O) 


Exercise B8 


Find the two-line symbols representing the symmetries of the square that 
we have not yet considered, namely b, c, s and u, using the labelling of 
locations given in Figure 28 (also shown in Figure 31). 


Exercise B9 


Find the two-line symbol representing each of the four symmetries of the 
labelled rectangle in Figure 32. (Note that the locations of the vertices are 
labelled differently from those of the labelled square in Figure 31.) 


The two-line symbols that represent the symmetries of a plane figure 2 1 
depend on the choice of labels for locations. For example, you have seen s a 
that reflection in the vertical axis is represented by different two-line | Ç 
symbols for the labelled square in Figure 31 and for the labelled rectangle 

in Figure 32, because we have used different systems for labelling the 4 3 
locations of the vertices (anticlockwise around the square, but across the 
top and bottom of the rectangle). Figure 32 S(<) 
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Usually, we try to use an anticlockwise labelling of the locations of the 
vertices, starting at the top left, as illustrated for the square in Figure 33. 


1 4 


2 3 


Figure 33 Our usual labelling for the vertex locations of the square 


The box below gives a formal definition of a two-line symbol representing a 
symmetry of a polygon. 


Definitions 


Let f be asymmetry of a polygon F that has vertices at locations 
labelled 1,2,3,...,n. The two-line symbol representing f is 


( 1 2 See ) 
mD I FO) s M 
where f(1), f(2), f(3),..., f(n) are the labels of the locations to 


which f moves the vertices originally at the locations labelled 
1,2,3,...,n, respectively. 


We say that f is written in two-line notation. 


The order of the columns in a two-line symbol is not important, though we 
usually use the natural order to aid recognition. For example, we usually 
write the two-line symbol 


2431 1234 
3142) “ \o9 341)" 


Note that not all possible two-line symbols represent symmetries of a 
particular figure. For example, with our usual choice of labels for the 
vertex locations of the square, as shown in Figure 33, the two-line symbol 


1234 
1324 
is not a symmetry of the square, because there is no symmetry of the 


square that interchanges the vertices at locations 2 and 3, and leaves the 
vertices at locations 1 and 4 fixed. 


2 Representing symmetries 


With our usual location labels, as shown in Figure 34, the two-line symbols 
for the eight symmetries of the square are as follows. 


Rotations Reflections 


{23a (1-24 
S19. 3 a PS NaS al 


3 
{1234 {1234 
names ae ar i) ®~\1432 
p- (1234 ,_ (1234 

3412 2143 Figure 34 S(O) 
{1234 ft 224 
eV 4193 8 Oa 


Exercise B10 


Using the labelling in Figure 35 for the locations of the vertices, write down 
the two-line symbol for each of the symmetries of the equilateral triangle. 


Exercise B11 


Figure 35.  S(A) 


The following two-line symbols represent symmetries of the labelled 
hexagon shown below. Describe each symmetry geometrically. 


1 6 
2 5 
3 4 
123456 123456 123456 
Oe) Reyne) Caer) 


2.2 Composing and inverting symmetries in 
two-line notation 


One advantage of the two-line notation for symmetries is that it makes it 
easy to find composites and inverses, without drawing diagrams. 


Let us start by looking at composites. In the next worked exercise, we use 
two-line notation to find the composite of two symmetries of the square. 
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Figure 36 S( 
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The symmetries and standard vertex location labels for the square are 
repeated in Figure 36 for convenience. 


Worked Exercise B5 


Use two-line symbols to find the composite roa in S(Q). 


Solution 


®. Write down the two-line symbols for r and a (which we found in 
Subsection 2.1), along with the top row of the two-line symbol 
for roa. Remember that roa means we perform a first, then r. & 


ee ey alc 
EEE AO ih 3ga- i 


®. Find each of the entries in the bottom row of roa in turn. First, a 
sends 1 to 2 and r sends 2 to 3, so roa sends 1 to 3. & 


ee Be a 

E nahen 2341) (|E i 
@. Next, a sends 2 to 3 and r sends 3 to 2, so the composite sends 2 
to 2., & 


E uoo bpl 
ES" ET. gaili lea i 


®. Find the final two entries in the same way: a sends 3 to 4 and r 
sends 4 to 1, so roa sends 3 to 1; and a sends 4 to 1 and r sends 1 


to 4, so r o a sends 4 to 4. @ 
es ae al eee Cl 
PS et Oneal) Ned) ede 
@. We see that r o a interchanges the vertices at locations 1 and 3, 


and keeps the vertices at 2 and 4 where they are. Thus r oa is the 
reflection u. ® 


aa a a 
MEENA S i agal- laai“ 


Remember that the order of composition of symmetries is important. For 
example, 


ora (1234), (1234) _ 
aor= (2341 4321) 


roa#aor. 


SO 


2 Representing symmetries 


Exercise B12 


Using the two-line symbols for the symmetries of the equilateral triangle 
(you were asked to find these in Exercise B10), find the following 
composites: 


aoa, bos, sob, tos. 


(The symmetries and standard vertex location labels are shown in 
Figure 37 for convenience.) 


Now let us look at finding the inverses of symmetries in two-line notation. Figure 37 S(A) 
You saw in Section 1 that every symmetry has an inverse, which ‘undoes’ 
the effect of the symmetry. 


The worked exercise below demonstrates the method for finding the inverse 
of a symmetry given as a two-line symbol. 


Worked Exercise B6 


Find the inverse of the symmetry a in S(O). 
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1 6 


3 4 


Figure 38 The hexagon, with 
vertex locations labelled 
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Exercise B13 


Find the inverse of each of the following symmetries of the labelled regular 
hexagon shown in Figure 38. Give your answers as two-line symbols. 


(a) 123456 (b) 123456 () 123456 
a) (561234 216543 c 456123 


2.3 Cayley tables 


A useful way to record composites of symmetries is to use a Cayley table. 
To construct a Cayley table for the symmetries of a figure F’, we list the 
elements of S(F) across the top and down the left-hand side of a square 
array, as illustrated below. 


e fg- zyz 


ay 


T 


y 
z 


The order in which we list the elements is not important, but it is 
important to use the same order across the top and down the side. 
Normally we put the identity symmetry e first, as shown above. 


This square array enables us to display every possible composite of pairs of 
elements in S(F). However, this is practicable only if S(F) is a small set, 
and it is not possible for S(O), which is infinite! 


For any two elements x and y of S(F), we record the composite x o y in 
the cell in the row labelled x and the column labelled y. 


y 


x£ saw Poy 


Note that x is on the left both in the composite and in the border of the 
table. Of course, the composite x o y is the result of performing first the 
symmetry y and then the symmetry zx. 


Arthur Cayley (1821-1895) was the leading British algebraist of the 
nineteenth century. He helped to lay the groundwork for the abstract 
theory of groups, and he developed the algebra of matrices and 
determinants. Prior to his appointment in 1863 as the first professor 
of pure mathematics at the University of Cambridge, he spent 
fourteen years as a lawyer during which time he produced over three 
hundred mathematical papers. 


We have found many composites of elements of S(O) already; for example, 
aot=u,toa=sandroa=u. A complete Cayley table for S(O) is 
given below. The elements of S(O) are shown in Figure 39. 


ole a becers tu 
ele abers tu 
ala b c e stur 
bjb c eatur s 
cle ea burst 
rirutsecba 
s|s rutaecb 
tit srubaec 
ulu t sr cbae 


Exercise B14 


A partially-completed Cayley table for S(A) is shown below. (You were 
asked to find some of the composites here in Exercise B12, and some 
others in Exercise B3(c).) 


Complete the table, using the two-line symbols from Exercise B10 to work 
out the required composites. The elements of S(A) are shown in Figure 40. 


ole a b r s t 
ele abr st 
aja betr s 
b|b e s t 

rir s teab 
slis t r bea 
tit r a b 
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Figure 39 S(O) 


S t 
NE 3s 


Figure 40 S(A) 
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Figure 41 S( 
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Exercise B15 


Complete the following Cayley table for $(-4). The labelling of the 
symmetries is as shown in Figure 41. 


oje a r s&s 
eje ar s 
aja S 
rir 8 € Q 
S| S a 


You may have noticed a ‘blocking’ effect in the Cayley table for S(O) 
above, as highlighted in Figure 42(a), and a similar effect in the Cayley 
table for S(A) found in Exercise B14. This effect occurs because we have 
chosen to list all the direct symmetries first in the borders of the table, 
followed by the indirect symmetries, and, as you saw earlier, a composite 
of any two direct symmetries or any two indirect symmetries is always a 
direct symmetry, and a composite of a direct symmetry and an indirect 
symmetry is always an indirect symmetry. This gives the blocking shown 
in Figure 42(b). 


o @ bD e@ir s t u O direct indirect 

ele @ 0 & s t u 

ala ò co c RA i . ‘ease 
direct direct indirect 

io \|o ec e o EAE A 

ele e «a ) ii za: 

rir u t s E 

sis r u t POR EE TEN Sk F 

indirect} indirect direct 
tit srub aec 
u|u s rE 


(a) (b) 
Figure 42 ‘Blocking’ into direct and indirect symmetries 
A similar blocking effect occurs in the Cayley table for the set of 


symmetries of any plane figure that has indirect symmetries, when we list 
all the direct symmetries first in the borders of the table. 


3 Definition of a group 


You are now ready to learn what is meant by a group. 


3.1 The group axioms 


In Subsection 1.2 you saw that if F is a plane figure, then any two 
symmetries in the set S(F) of symmetries of F can be composed, and the 
following four properties hold. 


e Closure The composite of any two symmetries in S(F’) is a symmetry 
in S(F). 

e Associativity Composition of symmetries is associative. 

e Identity The set S(F) contains an identity symmetry. 

e Inverses Each symmetry f in S(F) has an inverse symmetry. 


There are many other circumstances in which we have some set, with a 
means of combining any two elements of the set, in which four properties 
analogous to those above hold. For example, consider the set R of real 
numbers, with addition as the means of combining any two elements. As 
you know from Unit A2 Number systems, the following four properties 
hold; compare them to the properties above. 


e Closure (A1) The sum of any two numbers in R is a number in R. 


e Associativity (A2) Addition of numbers in R is associative (that is, 
(c+y)+z2=2+(y+4+2z) for all x,y,z € R). 


Identity (A3) The set R contains an identity element (namely 0, since 
adding 0 to any real number leaves the number unchanged). 


Inverses (A4) Every number in R has an inverse number (the inverse of 
x is —x, because adding x and —z gives the identity element 0). 


A means of combining any two elements of a set is called a binary 
operation on the set. For example, function composition is a binary 
operation on the set of symmetries of a figure, and addition is a binary 
operation on the set R. Similarly, multiplication is a binary operation on 
the set IR, and addition modulo n and multiplication modulo n are binary 
operations on the set Zn = {0,1,2,...,2—1}, for any integer n > 2. 


When we have a set, together with a binary operation on the set, such that 
four properties analogous to those above hold, we say that the set and the 
binary operation together form a mathematical structure known as a 
group. So the set of symmetries of a figure with the operation of function 
composition forms a group, as does the set R with the operation of 
addition. 


3 Definition of a group 
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Here is the formal definition of a group. In this definition, G represents a 
set of any kind of objects, and o (which is read, as usual, as ‘circle’) 
represents any binary operation defined on G (it does not necessarily 
represent function composition). The set G may be either finite or infinite. 


Definition 
Let G be a set and let o be a binary operation defined on G. Then 
(G,o) is a group if the following four axioms hold. 


G1 Closure For all g, h in G, 
Gone Ge 
G2 Associativity For all g, h, k in G, 
go(hok)=(goh)ok. 
G3 Identity There is an element e in G such that 
G2®@=G=COG tor alll G na C 
(This element is an identity element for o on G.) 


G4 Inverses For each element g in G, there is an element h in G 
such that 


Gom = e= O g 


(The element h is an inverse element of g with respect to o.) 


We refer to axioms G1-G4 as the group axioms. In mathematics, an 
axiom is a mathematical statement that is used as a starting point from 
which other mathematical statements are deduced. 


We often refer to an identity element simply as an identity, and to an 
inverse element of an element g simply as an inverse of g. An alternative 
way to say that (G, o) is a group is to say that G is a group under o. 


The word group was introduced by the French mathematician 
Evariste Galois (1811-1832), as part of a theory to classify the 
polynomial equations whose solutions can be expressed by a formula 
involving radicals (nth roots). However, what Galois meant by a 
group was somewhat different to the modern definition of the term. 
His memoir on this topic, which was written in 1830, lay unpublished 
until 1846, several years after his untimely death from wounds 
received in a duel. 


Notice that the binary operation o of a group need not have the property 
that 


Evariste Galois goh=hog forallg,hinG. 
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That is, the binary operation does not have to be commutative. A group 
that has this additional property is given a special name. 


Definitions 
A group (G,o) that has the additional property that 


goh=hog forallg,hinG 
is an abelian (or commutative) group. 


A group that is not abelian is non-abelian. 


For example, the set of real numbers, with addition, is an abelian group, 
because addition of real numbers is commutative. On the other hand, the 
set of symmetries of the square, with function composition, is a 
non-abelian group, since composing symmetries of the square in different 
orders can give different results, as you saw in Subsection 1.2. 


Abelian groups are named after the Norwegian mathematician 

Niels Henrik Abel (1802-1829), who in 1824 showed that no formula 
involving radicals exists for the solutions of a general polynomial 
equation of degree 5. Formulas for the solutions of general polynomial 
equations of degrees 3 and 4 had been found in the 16th century, 
although they were written without the benefit of modern notation. 


Since Abel initially had to publish his result at his own expense, he 
compressed the proof in order to save money, and this made it very 
hard to understand. It was only later, after he had the opportunity to 
rewrite an elaborated version for publication in a German journal, 
that his work became widely known. 


Here are some more definitions that are useful when we discuss groups. 


Definitions 


e If the set G of a group (G,°) is a finite set, then we say that (G,) 
is a finite group. If G has exactly n elements, then we say that 
(G,°) is a group of order n, and we write |G| = n. 

e If the set G of a group (G,°) is an infinite set, then we say that 
(G,°) is an infinite group and that it has infinite order. 


For example, the set S(O) of symmetries of the square, with function 
composition, is a finite group and has order 8. We write |S(0O)| = 8. The 
set of real numbers, with addition, is an infinite group. 


3 Definition of a group 


Niels Henrik Abel 
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As you saw in Unit A2 Number systems, an identity element for a binary 
operation on a set is sometimes called an additive identity if the binary 
operation is addition, and a multiplicative identity if the binary 
operation is multiplication. Similarly, an inverse of a particular element is 
sometimes called an additive inverse if the binary operation is addition, 
and a multiplicative inverse if the binary operation is multiplication. 


In Unit A2 you saw that a field is a set with two operations, + and x, 
such that twelve properties hold. These twelve properties are called the 
field axioms, though we did not use that term in Unit A2. A field can be 
defined more concisely in terms of groups, as follows. If F is a set, and + 
and x are binary operations defined on F, then we say that (F,+, x) is a 
field if it has the following three properties. 
e (F,+) is an abelian group. 
e (F — {0}, x) is an abelian group (where 0 is the identity element for + 
on F). 
e The distributive law x x (y + z) = (x x y) + (x x z) holds for all 
z,y, z EF. 


3.2 Checking the group axioms 


To show that a given set and binary operation form a group, we need to 
check that they satisfy the four group axioms. 


The worked exercise below demonstrates how to show formally that the 
set R of real numbers, with addition, forms a group. 


Worked Exercise B7 


Show that (R, +) is a group. 


G3 Identity 


®. We have to check that the set R contains a special element 
such that, when this element is added to any other element, in 
either order, the result is simply that other element. .© 


We have 0 € R, and for all x € R, 
etO0Sje=0+ a. 
So 0 is an identity element for addition on R. 


G4 Inverses 


®. We have to check that for each element x in R, there is an 
element in R such that, when this element is added to z, in 
either order, the result is the identity element 0. © 


For each x € R, we have —x € R, and 
x +(x) =0=(-2) +2, 
so —2x is an inverse of z. 


Thus each element of R has an inverse element in R with respect 
to addition. 


Hence (R, +) satisfies the four group axioms, and so is a group. 


There are several things that it is useful to observe about Worked 
Exercise B7. 


First, notice that when you check axioms G3 (identity) and G4 (inverses), 
you have to check both possible orders of combining two elements. For 
example, when we checked axiom G3 in Worked Exercise B7, we checked 
not only that z + 0 = zx, but also that 0 + x = x. Similarly, when we 
checked axiom G4, we checked not only that x + (—x) = 0, but also that 
(—x) +a = 0. This checking was straightforward in Worked Exercise B7, 
because the binary operation was addition, and order does not matter 
when you add two numbers. However, for some binary operations the 
checking can involve more work. 


Second, notice that when we checked axiom G3 (identity) in Worked 
Exercise B7, it was fairly obvious that the identity element had to be 0. In 
general, if you are dealing with a set of numbers and the binary operation 
is ordinary addition, then the only possible identity element is 0. (This is 
because the only possibility for a number e that satisfies the equation 
g+e=g for all numbers g is e = 0.) Similarly, if you are dealing with a 
set of numbers and the binary operation is ordinary multiplication, then 
the only possible identity element is 1. For other binary operations, 
including modular addition and modular multiplication, it may be less 
obvious what the identity element has to be. You just have to try to find a 
possibility and check that it works. 
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A similar point applies to axiom G4 (inverses). If you are dealing with a 
set of numbers and the binary operation is ordinary addition, then the 
only possible inverse of an element x is —a; if you are dealing with a set of 
numbers and the binary operation is ordinary multiplication, then the only 
possible inverse of an element x is 1/x. For other binary operations it may 
be less obvious what the inverses have to be. 


Third, notice that when you check axiom G3 (identity) it is not enough to 
check that a particular element is an identity element. You also have to 
check that this element actually lies in the set that you are considering. 
Similarly, when you check axiom G4 (inverses), not only do you have to 
check that each element has an inverse, you also have to check that each 
inverse lies in the set that you are considering. 


Finally, notice that when you check axiom G2 (associativity), if the binary 
operation that you are dealing with is one that you already know is 
associative, such as the operations in the box below, then you can simply 
state that it is associative, without proof. We did this in Worked 

Exercise B7. However, if the binary operation is unfamiliar, then you have 
to provide a proof of associativity. 


Standard associative binary operations 
e Addition e Modular addition 
e Multiplication e Modular multiplication 


e Function composition 


You might find it helpful to refer back to the comments above as you work 
through the rest of this subsection. Below is another worked exercise that 
illustrates some of these points. Here the binary operation is multiplication 
(rather than addition, as in the previous worked exercise). The set is R*, 
that is, the set R — {0} of all the real numbers except 0. 


Worked Exercise B8 


Show that (R*, x) is a group. 


Solution 
We show that the four group axioms hold. 
G1 Closure 


@. We have to check that if we multiply any two elements of R*, 
we always get another element of R*. To specify that x and y, 
say, represent any elements of R*, we can say ‘Let x,y € R*.” & 


Let x,y € R*. Then, since x and y are real numbers, so is x x y. 


Also z x y #0, since x Æ 0 and y # 0. Hence 
xcxyeR’, 
so R* is closed under multiplication. 


G2 Associativity 


@®. We already know that multiplication of numbers is 
associative. & 


Multiplication of real numbers is associative. 
G3 Identity 


@. We have to check that the set R* contains a special element 
such that when this element is multiplied by any other element, 
in either order, the result is simply that other element. © 


We have 1 € R*, and for all x € R*, 
ae << Il = op = Il & 48. 
So 1 is an identity element for multiplication on R*. 


G4 Inverses 


@. We have to check that for each element x in R*, there is an 
element in R* such that when this element is multiplied by x, in 
either order, the result is the identity element 1. © 


Let x € R*. Then x 4 0, so 1/z exists, and lies in R*, since 
1/z #0. Also 


1 il 
aex—-=1=-xz. 


Hence 1/2 is an inverse of x. 


Thus each element of R* has an inverse element in R* with 
respect to multiplication. 


Hence (R*, x) satisfies the four group axioms, and so is a group. 


You can practise applying the four group axioms for yourself in the next 
exercise. The notation Q* in part (b) denotes the set Q — {0} of all the 
rational numbers except 0. 


Exercise B16 


Show that each of the following is a group. 
(a) (Z,+) (b) (Q*, x) 
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You have seen that to prove that a set G and binary operation o form a 
group, you have to show that all four group axioms hold. It follows that to 
show that a set and binary operation do not form a group, you just need 
to show that any one of the four group axioms fails. Here is an example. 


Worked Exercise B9 


Show that (R, x) is not a group. 


Solution 

®. We check each axiom in turn until we find one that fails. © 
We check the four group axioms. 

G1 Closure 


®. If we multiply any two elements of R, do we always get 
another element of R? & 


For all x,y € R, 
zaxyeER. 


So R is closed under multiplication. 
@. Axiom G1 holds. .® 
G2 Associativity 
Multiplication of real numbers is associative. 
@. Axiom G2 holds. & 
G3 Identity 


®. Does R contain a special element such that when this 
element is multiplied by any other element, in either order, the 
result is that other element? © 


We have 1 € R, and for all z € R, 
90.3 || = a = IL SK oe. 


So 1 is an identity element for x on R (and the only possibility 
to be such an identity element). 


®, Axiom G3 holds. & 


3 Definition of a group 


In general, to show that a particular set and binary operation do not form 
a group, you need to show that one of the group axioms fails, by 
demonstrating that there is a counterexample to the axiom. For instance, 
in Worked Exercise B9 we pointed out that, for the set R and binary 
operation x, the number 0 is a counterexample to axiom G4 (inverses). 


Although in Worked Exercise B9 we checked all the group axioms in turn 
until we found one that failed, if you can immediately spot an axiom that 
fails, then you can go straight to that axiom and provide a 
counterexample, without working through the preceding axioms. The only 
exception to this is that if you want to show that axiom G4 (inverses) fails, 
then, since you need an identity element for axiom G4 to make sense, you 
have to begin by establishing what this identity element must be. That is, 
you have first to consider axiom G3 (identity) to some extent. 


The next worked exercise gives, for each of the four axioms, an example of 
how we can show that the axiom in question fails. 
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Worked Exercise B10 


(a) Let D be the set of odd integers. Show that (D,+) is not a group, by 
showing that axiom G1 (closure) fails. 


(b) Show that (IR, —) is not a group, by showing that axiom G2 
(associativity) fails. 


(c) Let E be the set of even integers. Show that (E, x) is not a group, by 
showing that axiom G3 (identity) fails. 


(d) Show that (N, x) is not a group, by showing that axiom G4 (inverses) 
fails. (Remember that N is the set of natural numbers, that is, 
positive integers.) 


Solution 
(a) The numbers 3 and 5 lie in D, but 
RLS 0, 
So D is not closed under +. That is, axiom G1 fails. 
(b) Consider the numbers 6, 4 and 1 in R. We have 
6- (4-1) =6-3=3, 
but 
(6—4)-1=2-1=1. 


These expressions are not equal, so this counter-example shows 
that subtraction is not associative on R. That is, axiom G2 fails. 


(c) There is no element e € E such that 
Us E = 


because 1 ¢ E. So (E, x) has no identity element. That is, 
axiom G3 fails. 


(d) The number 1 is the only possible identity element for (N, x). 
However, 2 € N, and there is no number n, say, in N such that 


<i = Il, 


because $ Z N. So the element 2 of N has no inverse in N. Hence 
axiom G4 fails. 


Sometimes, as in the next exercise, you may need to determine whether a 
particular set and binary operation form a group, rather than being told 
this from the start and asked to prove it. In this sort of situation, it is 
worth having a quick think to see whether you can spot an axiom that 
fails. Often when a set and binary operation do not form a group, more 
than one of the axioms fails. If you cannot immediately spot an axiom 


that fails, then usually the best way to proceed is to work through the four 
axioms systematically, until either you have proved that they all hold, or 
you have found one that fails. 


Exercise B17 


For each of the following, either show that the given set and binary 
operation form a group, or show that they do not. 


(a) (Q,x) 
(b) (R*,+), where R* is the set of positive real numbers. 

(c) (D,x), where D is the set of odd integers. 

(d) (£,+), where E is the set of even integers. 

(e) (E,—), where E is the set of even integers. 

(£) (M,x), where M is the set whose elements are all the negative real 


numbers and the number 1; that is, M = {x ER:x <O0}U {1}. 


Unfamiliar binary operations 


In all the examples that you have seen so far, the binary operation has been 
a familiar one, such as addition, multiplication or function composition. In 
the next worked exercise, the binary operation is unfamiliar. 


Worked Exercise B11 


Determine whether (R,o) is a group, where o is defined by 


roy=rryt ry. 
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and 
(roy)oz=(a@+y4+a2y)oz 
= (x+y + ry) +z+(z+y+ry)z 
$65 War a e ap abe ap We oP e 
=H Uap 2 ar a) ar ee a We a e 
The two expressions obtained are the same, so o is associative 
on R. 
G3 Identity 
®. Try to find a likely candidate to be an identity element. © 


We need an element e € R such that, for all x € R, 
Loe = r= Cop. 

The left-hand equation x o e = x gives 
Mo Cap He = Ti 

which simplifies to 
elr) =0. 


Since we need this equation to be true for all x € R, the only 
possibility for an identity element is e = 0. 


®. Now check to see whether 0 actually is an identity 
element. .& 


Now 0 € R, and for all x € R, 
xo0=2+0+20=27, 

and 
QOox=0+2+02=2, 

as required. So 0 is an identity element for o on R. 


G4 Inverses 


®. Try to find a likely candidate to be an inverse of a general 
element x. ® 


For each x € R, we need an element y, say, in R such that 
LOY SO=]YO xR. 

The left-hand equation x o y = 0 gives 
ge + ey = 0: 

®. Try to solve this equation for y. & 


This equation can be rearranged as 
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In the worked exercise above, you saw that the set R is not a group under 
the binary operation o given by roy = x +y + xy, because the element —1 
has no inverse and so axiom G4 fails. In fact, if you remove the element —1 
from R then you do obtain a group under this binary operation. There is a 
‘challenging’ exercise in the additional exercises booklet for this unit that 
asks you to prove this. 


You can practise working with unfamiliar binary operations in the 
exercises below. 


Exercise B18 


Show that (R,o), where o is defined by 
zoy=x2—-y-l1, 


is not a group, by showing that group axiom G3 (identity) fails. 


Exercise B19 


Determine whether each of the following binary operations o defined on R 
is associative. 


(a) roy =z£z+y-— zry (b) roy =z- y+ zy 
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Exercise B20 


Show that (QT, o) is a group, where Q* is the set of positive rational 
numbers and o is defined by a o b = sab. 


3.3 Checking the group axioms for small 
finite sets 


In the previous subsection you saw how to check the group axioms for a 
variety of sets and binary operations. In all the examples, the set was an 
infinite set. In this subsection we concentrate on how to check the group 
axioms when the set is a small finite set. 


Most of the examples of small finite sets and binary operations that we will 
consider in this subsection come from modular arithmetic, which you met 
in Unit A2. Remember that for any natural number n we have 


Zn = {0,1,2,...,n—1}, 


and the operations +n and Xn on Zn are defined by 
a+, b = the remainder of a+ b on division by n, 
a Xn b = the remainder of a x b on division by n. 
For example, Z4 = {0,1,2,3}, and we have 
2443 =1, 
2X43 = 2. 


If we have a small finite set with a binary operation (where the set and 
binary operation come from modular arithmetic or from anywhere else), 
then we can construct a Cayley table for them, in the same way as we did 
for sets of symmetries earlier. As you will see in this subsection, we can 
use this table to help us check some of the group axioms. 


To construct a Cayley table for a small finite set G and binary operation o, 
we use the same approach as for a set of symmetries. We list the elements 
of G across the top and down the side of a square array, keeping the order 
of the elements the same across the top and down the side. If we can 
immediately spot an identity element, then usually we put it first in the 
list, but this is not essential. 
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For any two elements x and y of G, we enter the composite x o y in the cell 
in the row labelled x and the column labelled y, as shown below. So x is 
on the left both in the composite and in the row labels down the left of the 
table. 


We refer to the lists of elements along the top and down the side of a 

Cayley table as the borders of the table, and we refer to the rest of the 

table as its body. When we mention a row or column of the table, we o 
mean a row or column of the body of the table. The diagonal of the table 

that goes from the top left to the bottom right, as shown in Figure 43, is 

called the main diagonal (also known as the leading diagonal). It 

contains the results of composing each element with itself. 


A Cayley table will help you check group axioms G1 (closure), Figure 43 The main diagonal 
G3 (identity) and G4 (inverses). However, group axiom G2 (associativity) of a Cayley table 

is time-consuming to check from a Cayley table, so it is best to check it 

using a known property of the binary operation, if possible. 


The next worked exercise demonstrates how to use a Cayley table to check 
the group axioms for a small finite set. Immediately after the worked 
exercise there are two propositions whose proofs clarify why the methods 
used to check axioms G3 (identity) and G4 (inverses) actually do check 
these axioms. 


Worked Exercise B12 


By using a Cayley table, determine whether (Z4, +4) is a group. 
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G1 Closure 


®. Check that every element in the body of the table belongs to 
the set that we are considering. © 
Every element in the body of the table is in Z4, so Z4 is closed 
under +4. 

G2 Associativity 
®. Associativity is time-consuming to check from the table, but 
we already know that the binary operation here is 
associative. ® 


Modular addition is associative. 
G3 Identity 


®. Check that there is an element such that the row labelled by 
that element and the column labelled by that element repeat the 
table borders. If there is such an element, then it is an identity 
element. ® 


The row and column labelled 0 repeat the table borders, so 0 is 
an identity element for +4 on Z4. 


G4 Inverses 


®. To find inverses, look for occurrences of the identity element 
in the body of the table. 


e If it appears on the main diagonal, then the corresponding 
element in the table borders is self-inverse (the inverse of 
itself). 

e If it appears off the main diagonal, but symmetrically with 
respect to the main diagonal, then the two corresponding 
elements in the table borders are inverses of each other. 


In the case here, the identity element is 0 and its occurrences 
are as shown below. 


el Oy al 
07) 0 Males 
Vit 2°30) = 
alo s 0 i 
ale mai e 


The identity element 0 appears on the main diagonal in the row 
and column labelled 0. So 0 is self-inverse. 


The identity element 0 also appears on the main diagonal in the 
row and column labelled 2. So 2 is self-inverse. 


Finally, the identity element 0 appears symmetrically in the row 
labelled 1 and column labelled 3, and in the row labelled 3 and 
column labelled 1. So 1 and 3 are inverses of each other. 


So each element has an inverse in Z4 with respect to +4. 


Hence (Z4, +4) satisfies the four group axioms, and so is a group. 


The proposition below justifies the method we used in Worked 
Exercise B12 for checking axiom G3 (identity). 


Proposition B6 Checking a Cayley table for an identity 


Let G be a finite set and let o be a binary operation on G. Then the 
element e of G is an identity element for o on G if and only if the row 
and column labelled e both repeat the table borders. 


Proof In the Cayley table for (G,o), the row labelled e contains all the 
composites of the form e o g, for g € G, and the column labelled e contains 
all the composites of the form g o e, for g € G. 


So saying that the row labelled e repeats the top border is the same as 
saying that eo g = g for all g € G, and saying that the column labelled e 
repeats the side border is the same as saying that go e = g for allg EG. 
(This is illustrated in Figure 44.) 


In summary, saying that the row and column labelled e repeat the table 
borders is equivalent to saying that g o e = g = eo g for all g € GŒ. That is, 
it is equivalent to saying that e is an identity element for G. E 


e ee a b C sios b 
(a) (b) 


Figure 44 A row and column that repeat the table borders 
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Figure 45 A Cayley table in 
which goh=e=hog 
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Figure 46 A Cayley table in 
which gog =e 
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The next proposition justifies the method we used for checking axiom G4 
(inverses) in Worked Exercise B12. 


Proposition B7 Checking a Cayley table for inverses 


Let G be a finite set, let o be a binary operation on G and let e be an 
identity element for o on G. Then the element h of G is an inverse of 
the element g of G if and only if e appears in the position that is in 

the row labelled g and column labelled h, and also in the position that 
is in the row labelled h and column labelled g (as shown in Figure 45). 


Proof In the Cayley table, the element in the row labelled g and column 
labelled h is go h, and the element in the row labelled h and column 
labelled g is hog. 


Saying that both these elements are equal to e is the same as saying that 
göh=e= hog: 


That is, it is equivalent to saying that h is an inverse of g. E 


Note that, in Proposition B7 and its proof above, g and h may be the 
same element, in which case the two positions mentioned are actually the 
same position, namely the position that is in the row labelled g and 
column labelled g, as shown in Figure 46. If e appears in this position 
then g (equal to h) is self-inverse, that is, the inverse of itself. 


For convenience, here is a summary of what you have seen about 
identifying the inverses of elements from a Cayley table. 


Identifying inverses from a Cayley table 

In a Cayley table for a set G and binary operation o on G with an 

identity element e: 

e wherever e occurs on the main diagonal, the corresponding element 
in the table borders is self-inverse 


e wherever e occurs symmetrically with respect to the main diagonal, 
the corresponding elements in the table borders are inverses of each 
other. 


These situations are illustrated in Figures 46 and 45, respectively. 


The next worked exercise provides another demonstration of how to use a 
Cayley table to check the group axioms. In this worked exercise, the set 
and binary operation turn out not to form a group. 


Worked Exercise B13 


By using a Cayley table, determine whether (Z4, x4) is a group. 


Solution 


We construct a Cayley table for (Z4, x4): 


2 
GO © O 0 
WO ITA 8 
alo 2 0 2 
a lO a 2 il 


We now check the group axioms. 


G1 Closure 


Every element in the body of the table is in Z4, so Z4 is closed 
under multiplication. 


G2 Associativity 
Modular multiplication is associative. 


G3 Identity 


The row and column labelled 1 repeat the table borders, so 1 is 
an identity element for x4 on Z4. (The table also shows that 
there is no other possible identity element.) 


G4 Inverses 


®. Look for the occurrences of the identity element 1 in the 
body of the table. It does not occur at all in the row labelled 0, 
so there is no element x € Z4 such that 0 x4 z = 1. @ 


The identity element 1 does not occur in the row labelled 0, so 0 
has no inverse. 


Hence axiom G4 fails. 


It follows that (Z4, x4) is not a group. 


In general, for group axiom G4 (inverses) to be satisfied, each row must 
contain an occurrence of the identity element e (this ensures that for each 
element g there is an element h such that go h = e), and this occurrence 
of e must either be on the main diagonal or appear symmetrically with 
another occurrence of e, with respect to the main diagonal (this ensures 
that whenever we have go h = e, we also have hog =e). (An alternative 
to checking that each row contains an occurrence of e is to check that each 
column does.) 
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The methods that you have seen for checking the group axioms from a 
Cayley table can be summarised as follows. 


Using a Cayley table to check the group axioms 

Let G be a finite set and let o be a binary operation defined on G. 
Then (G,o) is a group if and only if the Cayley table for (G,o) has 
the following properties. 


G1 Closure The table contains only elements of the set G; that is, 
no new elements appear in the body of the table. 


G2 Associativity The operation o is associative. 
(This property is not easy to check from a Cayley table.) 


G3 Identity A row and a column labelled by the same element 
repeat the table borders. This element is an identity element, 
e Say. 


G4 Inverses Each row contains the identity element e, occurring 
either on the main diagonal or symmetrically with another 
occurrence of e, with respect to the main diagonal. (For each 
such occurrence of e, the corresponding elements in the table 
borders are inverses of each other.) 


In the next exercise you can practise using Cayley tables to check the 
group axioms. 


Exercise B21 


By first constructing a Cayley table in each case, determine which of the 
following are groups. 


(a) (Zs,+5) (b) (Zs, xs) 

(c) (Zs — {0}, x5) = ({1, 2,3, 4}, x5) 

(d) (Ze — {0}, x6) = ({1, 2,3, 4, 5}, x6) 
(e) ({2,4,6,8},x10) (Œ) ({1,-1}, x) 


Now suppose that you are presented with a Cayley table with some 
abstract symbols in it, such as the following: 


ole a b c 

ele abcd 
ala b c de 
blb c dea 
cle dea b 
did ea b c 
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A Cayley table like this defines a set, namely the set of elements that 
appear in the table borders, and it defines a binary operation on that set, 
since the table tells us the result of composing any two elements of the set, 
in either order. So we can ask whether the set and the binary operation 
form a group. 


As you have seen, you can use the Cayley table to check group 

axioms G1 (closure), G3 (identity) and G4 (inverses). For the Cayley table 
above, all the entries in the body of the table are elements of the original 
set {e, a,b, c,d}, so axiom G1 (closure) holds. Also, the row and column 
labelled by the element e repeat the table borders, so e is an identity 
element. That is, axiom G3 (identity) holds. Notice that e is the only 
possible identity element. The occurrences of the identity element in the 
body of the table tell us that e is self-inverse, that a and d are inverses of 
each other, and that b and c are inverses of each other. So axiom G4 
(inverses) holds. That leaves just axiom G2 (associativity) to be checked. 
Unfortunately, there is no easy way to check this axiom, other than the 
obvious one of going through all the ways of combining three elements. If 
you were to do this (and it would take rather a long time!), then you would 
find that the binary operation defined by the Cayley table above is in fact 
associative. So the abstract Cayley table above is the Cayley table of a 
group. 

However, it is possible for a Cayley table to satisfy axioms G1 (closure), 
G3 (identity) and G4 (inverses), but for the operation defined by the table 
not to be associative. Here is an example: 


ole a bcd 
ele abcd 
ala e cd b 
blb d eae 
cle b dea 
did c a b e 


You can check in the usual ways that axioms G1 (closure), G3 (identity) 
and G4 (inverses) are all satisfied by this Cayley table. But axiom 

G2 (associativity) fails, because, for example, the two expressions bo (co d) 
and (boc) od give different answers: 


bo(eod) =bea =d, 
(boc)od=aod =, 


This example shows that you certainly cannot determine whether a given 
set and binary operation form a group only by using a Cayley table to help 
you check group axioms G1, G3 and G4. You do also need a means of 
checking group axiom G2 (associativity). 
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Exercise B22 


Given that the binary operation o defined by the following Cayley table is 
associative, show that the set of elements in the table is a group under o. 


ola becedefgh 
alf egha bqde 
ble f h g b aed 
clih g f e cdoba 
d|g h e f deca b 
ela b cdef gh 
filb ade fekhg 
gic daobgh fe 
hid cb ahge@f 


Finally in this subsection, note that the definition of a group given in some 
other texts may look a little different from the definition that you have 
met in this module, even though the mathematical structure being defined 
is the same. In particular, in some texts our axiom G1 (closure) is part of 
the definition of a binary operation on a set, and hence is omitted from the 
list of group axioms. 


You might also like to note that it can be proved that if group 
axioms G1 (closure) and G2 (associativity) hold for a set and binary 
operation (G,o), then to check that group axioms G3 (identity) and 
G4 (inverses) also hold it is enough to show that 


e there is an element e in G such that g o e = g for all g in G, and 
e for each element g in G, there is an element h in G such that go h =e. 


That is, you do not also have to show that eo g = g for all g in G, or that 
for each element g in G the element h in G that satisfies g o h = e also 
satisfies h o g = e. So the group axioms that you have met in this unit can 
be reduced to a more minimal set of axioms. However, in practice it is 
convenient to work with the set of group axioms stated earlier, and we will 
continue to do so throughout this module. 


The origins of group theory 


Group theory arose historically from three different areas of study: 
number theory, the theory of algebraic equations, and geometry. 


The study of modular arithmetic that was introduced by 

Carl Friedrich Gauss in his Disquistiones Arithmeticae of 1801 
contains elements that we would nowadays recognise as group theory. 
At about the same time, many mathematicians, including 
Joseph-Louis Lagrange (1736-1813), Paolo Ruffini (1765-1822), 


Augustin-Louis Cauchy (1789-1857) and Evariste Galois (1811-1832) 
worked on the question of which polynomial equations could be solved 
algebraically, and it gradually became apparent that the key to 
answering this question lay in considering groups of permutations, 
which you will meet in Unit B3 Permutations. In 1872, Felix Klein 
(1849-1925) in his Erlangen Program, a review of contemporary 
methods in geometry, used group theoretic methods to classify the 
different geometries, such as Euclidean, hyperbolic, and projective 
geometry, and a few years later Henri Poincaré (1854-1912) pioneered 
the introduction of group theoretic and geometric methods into 
complex function theory, these ideas becoming hugely significant in 
modern mathematics. One of the main instigators of the abstraction 
of the similar ideas in these different contexts into modern group 
theory was Arthur Cayley (1821-1895), around the middle of the 19th 
century. 


In 1870 Camille Jordan (1838-1922) published his monumental 
treatise on permutation groups, and by around the end of the century 
textbooks on abstract group theory were being published, two of the 
most important being those by William Burnside and Heinrich Weber. 
Today, group theory remains a major area of mathematical research. 


3.4 Standard groups of numbers 


In this subsection you will meet some standard groups of numbers. They 
include many of the groups of numbers that you met in the previous two 
subsections. 


Infinite groups of numbers 


In Subsection 3.2 you saw that the sets Z and R, with addition, are groups, 
and that the sets Q* and R*, with multiplication, are groups. It can be 
shown in similar ways that the sets Q and C, with addition, are groups, 
and that the set C*, with multiplication, is a group. (As you may guess, 
the notation C* denotes the set C — {0} of all complex numbers except 0.) 


In fact, you saw (without proof) in Unit A2 that the sets Q, R and C, with 
addition and multiplication, are fields, and it follows from this that (Q, +), 
(R, +), (C, +), (Q, x), (R*, x) and (C*, x) are all groups. So we have the 
facts below. 


Some standard infinite groups of numbers 
The following are groups: 
(Z,+), (Q+), (R,+), (C,+), 
(Q*, x), (R*,x), (C*, x). 
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Groups from modular arithmetic 


In Worked Exercise B12 and Exercise B21 in Subsection 3.3 you saw that 
(Z4, +4) and (Z5, +5) are groups. In fact, we have the following general 
result. 


Theorem B8 


For each integer n > 2, the set Zn is a group under +n. 


Proof The four group axioms hold because they are properties Al—A4 of 
addition in Z,,, which you met in Subsection 3.3 of Unit A2. E 


You also saw in Exercise B21 that (Z5, x5) is not a group. In general, 
(Zn, Xn) is not a group for any positive integer n, because 0 has no inverse 
with respect to Xn. This type of situation has arisen before: you saw in 
Subsection 3.3 that (R, x) is not a group, because 0 has no inverse with 
respect to x. You also saw that the set R* = R — {0} is a group under x, 
and so are the sets Q* = Q — {0} and C* = C — {0}. However, removing 
the integer 0 from the set Zn does not necessarily give a group under Xj: 
you saw in Exercise B21 that ({1,2,3,4}, x5) is a group, but 

({1, 2,3, 4,5}, xg) is not a group. 

One reason why removing 0 from Z, does not necessarily give a group 
under x, is that, as you saw in Subsection 3.4 of Unit A2, in the set Zn 
only the integers coprime to n have inverses with respect to Xn; the other 
integers do not. So ({1,2,3,4,5}, x6) is not a group because the integer 2, 
for instance, is not coprime to 6 and so does not have an inverse with 


respect to xg in Ze; axiom G4 therefore fails. (Axiom G1 also fails: for 
example, 2,3 € {1, 2,3,4,5}, but 2 x6 3 = 0 ¢ {1,2,3,4,5}.) 


It turns out, however, that if you remove not only the integer 0 from Zp, 
but also all the other integers in Z, that do not have inverses with respect 
to Xn, then you do obtain a group under Xp. This is proved below. The 
subset of Zn that you are left with is the set of all the integers in Zp that 
are coprime to n, and we denote this set by Un. For example, the set of 
integers in Z5 = {0, 1,2,3,4} that are coprime to 5 is 


Us = {1, 2, 3,4}, 


and this set forms a group under Xp, as you saw in Exercise B21. 
Similarly, the set of integers in Ze = {0, 1, 2,3,4,5} that are coprime to 6 is 


Us = {i, 5}, 
and this set forms a group under xg. It has Cayley table 


X6 1 5 
1 |1 5 
5/5 1 


and both of its elements are self-inverse. (The U in the notation Uņ is for 
units, which means ‘elements that have multiplicative inverses’, but we will 
not need to use this term in this module.) 


Here is the general result. 


Theorem B9 


For each integer n > 2, the set Un of all integers in Z,, that are 
coprime to n is a group under Xp. 


Proof We show that the four group axioms hold for (Un, xn). 
Throughout the proof, we make use of the properties of integers in Zn that 
you met in Unit A2. 


G1 Closure 


Let a,b € Un; then both a and b are coprime to n. To prove that 
a Xn b E Un, we have to show that a Xn b is coprime to n. 


To do this, we show that a xn b has a multiplicative inverse in Zp. 
By Theorem A9 in Unit A2, since both a and b are coprime to n, 
they both have multiplicative inverses in Zp, say c and d, 
respectively. Now 


(eX) Xn (a Xn) = (cxn) Xn le he 8) H= 1%, 1 =], 
and similarly 

(a Xn) Xa. le xy e) =; 
Hence c x, d is a multiplicative inverse of a x, b in Zn. 


It now follows from Theorem A9 in Unit A2 that a Xn b is coprime 
to n, so a Xn b E Un. Thus Un is closed under Xp. 


G2 Associativity 
Modular multiplication is associative. 
G3 Identity 


We have 1 € Un, since 1 is coprime to n, and, for all a € Un, 
axX_l=a=1 ra. 
So 1 is an identity element for Xn on Un. 


G4 Inverses 


Let a € Un; then a is coprime to n. By Theorem A9 in Unit A2, 

a has a multiplicative inverse b in Zp. We have to show that b € Un; 
that is, we have to show that b is coprime to n. Since a and b satisfy 
the equations 


aXnb=1=bxya, 


the number a is also a multiplicative inverse of b in Zn, and hence, 
also by Theorem A9 in Unit A2, b is coprime to n. So b € Un. Thus 
a has an inverse with respect to Xn in Un. 


Hence (Un, x) satisfies the four group axioms, and so is a group. Oo 
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If n is a prime number, then all the non-zero integers in Zp are coprime 
to n, so in this case simply removing the integer 0 from Z, does give a 
group. For example, ({1, 2,3,4}, x5) is a group, as mentioned above, 
because 1, 2, 3 and 4 are all coprime to 5. 


So Theorem B9 has the following corollary. In this corollary, and in 
general, we use the notation Z} to denote the set of all non-zero integers 
in Zp. 


Corollary B10 


If p is a prime number, then (Z5, xp) is a group. 


For example, (Zé, x5), (Zž, x7) and (Zig, X19) are groups, since 5, 7 and 
19 are prime. Notice that, for any prime number p, the notations (Zi, Xp) 
(Up, Xp) and ({1,2,...,p— 1}, xp) all denote the same group. However, we 
usually use the notation (Z%, xp») when p is prime. 


Note that, since +n and X, are commutative operations, all the groups 
described in Theorems B8 and B9, and in Corollary B10, are abelian. 


Exercise B23 


For each of the following groups, construct a Cayley table and write down 
the inverse of each element. 


(a) (Z7,+7) (b) (Z7,x7) (c) (Uio, X10) (d) (Uo, x9) 


Theorems B8 and B9 and Corollary B10 do not describe all the groups 
that come from modular arithmetic: there are many others. For example, 
in Exercise B21 you saw that ({2, 4,6,8}, x10) is a group; notice that this 
group does not contain the integer 1 and so its identity element is not 1. 


4 Deductions from the group 
axioms 


The advantage of defining a group (G, o) as a general set G and a general 
binary operation o on G that together satisfy the four group axioms 
G1-G4 is that anything that we can prove directly from the axioms (in the 
general case) must apply to any group (any specific case). Thus, by giving 
one proof, we can simultaneously establish a result that holds for groups of 
symmetries, infinite groups of real or complex numbers, modular 
arithmetic groups, and many more groups. 


4 Deductions from the group axioms 


In this section you will meet some important basic properties of groups 
that can be deduced from the group axioms. The proofs in this section, 
showing how the deductions are made, are short and elegant. You should 
read them and try to understand them, to improve your knowledge of 
group theory and your understanding of how mathematical results are 
proved. However, be assured that a beginner in group theory is unlikely to 
think of these proofs unaided. Although you will be asked to prove some 
results in group theory yourself, and your understanding of the proofs in 
this section will help you with that, the proofs that you will be asked to 
produce will be more suitable for a beginner. 


4.1 Basic properties of groups 


Let us start with a reminder of the group axioms. 


Definition 


Let G be a set and let o be a binary operation defined on G. Then 
(G,o) is a group if the following four axioms hold. 


G1 Closure For all g, h in G, 
gom EG. 
G2 Associativity For all g, h, k in G, 
ae lnek) =a n) k 
G3 Identity There is an element e in G such that 
goe=g=eog forallginG. 
(This element is an identity element for o on G.) 


G4 Inverses For each element g in G, there is an element h in G 
such that 


Goo) = e = org: 


(The element h is an inverse element of g with respect to o.) 


Before we go on to look at some deductions that we can make from the 
group axioms, it is important for you to understand what axiom G2 
(associativity) tells us about the binary operation o of a group (G, o). 


It tells us that even though the binary operation of a group is a means of 
combining two group elements, we can write a composite of three group 
elements without using brackets. For example, if g, h and k are elements of 
a group (G,o), then we can write 


gohok, 
rather than either 


(goh)ok or go(hok). 
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This is because axiom G2 guarantees that both possible interpretations of 
go hok give the same answer. We can evaluate go ho k by using either 
interpretation. 


You saw this illustrated for the group S(O) in Subsection 1.2: you saw 
there that, with our standard labelling for the symmetries of the square 
(shown again in Figure 47), we can evaluate the composite boaot in 
either of the following two ways, obtaining the same answer: 

bo (got) =bou=s, 


(boa)ot=cot=s. 


In fact axiom G2 tells us more: it tells us that we can write a composite of 
any finite number of group elements with no brackets, without there being 
any ambiguity about the meaning of the expression. For example, if a, b, c 
and d are elements of a group (G, o), then we can write the composite 


aobocod 


of four group elements without brackets. To see why, notice that there are 
various ways in which we can ‘bracket’ this expression to indicate which 
elements are being composed with which, such as 

(a0b) 0 (cod), 

ao (bo(cod)), 

ao ((boc)od), 

(ao (boc)) od, 
and so on. The first two expressions here are equal, because applying 
axiom G2 to the three group elements a, b and cod (in that order) gives 


(a0b) o (cod) =a0 (bo (cod)). 


Similarly, the second and third expressions are equal, because applying 
axiom G2 to the three group elements b, c and d (in that order) gives 


ao (bo (cod)) =ao ((boc)od). 


In this manner, by repeatedly applying axiom G2, we can show that any 
way of bracketing the expression is equal to any other way. So all the 
different ways of bracketing the expression give the same answer, and 
hence we can write the expression with no brackets, without there being 
any ambiguity about its meaning. 


We can evaluate a composite of group elements such as ao bo cod by 
bracketing it however we wish, provided that we do not change the order in 
which the elements appear. 


Now let us look at some of the basic properties of groups that can be 
deduced from the group axioms. 


4 Deductions from the group axioms 


Uniqueness properties 


Each of the examples of groups that you have seen has contained precisely 
one identity element. In fact this is always the case, as stated and proved 
below. We say that the identity element in a group is unique. 


There is a standard method that is often helpful for proving uniqueness, 
and we use it in the proof below. The idea is that, to prove that there can 
be only one identity element in a group, we suppose that e and e’, say, 
both represent identity elements, and prove that the only possibility is that 
e and e’ are in fact the same element. You can often use a similar 
technique to prove uniqueness in other situations, and in fact we will use 
the same technique in the next proof too. 


Proposition B11 


In any group, the identity element is unique. 


Proof Let (G,o) be a group, and suppose that e and e’ are identity 
elements in this group. We have to show that e = e’. 


Consider the expression e o e’. Since e is an identity element, the result of 
composing e with any other element, in either order, is simply that other 
element (by axiom G3). So we must have 


eod =e. 

Similarly, since e’ is an identity element, we must have 
eod =e. 

It follows that 


e=e, 


as required. E 


Because of Proposition B11, we can, and shall, refer to the identity 
element of a group. 


We now look at another uniqueness property. In each of the examples of 
groups that you have seen, every element has precisely one inverse. Again, 
this is always the case in a group, as proved below. 
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Proposition B12 


In any group, each element has a unique inverse. 


Proof Let (G,o) be a group with identity element e, let g be any 
element in this group, and suppose that g has inverse elements x and y. 
We have to show that x = y. 


Consider the expression yo go x. Since x is an inverse of g, we have 
yogoxr=yo(gox) (by axiom G2, associativity) 
=yoe (by axiom G4, inverses) 
=y (by axiom G3, identity). 
On the other hand, since y is an inverse of g, we have 
yogoxr=(yog)ox (by axiom G2, associativity) 
=eox (by axiom G4, inverses) 
=x (by axiom G3, identity). 
It follows that x = y, as required. E 


Because of Proposition B12, we can, and shall, refer to the inverse of a 
group element. This property also allows us to use the following notation 
for inverses in a group. 


Notation 


Let g be an element of a group (G,o). Then we denote the inverse of 
a oyga So 


gog“ =e=g" og 


In fact, the two proofs above are not the first time that you have met the 
standard method for proving uniqueness. For example, you saw in Unit A1 
how to use this method to prove that a function is one-to-one. To prove 
that a function f is one-to-one, essentially you have to show that for every 
element y in the image set of f, there is a unique element x in the domain 
of f such that f(x) = y. You saw that to do this, the standard method is 
to suppose that xı and z2, say, both represent elements that are mapped 
by f to y, and prove that the only possibility is that xı and x2 are in fact 
the same element. 


Also, in Unit A2 the standard method for proving uniqueness was used to 
prove that, in the system Z, with addition and multiplication modulo n, if 
an element has a multiplicative inverse then that multiplicative inverse is 
unique. The proof of that result is essentially the same as the proof of 
Proposition B12 above. 


4 Deductions from the group axioms 


Properties of inverse elements 
We now turn to some properties of inverse elements in groups. 


In the examples of groups that you have seen, some elements are 
self-inverse, and the remaining elements can be arranged into pairs of 
elements that are inverses of each other. So, in all the examples, if g is a 
group element with inverse g~!, then the inverse of g~! is g. This is always 
the case in a group, as stated and proved below. 


Proposition B13 


Let g be an element of a group (G,o). Then 
1 


the inverse of g` is g, 
that is, 
(gt) * =g. 


Proof By axiom G4, since g has inverse g~', 


gag =r "oy. 
We can write these equations in a different order as 


g 'og=e=gog™. 


This tells us that g is an inverse of g~!. Hence, by Proposition B12 
(uniqueness of the inverse of a group element), g is the inverse of g7}; that 
is, we have 


ig?) =g: a 


Our second property of inverses concerns the inverse of a composite of two 
group elements. 


Proposition B14 
Let x and y be elements of a group (G,o). Then 


(soy)! =y oa. 


Proof We start by showing that y~! o x7} is an inverse of x o y. To do 
this, we have to show that 


gogo oa) = e = (y™* o £7t) o (x o y). 
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Now 
(coy)o(y toa ')=ao(yoy joa! 

(by axiom G2, associativity) 
=xoeox! (by axiom G4, inverses) 
=xox' (by axiom G3, identity) 
=e (by axiom G4, inverses), 

and 


1 =l 


(yt ox!)o(roy)=yto(xtor)oy 

(by axiom G2, associativity) 
=y ltoeoy (by axiom G4, inverses) 
=y7!oy (by axiom G3, identity) 


=e (by axiom G4, inverses). 


1 1 


Hence y~* o a" is an inverse of xo y. So, by Proposition B12 (uniqueness 
of the inverse of a group element), y~! o x7} is the inverse of x o y; that is, 
(roy) =y og. a 


Proposition B14 is a general property that holds for all inverses of 
composites (not just in group theory). For example, if f and g are 
functions that have inverses (that is, if they are one-to-one functions), then 
(go f)! = ft o g~t. 

Here is one way to see that the different orders of composition on the two 
sides of equations like this makes sense. Consider the composite action of 
first putting your socks on and then putting your shoes on. To carry out 
the inverse of this action, you first take your shoes off and then take your 
socks off! 


Proposition B14 extends to composites of more than two group elements. 
For example, if x, y and z are elements of a group (G, o), then 


1 


(zoyoz) t =z oy! og. 


This follows from Proposition B14, as follows: 
(xoyoz) t = (yoz) tox! (by Proposition B14) 


= gt 6 yt 1 


oa (by Proposition B14 again). 
By repeatedly applying Proposition B14 in this way, we can extend it to a 


composite of any finite number of group elements. 


Our final properties in this subsection, in the box below, do not explicitly 
involve inverses, but are proved using inverses. These properties will be 
familiar to you from elementary arithmetic, in the cases where the binary 
operation is addition or multiplication. For example, suppose that a and b 
are real numbers, and that a+ 3 = b + 3. Both sides of this equation 
involve adding the same real number (here, 3) to another real number, so 
we know that we can cancel the 3 that occurs on both sides of the 
equation and conclude that a = b. Similarly, if 5a = 5b we can cancel the 5 
that multiplies the real numbers a and b, and again conclude that a = b. 


4 Deductions from the group axioms 


These properties are known as cancellation laws. They apply in any group, 
as stated below. 


Proposition B15 Cancellation Laws 
In any group (G,o) with elements a, b and z: 
eifroa=2z0b, thena=b (Left Cancellation Law) 


eifaox=boxz, thena=b (Right Cancellation Law). 


Proof Here is a proof of the Left Cancellation Law. Suppose that, in a 
group (G,o), 


roa=xob. 
Composing both sides on the left with the inverse of x, we obtain 


1 iL 


x oxoa=x = orob: 


By axiom G2 (associativity), this gives 


1 


(7t o x)oa= (x7! 


on) ab, 

Hence, by axiom G4 (inverses), we obtain 
eca=eob, 

and therefore, by axiom G3 (identity), 
a=b. 


You are asked to prove the Right Cancellation Law in the next exercise. E 


Exercise B24 


By adapting the proof above, prove the Right Cancellation Law for a 
group (G,o), namely, 


ifaogx= box, then a = b. 


In the next two exercises, you can try your hand at proving results by 
using the group axioms. Do not worry if you find these exercises difficult: 
accept them as a challenge. Proving results in group theory can be tricky, 
especially when you are new to it, and there are further opportunities for 
you to practise it throughout Book B. 


Exercise B25 


Suppose that a, b and c are elements of a group (G,o) such that 
aoboc=e, where e is the identity element. Prove that bo coa = e. 
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As you become more familiar with proving results in group theory, you do 
not need to name the group axioms explicitly every time you use them: 
you just need to make sure that you clearly justify the steps of your proof, 
using appropriate words. Your justification of a step might involve 
referring to a group axiom in some way, or it might be based on a result 
proved earlier about groups. And, of course, it may be based on something 
else altogether, such as a supposition that you made in order to prove an 
implication. In general, the amount of justification that you provide should 
be enough to convince a reader whose mathematical experience is about 
the same as yours. This will be similar to the amount of justification in 
comparable proofs given in the module texts and in the solutions to 
exercises and worked exercises. 


The next exercise is a little more challenging than the one above. Treat it 
as a puzzle: see if you can work it out, but do not worry if you cannot. 


Exercise B26 


Let (G,o) be a group. Proposition B14 tells us that 


1 1 


(xoy) +=y tog! for all x,y € G. 


Prove that 

(xoy) t =x! oy! forall x,y € G 
if and only if (G,o) is abelian. You can use any of the properties proved so 
far in this section. 


Hint. Remember from Unit A3 Mathematical language that to prove a 
statement of the form ‘A if and only if B’, you have to prove both that A 
implies B and that B implies A. 


Remember also that an abelian group (G,o) is one for which roy= you 
for all x,y E€ G. 


4.2 Properties of group tables 


The Cayley table of a group is called a group table. In this subsection we 
will look at some properties possessed by every group table. 


In Subsection 3.3 you met some properties of group tables that correspond 
directly to the group axioms. For example, you saw that group axioms G1 
(closure) and G3 (identity) immediately give the following two properties. 


Proposition B16 


In a group table, the only elements in the body of the table are those 
that appear in the table borders. 


4 Deductions from the group axioms 


Proposition B17 


In a group table, the row and column corresponding to the identity 
element repeat the table borders. 


Exercise B27 


Decide which is the identity element in each of the following group tables. 
(a) O E (b) D I (c) u vwar 
O O DID 
E E IJI 


E I 
O D 


a E e 


As you have seen, if we know which element of a group is the identity 
element, then we usually write this element first in the borders of the 
group table. 


Here is another property of group tables. 


Proposition B18 


In a group table, each element of the group occurs exactly once in 
each row and exactly once in each column. 


Proof We prove this statement for the rows of a group table. The proof 
for columns is similar, and you are asked to produce it in the next exercise. 


Let g be any group element; we will consider the row corresponding to g. 
Let h also be any group element; we will show that h occurs exactly once 
in this row. 


This is equivalent to proving that there is exactly one element of the 
group, x say, such that 


T 
goz=h, 

as illustrated in Figure 48. 

To show that there is at least one such element x, let x = g7} oh. Then g h 
gonr=go gt oh 


=eoh 


=h, 
1 


Figure 48 Element h in row g 


o h has the property g o x = h, as claimed. 
1 


sox = 97 


To show that x = g7™* o h is the only element x of the group such that 
gox = h, we use our standard method for proving uniqueness. Suppose 
that x and y are group elements such that 


gor=h and goy=h. 
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Then 
GJOr=~goy, 
so, by the Left Cancellation Law, 
p=: 
So there is indeed exactly one element x of the group such that gog =h, 
namely x = gt oh. 


In other words, in the row labelled g, the element h appears exactly once; 
it appears in the column labelled by the element g~! o h. E 


Exercise B28 


By adapting the proof above, prove the second part of Proposition B18; 
that is, prove that in a group table each element of the group occurs 
exactly once in each column. 


Proposition B18 tells us, in particular, that the identity element e occurs 
exactly once in each row and each column of a group table. By what you 
saw in Subsection 3.3 about checking the group axioms from a Cayley 
table, this single occurrence of e in each row (or column) must appear 
either on the main diagonal or symmetrically with another occurrence of e, 
with respect to the main diagonal, as illustrated in Figure 49. 


| I | 
Me | S l | 
~ | Sg! | 
«v l Ge tl tee 
% | . PN 
S| A | oN 
Sei % 
g }------ e bpa a 
$ % a a 
A kX : SS 
(a) T (b) & 


Figure 49 The occurrence of the identity element e in row g (a) if g is 
self-inverse (b) if g has inverse h # g 


So all occurrences of the identity element e in a group table must appear 
symmetrically with respect to the main diagonal. This property is stated 
slightly more concisely below. 


Proposition B19 


In a group table, the identity element e occurs symmetrically with 
respect to the main diagonal. 


Exercise B29 


4 Deductions from the group axioms 


In each of the Cayley tables below, the identity element e occurs in each 
row and column, but the table is not a group table. Explain how you can 


tell this. 


Finally in this subsection, we consider a property that only some group l a 


tables have. 


Notice that, for any elements g and h of a group G, the entries in the 
group table corresponding to the composites g o h and ho g are placed 
symmetrically with respect to the main diagonal, as illustrated in 


A&A Oo & & © 


aa re af] 


on ee ee ) 


TRA A STe 


Seago GNS 
acao o AlIa 


Figure 50. Thus we have the following result. 


Proposition B20 Group table of an abelian group 


Figure 50 The positions of 
the composites g o h and hog 
in a group table 


A group is abelian if and only if its group table is symmetric with 
respect to the main diagonal. 


For example, Figure 51 shows that (Ze, +6) is an abelian group, whereas 


(S(A), ©) is not. 


+6/0 123 45 
0012345 
1|1 2 3450 
2/2 3%5 01 
3/345 01 2 
4}4501%23 3 
5/5012 3 4 
(a) symmetric 


(b) 
Figure 51 The group tables of (a) (Ze, +6) (b) (S(A), o) 
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not symmetric 
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Exercise B30 


Each of the following tables is a group table for a group of order 8 with 
identity e. In each case, state whether the group is abelian and draw up a 
table of inverses. 


(a) e @ b € ad. 7 go & (b) eabcedfgh 
ele a b cdfgh ele abedfgh 
ala ecb fdh <q ala bce fghd 
blb c e aghd f blb c eaghd f 
cic baehgfd cic ea bhdfg 
d|d f g h e€ a be did hg f baeoe 
fif dh gqgaec£ b fif dh g e bae 
gig hd f b cea gig f d heecoba 
hih g f debia eë hilh g f dae ec b 


5 Symmetry in R 


Having considered symmetries of two-dimensional figures, and seen that 
they form groups, we now extend the ideas to three-dimensional objects. 
Remember that we use the notation R3 to denote three-dimensional space, 
in which a point is specified by three coordinates x, y, z. 


5.1 Symmetries of figures in R? 


We begin by adapting to R? the definitions that you met earlier relating to 
figures and symmetries in R?. 


Definitions 
A figure in R? is any subset of R?. 


A bounded figure in R° is one that can be surrounded by a sphere 
(of finite radius). 


A figure in R° that is a shape with non-zero height, non-zero width and 
non-zero depth is called a solid figure, or just a solid. In this section we 
will mainly consider bounded solids whose faces are polygons. A solid of 
this type is called a polyhedron; some examples are shown in Figure 52. 
The plural of polyhedron is polyhedra or simply polyhedrons. 


YN] 


NN 


y 
tetrahedron hexagonal truncated 
prism cube 


Figure 52 Four polyhedra 


The word polyhedron derives from the Greek for ‘many faces’. 
Similarly, the word polygon derives from the Greek for ‘many angles’. 


We will restrict our attention to convex polyhedra; that is, those without 
dents or dimples or spikes — in other words, those that are such that if you 
choose any two points that lie on different faces, then the line segment 
joining those points always lies inside the polyhedron, as illustrated in 
Figure 53. 


Of particular interest are the regular polyhedra (Platonic solids): 
these are the convex polyhedra in which all the faces are congruent regular 
polygons and at each vertex the same number of faces meet, arranged in 
the same way. (Remember that two plane figures are said to be 
congruent if they are the same size and shape — that is, if you can 
translate, rotate and/or reflect one figure to make it fit exactly on top of 
the other.) There are five regular polyhedra, as shown in Figure 54. An 
explanation of why there are only five is given in Subsection 5.4. 


tetrahedron cube octahedron dodecahedron icosahedron 
(4 faces) (6 faces) (8 faces) (12 faces) (20 faces) 


Figure 54 ‘The five Platonic solids 


The Platonic solids are so named not because Plato (427-347 BCE) 
discovered them, but because he associated the regular tetrahedron, 
cube, octahedron and icosahedron with the four elements of fire, 
earth, air and water, respectively; it is not completely clear with what 
Plato associated the dodecahedron, but he said that it ‘delineates the 
whole’. 
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Figure 53 A cube is a convex 
polyhedron 
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Figure 56 An arrow 
indicating the direction of 
rotation, with the angle of 
rotation marked 
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The definitions of an isometry and a symmetry for R? are almost exactly 
the same as for R?. 


Definitions 


An isometry of R? is a function f : R? — R that preserves 
distances. 


A symmetry of a figure F in R® is an isometry that maps F to itself; 
that is, an isometry f : R? —> R? such that f(F) = F. 


Two symmetries of a figure F' are equal if they have the same effect 
on F, that is, f(X) = g(X) for all points X € F. 


The types of isometries that are potential symmetries of a bounded figure 
in R? are the following. 


e The identity transformation: equivalent to doing nothing to a figure. 


e A rotation: as illustrated in Figure 55(a), it is specified by a line known 
as an axis of symmetry together with a direction of rotation and an 
angle of rotation. 


e A reflection: as illustrated in Figure 55(b), it is specified by the plane 
in which the reflection takes place. 


e A composite of isometries of the types above — which may itself be of 
one of the types above, or (unlike with symmetries of plane figures) may 
not. 


| 
A 0 


| 
| 
(a) | (b) 


Figure 55 (a) A rotation about an axis of symmetry (b) A reflection in a 
plane 


We have to be careful with rotations in R°, as what is clockwise when we 
look along a line in one direction is anticlockwise when we look along it in 
the other direction. We often indicate the direction of rotation by an arrow 
on a diagram, as in Figure 55(a). However, note that in the remainder of 
this section a rotation arrow in a diagram of a figure in R? indicates only 
the direction of rotation, as illustrated in Figure 56, and not the size of the 
angle through which the figure is rotated. The size of the angle of rotation 
is sometimes marked next to the rotation arrow, as in Figure 56. 


To illustrate symmetries of figures in RÌ, let us consider some symmetries 
of the cube. 


Figure 57 shows the effect of a particular rotational symmetry of the cube, 
namely rotation through 7/2 about the vertical line through the centre of 
the cube, in the direction indicated. 


In diagrams such as this, the numbers have a similar purpose to the 
numbers that we used in diagrams of plane figures earlier. They do not 
label vertices: instead they label fixed locations in space, so they do not 
move when the figure is rotated or reflected, or transformed in any other 
way by asymmetry. In Figure 57, and in the next few figures, the change 
in the position of the cube is indicated by a dot and a small square that 
mark two corners of one of its faces. 


3 


Figure 57 A rotation of the cube through 7/2 about its vertical axis 


We use two-line symbols to represent symmetries of figures in R° in the 
same way as we do for plane figures. For example, with the labelling 
shown, the symmetry in Figure 57 is represented by 


12345678 

4378126 5)° 
Another symmetry of the cube is the identity symmetry, which can be 
thought of as a zero rotation, and is represented by 


_f1234567 8 
= NT 2S 456 7 8) 
Figure 58 shows a reflectional symmetry of the cube, namely reflection in 
the vertical plane shown. 


Figure 58 A reflection of the cube in a vertical plane 


The two-line symbol for this reflection is 


12345678 
43218765)" 
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We can compose symmetries of solid figures written in two-line notation in 
the same way as for plane figures. 


For example, the rotation in Figure 57 followed by the reflection in 
Figure 58 is the symmetry 


12345678). /12345678)\)_ (12345678 
43218765 43781265) \126543 78; 
(Remember that the symmetry on the right is the one carried out first.) 


This symmetry is reflection in the diagonal plane passing through the 
locations labelled 1, 2, 7 and 8, as shown in Figure 59. 


Figure 59 A reflection of the cube in a diagonal vertical plane 


We can also find the inverse of a symmetry of a solid figure written in 
two-line notation in the same way as for plane figures. 


For example, for the rotation in Figure 57, we have 
123845678)" _ (437812658 
4378 12:6 5 2345678 
fl 2340678 
“6 62.08. 7 3-47 - 
This is the rotation of the cube through 37/2 about the vertical line 
through the centre, in the direction indicated in Figure 60. 


Figure 60 A rotation of the cube through 37/2 about its vertical axis 


For any figure F, we denote the set of symmetries of F by S(F). You saw 
earlier that if F is a plane figure, then S(F) is a group under function 
composition. The arguments that confirmed this remain valid if F is a 
figure in R?, as you might like to check. So we have the following general 
result. 


Theorem B21 


If F is a figure (in R? or R3), then $(F) forms a group under function 
composition. 


For any figure F, the group (S(F), o) is called the symmetry group 


Direct and indirect symmetries of a figure in R® 


In Subsection 1.1 we demonstrated the symmetries of the square in R? by 
using a paper model. You saw that we could demonstrate rotations of the 
square by moving the paper model within the plane, but that to 
demonstrate reflections we needed to ‘flip’ the paper square about an axis 
of symmetry. 


For figures in R?, the only symmetries that we can demonstrate physically 
with a model are rotations. We cannot flip our model to demonstrate a 
reflection, as we did for the square — to do that, we would need access to a 
fourth dimension! 


The symmetries of a figure in R? that we can demonstrate with a model 
(that is, rotations) are called direct symmetries, whereas those that we 
cannot show physically with the model are called indirect symmetries. 


For a polyhedron or any other figure in R3, we can imagine (or, if 
practicable, make) a second model to represent the reflected figure. You 
can think of this second model as the three-dimensional equivalent of the 
other side of a paper model of a plane figure, since the other side of the 
paper model is a model of the reflected plane figure. Earlier we shaded the 
model of the reflected plane figure a darker colour to distinguish it from 
the model of the original plane figure, and you might like to think of the 
model of the reflected figure in R3 as shaded darker too, to distinguish it 
from the original model. 


As in the case of plane figures, composition of direct and indirect 
symmetries of figures in R? follows a standard pattern, as follows. 


direct o direct = direct o direct indirect 
direct o indirect = indirect direct direct indirect 
indirect o direct = indirect indirect | indirect direct 


indirect o indirect = direct 


Also, as before, the inverse of a direct symmetry is a direct symmetry, and 
the inverse of an indirect symmetry is an indirect symmetry. 


You also saw earlier that if F is a plane figure that has a finite number of 
symmetries, then either all the symmetries of F are direct symmetries, or 
half of the symmetries are direct and half are indirect. This is also true for 
figures in R3. 
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To see this, consider a figure F in RÌ, and suppose that it has n direct 
symmetries. In other words, there are n different ways to pick up a model 
of the figure and replace it to occupy the same space, but possibly with its 
vertices at different locations. If F has no indirect symmetries, then these 
n direct symmetries are the only symmetries of F. Now suppose that f has 
at least one indirect symmetry. This means that you can remove the model 
of F and replace it with the model of the reflected version of F, to occupy 
the same space. Once you have done that, there must be n different ways 
to pick up the reflected model again and replace it to occupy the same 
space. In other words, F has n indirect symmetries, and if you choose any 
one of them, then you can obtain all n of them by composing the one that 
you chose with each of the n direct symmetries in turn. (In other words, 
they can all be illustrated by rotating the second model of the polyhedron.) 


So we have the following general result. 


Theorem B22 


If a figure (either a plane figure or a figure in RÌ) has a finite number 
of symmetries, then either 


e all the symmetries are direct, or 
e half of the symmetries are direct and half are indirect. 


If there are indirect symmetries, then they can all be obtained by 
composing any single indirect symmetry with all of the direct 
symmetries. 


We denote the set of direct symmetries of a figure F by St(F). 


5.2 Counting the symmetries of a 
polyhedron 


Finding all the symmetries of a polyhedron is generally more tricky than 
finding all the symmetries of a plane figure such as a polygon. It is usually 
helpful to start by working out the number of symmetries that the 
polyhedron has. In this subsection you will see how to do this, and in the 
next subsection we will look at how you might go about actually finding 
the symmetries. We will start with the regular polyhedra. 


Counting the symmetries of a regular polyhedron 


As an example, let us try to count the symmetries of the simplest regular 
polyhedron, the tetrahedron, shown in Figure 61. In Figure 61, the lowest 
face of the tetrahedron is labelled as its base. 


1 


4 
base 
3 


Figure 61 A tetrahedron 


Imagine picking up the tetrahedron, and placing it down again to occupy 
the same space that it occupied originally, but possibly with the vertices at 
new locations. Let us count the number of ways of doing this. We can 
choose any of the four faces to be the base, and then there are three ways of 
placing the tetrahedron on this base, corresponding to the three rotational 
symmetries of the base triangle. Thus altogether there are 4 x 3 = 12 ways 
of placing the tetrahedron down again. Hence the tetrahedron has 12 
direct symmetries. (One of them is the identity symmetry.) 


The tetrahedron also has indirect symmetries — for example, a reflection in 
the vertical plane through the edge joining the vertices at locations 1 and 3 
and the midpoint of the edge joining the vertices at locations 2 and 4, as 
shown in Figure 62. 


2 2 

| 4 4 
3 

Figure 62 A reflectional symmetry of the tetrahedron 


We know that if a figure with a finite number of symmetries has indirect 
symmetries, then it must have the same number of indirect symmetries as 
direct symmetries. It follows that the tetrahedron has 12 indirect 
symmetries, and hence it has 24 symmetries altogether. 
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Here is another way to work out that the tetrahedron has 24 symmetries. 
We count the number of ways of replacing the tetrahedron or the reflected 
tetrahedron in the space occupied originally by the tetrahedron, but 
possibly with the vertices at new locations. We can choose any of the 
four faces to be placed as the base. Now consider the symmetries of the 
base. It is an equilateral triangle, so it has six symmetries. Imagine 
applying any one of these symmetries to the base, and allowing the rest of 
the tetrahedron to be transformed accordingly. For example, if we rotate 
the base about its centre, then the whole tetrahedron is rotated about the 
vertical line through this point, as shown in Figure 63(a). Similarly, if we 
reflect the base in a line that goes through a vertex and the midpoint of 
the opposite edge, then the whole tetrahedron is reflected in the vertical 
plane that passes through this line, as shown in Figure 63(b). You can see 
that for each of the six symmetries of the base, the corresponding 
transformation, applied to the whole tetrahedron, results in the 
tetrahedron occupying the same space. Hence there are six ways of 
replacing the tetrahedron, or the reflected tetrahedron, on the base. Since 
there were four ways to choose the base, it follows that there are 

4 x 6 = 24 symmetries of the tetrahedron. 


es SS 


24 
2 m a 
ae 
3 
(a) (b) 


Figure 63 (a) Rotating the base and tetrahedron (b) Reflecting the base and 
tetrahedron 


An argument similar to the one above holds for any regular polyhedron. In 
particular, once we have chosen a particular face to be the base, then for 
each symmetry of the base, the corresponding transformation applied to 
the whole polyhedron results in the polyhedron occupying the same space. 
It follows that the total number of symmetries of a regular polyhedron is 
the number of faces multiplied by the number of symmetries of each face. 
So we have the following strategy. 


Strategy B1 


To determine the number of symmetries of a regular polyhedron, do 
the following. 


1. Count the number of faces. 


2. Count the number of symmetries of a face. 


3. Then 
number of 
: number of number of 
symmetries of the | = : 3 
faces symmetries of a face 


regular polyhedron 


Exercise B31 


Use Strategy B1 to show that the cube and the octahedron each have 48 
symmetries, and that the dodecahedron and the icosahedron each have 120 
symmetries. 


(Remember that a regular n-gon has 2n symmetries, as described at the 
end of Subsection 1.1.) 


Counting the symmetries of a non-regular polyhedron 


Strategy B1 for determining the number of symmetries of a regular 
polyhedron can be adapted to allow us to find the number of symmetries 
of a non-regular polyhedron. To illustrate the method, let us consider two 
particular non-regular polyhedra. 


First, we will look at the pentagonal prism shown in Figure 64, in which 
the top and bottom faces are regular pentagons, and the vertical faces are 
squares. (In general, a prism is a polyhedron two of whose faces are 
congruent, parallel polygons, and each of whose other faces is a 


parallelogram.) 


Figure 64 A pentagonal prism with square side faces, and its two face types 
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The pentagonal prism in Figure 64 has direct symmetries — for example, 
rotations about the vertical line through its centre, as shown in 

Figure 65(a). It also has indirect symmetries — for example, a reflection in 
a plane that contains a vertical edge of the prism and bisects the square 
face opposite this edge, as shown in Figure 65(b). 


Figure 65 Rotational and reflectional symmetries of the pentagonal prism 


To find the number of symmetries of the prism, we can count the number 
of ways of replacing the prism, or the reflected prism, in the space that it 
occupied originally, but possibly with the vertices at new locations. 


In Figure 64, the prism is shown with a pentagonal face as its base, so we 
can choose either of the two pentagonal faces to be the base. The base has 
10 symmetries, and we need to check whether, for each of these symmetries 
of the base, the corresponding transformation applied to the whole prism 
results in the prism occupying the same space. In other words, we need to 
check whether each of the 10 symmetries of the base gives a symmetry of 
the whole prism. You can see that this is indeed the case. So, for each of 
the two choices of base, there are 10 ways of replacing the prism, or the 
reflected prism, on the base. Thus there are 2 x 10 = 20 symmetries of the 
prism. 


We carried out this calculation by considering one of the pentagonal faces 
as the base. We can check our answer by considering one of the square 
faces to be the base, as shown in Figure 66. This figure also indicates the 
shapes of the faces that share an edge with the square base. 


pentagon 
/ A square square 


pentagon 
Figure 66 The prism with a square face as the base 


Again we count the number of ways of replacing the prism, or the reflected 
prism, in the space that it originally occupied. We can choose any of the 
five square faces to be the base. 


We now have to be careful because only some of the eight symmetries of 
the square base give symmetries of the whole prism. For example, one 


symmetry of the square base is a rotation of 7/2 about its centre, but if we 
apply the corresponding transformation to the prism as a whole — that is, 
if we rotate the prism through 7/2 about the vertical line through the 
centre of the square base, as shown in Figure 67 — then the prism does not 
occupy its original space in R. So this transformation is not a symmetry 
of the prism. One way to see this is to observe that a symmetry of the 
square base that maps an edge joined to a pentagonal face to an edge 
joined to a square face cannot give a symmetry of the whole prism. 
Similarly, reflections through the diagonals of the square base do not give 
symmetries of the prism. 


fa — 3 


Figure 67 Rotation of the prism through 7/2 about the vertical axis of 


symmetry 


In fact, only four of the eight symmetries of the square base give 
symmetries of the prism, namely the identity, the rotation through 7 and 
the reflections in the lines joining the midpoints of opposite edges. Thus, 
since we can choose any of the five square faces to be the base, the number 
of symmetries of the prism is 5 x 4 = 20. This confirms our earlier answer. 


Small rhombicuboctahedron 


As a second example, we consider the polyhedron shown in Figure 68. It is 
called the small rhombicuboctahedron, and it has 18 square faces and 
8 faces that are equilateral triangles. (It is not to be confused with the 
great rhombicuboctahedron, which has 12 square faces, 8 hexagonal faces 
and 6 octagonal faces.) 


Figure 68 ‘The small rhombicuboctahedron 
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Figure 69 ‘The small 
rhombicuboctahedron 
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To find the number of symmetries of the small rhombicuboctahedron, we 
can count the number of ways of replacing the polyhedron, or the reflected 
polyhedron, in the space that it occupied originally, as shown in Figure 69 
with a square face as its base, but possibly with the vertices at new 
locations. 


We immediately come across a new complication: only some of the square 
faces of the polyhedron can be placed as the base if the polyhedron, or its 
reflection, is to occupy its original space in R°. This is because there are 
two types of square face in the small rhombicuboctahedron. For one type, 
all four edges of the face are joined to other square faces, whereas for the 
other type, two edges are joined to square faces and two to triangular 
faces, as shown in Figure 70. 


square square 
square square triangle triangle 


square square 


Figure 70 ‘The two types of square face in the small rhombicuboctahedron 


The small rhombicuboctahedron shown in Figure 69 has a square face of 
the first type as its base. There are six faces of this type in the 
polyhedron, and we can choose any of these to be placed as the base. 


Next we have to determine how many of the eight symmetries of one of 
these square faces give symmetries of the polyhedron. Consideration of the 
polyhedron shows that all eight symmetries do, so the number of 
symmetries of the polyhedron is 6 x 8 = 48. 


We could check this answer by taking one of the square faces of the second 
type, or one of the triangular faces, to be the base. In each case, we have 
to consider carefully how many symmetries of the base are symmetries of 
the whole polyhedron. 


The two examples of counting the symmetries of a non-regular polyhedron 
that you have seen demonstrate the following general strategy. 


Strategy B2 


To determine the number of symmetries of a non-regular polyhedron, 
do the following. 


1. Select one type of face. 


(For two faces to be of the same type, it must be possible to place 
the polyhedron with either of the faces as its base and have it 
occupy the same space.) 


2. Count the number of faces of this type. 


3. Count the symmetries of a face of this type that give symmetries of 
the polyhedron. 
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4. Then 
number of 
number of number of symmetries of a face 
symmetries of | = | faces of the | x of this type that 
the polyhedron selected type give symmetries of 


the polyhedron 


Exercise B32 


Using Strategy B2, determine the number of symmetries of the triangular 
prism shown below. It has two faces that are equilateral triangles, and 
three faces that are non-square rectangles. Check your calculation by 
considering the solid in a different way. 


Exercise B33 


Determine the number of symmetries of the solid shown below, which has 
two square faces of different sizes, and four faces that are trapeziums with 
two equal edges. 


ell ae 


In fact the symmetries of the solid in Exercise B33 are just the symmetries 
given by the eight symmetries of its square base, and hence it has eight 
symmetries. There are many solids whose symmetries are just the 
symmetries given by a related plane figure. For example, the symmetries of 
the hexagonal bottle in Figure 71 are the symmetries given by its 
hexagonal base, and hence it has 12 symmetries. Figure 71 A hexagonal bottle 
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5.3 Finding the symmetries of a polyhedron 


In this subsection you will see an example of how to actually find the 
symmetries of a polyhedron, once we know how many there are. The 
approach that we will take here allows us to describe the symmetries 
geometrically, as far as possible, as well as find their two-line symbols. 


Worked Exercise B14 


Find all the symmetries of the regular tetrahedron, shown below, 
describing them geometrically. 


1 


Solution 


By Strategy B1, the tetrahedron has 4 x 6 = 24 symmetries (as found 
in the previous subsection). Since it has at least one indirect 
symmetry (such as reflection in the vertical plane that contains the 
edge joining locations 1 and 3), it has 12 direct symmetries and 12 
indirect symmetries. 


First we find the direct symmetries. 
@. We always have the identity symmetry. © 


One direct symmetry is the identity symmetry, 


eA 
e= iia gaj" 


®. Look for non-trivial rotational symmetries. „® 


For each vertex, there is an axis of symmetry that passes through the 
vertex and the centre of the opposite face. 


oÀ L Ss K 2 


4 4 


eS 3 


®. A rotational symmetry about such an axis fixes the vertex that lies 
on the axis and rotates the opposite face. © 
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Vertex 1 fixed Vertex 2 fixed Vertex 3 fixed Vertex 4 fixed 


4 ill il 1 
3 2 2 4 4 2 2 3 


There are two non-trivial rotational symmetries about each such axis, 
as follows. 


The axis through the vertex at location 1 gives the rotations 


i 234 i 23 4 
a 2 sy i 3 4 Bye 


The axis through the vertex at location 2 gives the rotations 


1 234 il 23 4 
a3 2 4 il? dl 2 ilg 


The axis through the vertex at location 3 gives the rotations 


LZ aa i 23 4 
Ail & Qi 2% 4. 3) yf 


The axis through the vertex at location 4 gives the rotations 


i 23 4 i 23 4 
D 3 il Aly? a lL A ay 


®. We have now found nine direct symmetries, so there are three 
more. If we cannot spot them immediately, then we can try 
composing some of the direct symmetries found already, since a 
composite of direct symmetries is a direct symmetry. Composing the 
first and fourth non-trivial direct symmetries above gives 


iL Bos Al P 1234\ 1234 
A A ae 


This is a new direct symmetry. It interchanges the vertices at 
locations 1 and 4 and interchanges the vertices at locations 2 and 3. 
Geometrically, it is a rotation through m about the line through the 
midpoints of the opposite edges joining 1 to 4 and 2 to 3. There is a 
similar rotational symmetry for each of the other two pairs of opposite 


edges. @ 
il 1 N Il 
A X 
e, 2 
4 4 
3 3 3 è? 


i) 
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There are three rotations through axes of symmetry that join 
midpoints of opposite edges, as follows: 


il 2a 4 Aw 4 12s 4 
AL 3) 2 Mi)” 3 4b il Zyl il al al” 


We have now found all 12 direct symmetries of the tetrahedron. 


®. To find the indirect symmetries, find one reflectional symmetry, 
and compose it with all the direct symmetries already found (being 
consistent about whether the indirect symmetry is composed on the 
right or the left). An example of a reflectional symmetry is shown 
below. & 


One reflectional symmetry is reflection in the vertical plane through 
the edge joining the vertices at locations 1 and 3 and the midpoint of 
the edge joining the vertices at locations 2 and 4, that is, 


il 2 3 4 
iL ag wy 


Composing each of the 12 direct symmetries with this indirect 
symmetry on the right gives the following twelve indirect symmetries. 


34 
Al 2 
123 4 il 23 4 i123 4 il 2 3) al 
a 4 2 I él iL 2 a 2 il dl 2341 


Six of these indirect symmetries (the ones that fix two vertices and 
interchange two vertices) are reflections in a plane that passes through 
an edge and the midpoint of the opposite edge. There is one such 
reflectional symmetry for each of the six edges of the tetrahedron. 
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@®. The remaining six indirect symmetries are not reflections, because 
the effect of a reflection on a point is to fix it (if it lies on the plane of 
reflection) or interchange it with another point (if it does not), and 
these six symmetries do not have that effect on the vertices. For 


In the worked exercise above it was mentioned that if a symmetry f is a 
reflection, then each point is either fixed by f or interchanged by f with 
another point. Note that the converse of this fact is not true: that is, a 
symmetry may have this effect on all points, but not be a reflection. For 
example, a rotation through m has this effect, as you will see in the next 
exercise. 


Exercise B34 


(a) Use Strategy B2 to show that the cuboid shown below has eight 
symmetries. Each of its faces is a non-square rectangle. 


(b) Write down the two-line symbol for each of the eight symmetries, 
using the location labelling shown above. 


You have seen that the set of symmetries of any figure in two- or 
three-dimensional space is a group under function composition. So, in 
particular, the 24 symmetries of the tetrahedron found in Worked 
Exercise B14 form a group under function composition, as do the eight 
symmetries of the cuboid found in Exercise B34. If we wished, we could 
construct the Cayley table for either of these groups by composing the 
elements using the two-line symbols for the symmetries. (For the 
tetrahedron, this would take rather a long time, and yield rather a large 
table!) 


5 Symmetry in R8 
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Figure 72 ‘Three faces 
meeting at a vertex 
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5.4 The Platonic solids 


As you saw in Subsection 5.1, the Platonic solids are the convex polyhedra 
in which all the faces are congruent regular polygons and at each vertex 
the same number of faces meet, arranged in the same way. If you are 
interested in understanding why there are only five such solids, then read 
the explanation below. This material will not be assessed. 


Consider a solid of the description above. As for any solid, it must have at 
least three faces meeting at each vertex, as shown in Figure 72. 


First suppose that the faces of the solid are equilateral triangles. There 
could be three, four or five equilateral triangles meeting at each vertex, as 
shown in Figure 73, but no more, as six equilateral triangles would lie flat, 
and more than six equilateral triangles would give a non-convex solid. 


Figure 73 ‘Three, four or five equilateral triangle faces meeting at a vertex 


The arrangement of faces at each vertex of the solid must be the same, so 
we can build up the rest of the solid from the arrangement at one vertex. 
The three possibilities in Figure 73 give the tetrahedron, the octahedron 
and the icosahedron, respectively, as shown in Figure 74. 


Figure 74 ‘The regular tetrahedron, octahedron and icosahedron 


Now suppose that the faces are not equilateral triangles, but squares. 
Three squares meeting at each vertex gives a cube. There cannot be more 
than three squares meeting at each vertex, because four squares would lie 
flat, and more than four squares would give a non-convex solid. 


Next, suppose that the faces are regular pentagons. Three pentagons 
meeting at each vertex gives a dodecahedron. There cannot be more than 
three pentagons meeting at each vertex, as that would give a non-convex 
solid. 


The cube and dodecahedron are shown in Figure 75. 


=] 


Figure 75 The cube and regular dodecahedron 


There can be no more such solids, because three regular hexagons lie flat, 
and for any regular polygon with more than six edges, the angle at each 
vertex is greater than 27/3, so we cannot fit three together at a vertex 
without making the solid non-convex. (The angle at a vertex of a regular 
n-gon is T — (27/n), as shown in Figure 76, which is greater than 27/3 for 
n> 6.) 


Thus there are precisely five regular polyhedra. 


The Greek mathematician Theaetetus (c.417—c.368 BCE) may have 
been the first to recognise that there are only five regular solids, and 
only a few years later Plato incorporated a discussion of Theaetetus’ 
work in his own Timaeus. Book XIII of Euclid’s Elements 

(c.300 BCE), which completely describes the regular solids, contains a 
proof that there are only five of them. 


Summary 


In this unit, you studied the symmetries of bounded figures in R? and R3, 
and saw that composition of symmetries is closed and associative, that 
there is an identity symmetry and that every symmetry has an inverse. 
You saw that these properties are the group axioms, which are satisfied by 
other binary operations on sets in many areas of mathematics. Such a set 
with its binary operation is called a group, and if the binary operation is 
also commutative, the group is called abelian. You practised checking 
whether the group axioms hold, and met many examples of groups, 
including groups, both infinite and finite, whose elements are numbers and 
whose binary operation is addition, multiplication, modular addition or 
modular multiplication. You saw how to use the group axioms to deduce 
further properties that apply to all groups. For example, the identity and 
inverses in a group are unique, and the left and right cancellation laws 
always hold. In the remaining units in this book, you will see that we can 
say a great deal more about the structure of groups by making further 
deductions from the group axioms. 
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Summary 


Figure 76 Angles in a regular 


n-gon 


89 


Unit B1 Symmetry and groups 


90 


Learning outcomes 


After working through this unit, you should be able to: 


explain what is meant by a symmetry of a figure in R? or R® 


understand the difference between direct and indirect symmetries in R? 
and R3 


find the symmetries of some bounded figures in R? or R? as two-line 
symbols, and describe them geometrically 


use two-line symbols to compose and invert symmetries 


explain the meaning of the terms group, abelian group and the order of 
a group 
determine whether a given set and binary operation form a group, by 


checking the group axioms 


construct a Cayley table for a finite set and binary operation, and use it 
to help you check the group axioms 


deduce information about a group from a group table 


be familiar with some standard types of groups, such as the groups 
formed by the symmetries of figures under function composition, groups 
of numbers under addition and multiplication, and groups from modular 
arithmetic 


know some basic properties of groups, such as that the identity in a 
group is unique and each element in a group has a unique inverse 


start to appreciate how some simple group properties can be proved by 
using the group axioms. 


Solutions to exercises 


Solution to Exercise Bl 


(a) We can denote the initial position by a dot at 
the top. 


The symmetries are as follows. 


EME N 


identity rotation 
symmetry through 7/2 

rotation rotation 
through m through 37/2 


(There are no reflectional symmetries.) 


(b) We can denote the initial position by a light 
colour and a dot in the top left corner, and think 
of a darker colour on the ‘reverse’. 


The symmetries are as follows. 


| | [cl 


identity rotation 
symmetry through 7 


= 


i 
reflection in 
vertical 


reflection in 
horizontal 


(c) We can denote the initial position by a light 
colour and a dot in the top corner, and think of a 
darker colour on the ‘reverse’. 


The symmetries are as follows. 


Solutions to exercises 


rotation 
through 47/3 


rotation 
through 27/3 


identity 
symmetry 


a iy. 
reflection in 
slant axis 


reflection in 
slant axis 


reflection in 
vertical 
Solution to Exercise B2 


We find the required composites by drawing 
diagrams similar to those in Worked exercise B1. 


(a) 


boc 


EE 


rg a 


Hence boc=a. 
(b) sos 


T pn 


Hence so s =e. 
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(Any reflection composed with itself is the same as (iii) 
the identity symmetry e.) 


i 
| 

va Y, t, Hence ros =a. 

x E :: 

T “7 A-A-A 


Hence aob = e. 


(ii) 


Hence tou =c. 


| 
Solution to Exercise B3 a A he A 
(a) (i) 

| 


b a Hence aor =t. 
—> —> (iii) 
Hence aob =c. & t 7 8 
(ii) 
“XN ae 


co a Hence sot=a. 
Solution to Exercise B4 


We find the composites using the diagrammatic 
b) (i method demonstrated in Worked Exercise B1. 
(b) (i) (The diagrams are not given here.) 


First we find ao (toa): 


Hence aoc=e. 


| 
e 
| r a 
| 
| so ao(toa)=t. 
Hence aor = s. Next we find (aot) oa: 
(ii) aot=u and uoa=t, 


4 if s G a so (aot)oa=t. 
— — — — — H _ 
Hence 


Hence aos =r. ao(toa)=(aoct)oa. 
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Solution to Exercise B5 


(a) In S(4%), as in S(O), the rotations a and c are 
inverses of each other, and b is self-inverse. 


Element |e a b c 
Inverse |e c b a 
(b) In S(©), each element is self-inverse. 
Element |e a r s 
Inverse |e a r s 


(c) In S(A), the rotations a and b are inverses of 
each other, and the other symmetries are 
self-inverse. 


Element|e a brst 


Inverse |e barst 


Solution to Exercise B6 
We find 77/4 © qr/2 using the following diagram. 


Hence 1/4 © Gr /2 = 457/8; aS shown below. 


9571/8 


a al 


Solution to Exercise B7 


(a) The set of direct symmetries of the equilateral 
triangle is 


BA) = feu, 6}. 


Using the reflection r, we obtain the following 
diagram. 


Solutions to exercises 


r=eor t=aor s=bor 


Instead of r, we could have used s or t as the 
reflection: 

t= bos, 

r=bot. 


S$=€0S8, T=a40S8, 


t=eot, s=aot, 
(b) The set of direct symmetries of the rectangle is 


(a) = {e,a}. 


Using the reflection r, we obtain the following 
diagram. 


[| JL 
TN 
_ 


Teor 


$= 40T 
Alternatively, we could have used the reflection s: 


S=€058, r=aos. 


Solution to Exercise B8 
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Solution to Exercise B9 
Here 


(Remember to include e.) 


Solution to Exercise B10 
We have 


afi 2. aft 2s), 2 4288 
BS hy goog Bh eq ye = Leg oy 
(123 _f1238\) ,_/12 
“AG Bog? 8 lag g P log 


Solution to Exercise B11 


456 
32 


J represents reflection in the 


12 . 
(b) G 4561 a represents anticlockwise 
rotation through 27/3 about the centre. 


123456 ae 
(c) € 2165 represents reflection in the 


horizontal axis of symmetry. 


Solution to Exercise B12 
We have 
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Solution to Exercise B13 


In each case we turn the two-line symbol upside 
down and reorder the columns. 


(a) 193450) Geto 34 
~% 561234)  \123456 
(123456 

~\3 45612 

(b) ižgdse 1¢s43 
216543) (123456 
(123456 

~\216543 

(o) 123456\ /456123 
456123)  \123456 
(123456 

AAS L23 


Solution to Exercise B14 
We have 


wl he a) eee 
—~\3 19 312) \231] ® 


Lasy i2 
ma a e(s 1 
EE M 1D 
ne 3)ela a 


5). L238. 
ay ea 
Thus the Cayley table for S 


(A) is as follows. 


O 
m 
Q 
ol] g 
3 
WD 
~ 


>a Bee A 


Solution to Exercise B15 
The symmetry a is a half-turn, so aoa = e. 


The symmetry s is a reflection, so sos =e. 


Also, 
wee (1234), (1234 
B= 3412 2143 
_(1234\_) 
lag oqp © 
and 
san (i234), (1234 
= he i Ag 3412 
_(1234\_) 
= Tee. 


Thus the Cayley table for S(©) is as follows. 


oje ar s&s 
ele @ F S$ 
aja es r 
rir 8&8 € @ 
S|S r a e 


Solution to Exercise B16 


(a) We check the group axioms for (Z, +). The 
arguments are similar to those in Worked 
Exercise B7. 


G1 For all m,n € Z, 
m+n EZ, 


since the sum of two integers is an integer. So Z is 

closed under addition. 

G2 Addition of integers is associative. 

G3 We have 0 € Z, and for all n € Z, 
n+0=n=0+n. 

So 0 is an identity element for addition on Z. 

G4 For each n € Z, we have —n € Z, and 
n+ (—n) =0= (-n) +n, 

so —n is an inverse of n. 


Thus each element of Z has an inverse in Z with 
respect to addition. 


Hence (Z,+) satisfies the four group axioms, and 
so is a group. 


Solutions to exercises 


(b) We check the group axioms for (Q*, x). The 
arguments are similar to those in Worked 
Exercise B8. 

G1 Let x,y € Q*. Then z x y € Q, since the 
product of two rational numbers is a rational 
number. Also x x y £0, since x £0 and y £0. 
Hence 


axyeQ, 
so Q* is closed under multiplication. 
G2 Multiplication of rational numbers is 
associative. 
G3 We have 1 € Q*, and for all x € Q*, 

ex 1leawe= Lxi 
So 1 is an identity element for multiplication on Q*. 
G4 Let z € QO. Then x Æ 0, so 1/2 exists, and lies 
in Q*, since the reciprocal of a non-zero rational 


number is a non-zero rational number. Also 


1 1 
ex-=1=-.xa2. 
£ £ 


Hence 1/z is an inverse of z. 
Thus each element of Q* has an inverse in Q* with 
respect to multiplication. 


Hence (Q*, x) satisfies the four group axioms, and 
so is a group. 


Solution to Exercise B17 


(a) The set Q is closed under multiplication; 
multiplication of rational numbers is associative; 
and 1 is a multiplicative identity in Q, so axioms 
G1, G2 and G3 hold. 


However, axiom G4 fails, because 0 has no 
multiplicative inverse in Q. 


Hence (Q, x) is not a group. 


(b) The sum of two positive real numbers is a 
positive real number, so R* is closed under 
addition. Also, addition of real numbers is 
associative. So axioms G1 and G2 hold. 


However, axiom G3 fails: there is no identity 
element. This is because, for example, there is no 
element e € R* such that 


2+e=2, 
since 0 ¢ RT. 
Hence (R*,+) is not a group. 
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(c) The product of two odd integers is odd, so D 
is closed under multiplication. Multiplication of 
integers is associative. Also, 1 is odd, so 1 is a 
multiplicative identity in D. So axioms Gl, G2 
and G3 hold. 


However, axiom G4 fails because, for example, 3 
has no multiplicative inverse in D, since i ¢ D. 


Hence (D, x) is not a group. 
(d) We show that the four group axioms hold. 


G1 If m and n are even numbers, then m +n is an 
even number, so E is closed under +. 


G2 Addition of numbers is associative. 


G3 We have 0 € E (since 0 is even), and for all 
nek, 


n+0=n=0+4n, 
so 0 is an identity element for + on E. 


G4 For each even number n, the number —n is 
also even, and 


n+(—n) =0=(-n) +n, 
so —n is an inverse of n. 


Hence (E, +) satisfies the four group axioms, and 
so is a group. 


(e) The set E is closed under subtraction, so 
axiom G1 holds. 


However, axiom G2 (associativity) fails. For 
example, the numbers 6, 4 and 2 belong to E, and 


6—(4-2)=6-2=4, 
but 

(6-4) -2=2-2=0. 
Since 4 Æ 0, subtraction is not associative on E. 
Hence (E, —) is not a group. 


Alternatively, we can show that axiom G3 
(identity) fails. There is no identity element, since, 
for example, there is no even integer n such that 


2=n=2=n= 2. 
(£) The numbers —1 and —2 lie in M, but 
(—1) x (-2) =2¢ M. 


So M is not closed under x. That is, axiom G1 
fails. 


Solution to Exercise B18 


The approach is similar to that in Worked 
Exercise B11. 


An identity element e € R must have the property 
that, for each x € R, 


voe=LX=ECO"”. 
The equation zx o e = x gives 
z—e-—l=r, 
which gives 
e=-l. 
So the only possibility for an identity element is 
e=-1, 
However, if e = —1, then 


eox=—-lox=-l-xa-1l=-—2 


T, 
and —2 — x is not equal to x in general, because, 
for example, taking x = 0 gives —2 — x = —2 40. 


So —1 is not an identity element for (R, o0), and 
hence there is no identity element. 


That is, axiom G3 fails. 
Hence (R,°) is not a group. 


(Note that axiom G2 (associativity) also fails for 
the set R with this binary operation.) 


Solution to Exercise B19 
(a) Let x,y,z E€ R. Then 


20 (yo2) 
= xo (y + z= yz) 
=x + (y + z — yz) — z(y + z — yz) 
=0 +y tz ty = rz =y? tFrtyz 
and 
(zoy)oz 
= (z +y- zy)oz 
= (x +y — zy) + z — (x + y — xy)z 
=t +Y H= rY = rz m YZF TY. 


The two expressions obtained are the same, so o is 
associative on R. 


(b) Let x,y,z € R. Then 
xo (yoz) 
= go (y — z + y2) 
= x — (y — z + yz) + z(y — z + yz) 
= x% — y + z + xy — zz — yz + xyz 


and 
(zoy)oz 
=(2-ytay)oz 
= (x — y + zy) — z + (z — y + zy)z 


=% —yYy— z + zty +zrz— yz + LyZ. 
The two expressions obtained are not equivalent. 
For example, if x = 0, y = 1 and z = 2, then 
0o(102)=00(1—2+2) 
=Ool 
=0-1+0=-1 
but 
(001)02=(0—-1+0)02 
=(-1)02 
1-2 


So o is not associative. 


2= =). 


(If you can see that a binary operation o is not 
associative, then you do not need to find the 
general expressions for x o (yo z) and (xo y)o z. It 
is enough to give a specific counterexample to 
demonstrate that o is not associative.) 


Solution to Exercise B20 
We show that the four group axioms hold. 
G1 For all a,b € Q*, we have aob = Sab € Qt, so 
QF is closed under o. 
G2 For all a,b,c € QF, 
ao (boc) =ao (sbc) 
= 5a(5bc) 


and 


(aob)oc= 


The two expressions obtained are the same, so o is 
associative on QF. 


G3 We try to find a likely candidate for the 


Solutions to exercises 


identity. We seek an element e € Q* such that, for 
all a € QF, 


ace=a=eoa. 
The equation a o e = a gives 
5ae =a, 
which gives e = 2. 
Now 2 € Qt, and for alla € Qt, 
aol= 5 xax2=a 
and 


2o0oa=}4x2xa=a. 


So 2 is indeed an identity element for (QF, o). 


G4 Let a € QT. An inverse of a is not obvious, so 
we try to find a likely candidate. We seek an 
element x € Q™ such that 


aox=2=204. 


The equation ao x = 2 gives Fax = 2 and hence 


x = 4/a, so the only possibility for an inverse of a 
is 4/a. 


Now 4/a € Q*, and 
-=-xax-=2 
“ig 2 á a 


and 


4 1 4 
—-oa=-X-xa=2. 
a 2 a 

So 4/a is an inverse of a. 


Hence (QT, o) satisfies the four group axioms, and 
so is a group. 
Solution to Exercise B21 


(a) This situation is similar to that in Worked 
Exercise B12. 


The Cayley table for (Z5,+5) is as follows. 


+5/0 1 2 3 4 
0/0 12 3 4 
1 |1 2 3 4 0 
2/2 3 4 0 1 
3/3 4 0 1 2 
4/4 0 12 3 


eh 


We show that the four group axioms hold. 
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G1 All the elements in the table are in Zs, so Zs 
is closed under +5. 


G2 The operation +5 is associative. 
G3 The row and column labelled 0 repeat the 
table borders, so 0 is an identity element. 


G4 From the Cayley table, we see that 
0+50=0, 
14+5;4=0=4+451, 
2+53=0=3+5 2, 


so 
0 is self-inverse, 
1 and 4 are inverses of each other, 
2 and 3 are inverses of each other. 
Hence (Z5, +5) satisfies the four group axioms, and 
so is a group. 
(b) This situation is similar to that in Worked 
Exercise B13. 


The Cayley table for (Z5, x5) is as follows. 


x5/0 1 2 3 4 

0/0 0 0 0 0 

1/0 12 3 4 

2/0 2 4 1 8 

3/0 3 1 4 2 

4/0 4 3 2 1 
Axioms G1, G2 and G3 hold, and 1 is an identity 
element. 


However, there is no 1 in the row labelled 0, so 0 
has no inverse and therefore axiom G4 fails. 


Hence (Z5, X5) is not a group. 


(c) In this case, the troublesome 0 in part (b) has 
been omitted, and the Cayley table is as follows. 


w e 


1 2 3 

2 4 1 
31/13 1 4 2 

4 3 2 


We check the four group axioms in turn. 

G1 All the elements in the table are in {1, 2,3, 4}, 
so {1,2,3,4} is closed under x5. 

G2 The operation x5 is associative. 


G3 The row and column labelled 1 repeat the 
table borders, so 1 is an identity element. 


= 
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G4 From the table, we see that 

1x51=1, 

4x54=1, 

2x53=1=3 x52, 
so 

1 and 4 are self-inverse, 

2 and 3 are inverses of each other. 
Hence ({1, 2,3, 4}, x5) satisfies the four group 
axioms, and so is a group. 
(d) The Cayley table for ({1, 2,3,4,5}, xg) is as 
follows. 


xel1 23 45 
1/123 45 
2|24024 
3/3030 3 
4142042 
5/5 4321 


The body of the table contains occurrences of the 
number 0, which is not an element of {1, 2,3, 4, 5}, 
so axiom G1 fails. 


Hence ({1, 2,3,4,5}, xg) is not a group. 
(Another way to show that ({1, 2,3,4,5}, xg) is 
not a group is to show that axiom G4 fails. The 
number 1 is an identity element for 

({1, 2,3,4,5}, x6), but there is no 1 in the row 
labelled 2, so 2 has no inverse.) 

(e) The Cayley table for ({2, 4,6, 8}, x19) is as 
follows. 


X10 24 6 8 

8 2 6 
4 18 6 4 2 
6 |2 4 6 8 
8 |6 2 8 4 


We check the four group axioms in turn. 
G1 All the elements in the table are in {2, 4,6, 8}, 
so {2,4,6,8} is closed under x10. 
G2 The operation x19 is associative. 
G3 The row and column labelled 6 repeat the 
table borders, so 6 is an identity element. 
G4 From the table, we see that 
4x 10 4= 6, 
6 X19 6 = 6, 
2 x10 8 = 6 = 8 x10 2, 


so 
4 and 6 are self-inverse, 
2 and 8 are inverses of each other. 

Hence ({2, 4, 6,8}, x10) satisfies the four group 


axioms, and so is a group. 


(£) The Cayley table for ({1,—1}, x) is as follows. 


We check the four group axioms in turn. 


G1 All the elements in the table are in {1,—1}, so 
this set is closed under x. 
G2 Multiplication of numbers is associative. 


G3 From the table, we see that 1 is an identity 
element. 


G4 Since 1 x 1 = 1 and (—1) x (—1) = 1, the 
elements 1 and —1 are both self-inverse. 


Hence ({1,—1}, x) satisfies the four group axioms, 
and so is a group. 


Solution to Exercise B22 
We check the four group axioms in turn. 


G1 All the elements in the table are 
in {a,b,c,d,e, f,g,h}, so this set is closed under o. 


G2 We are told that the operation o is associative. 


G3 The row and column labelled e repeat the 
table borders, so e is an identity element. 
G4 From the table, we see that 

aob=e=boa, 

cod=e=doc, 

eoe=e, 

fof=e, 

goh=e=hog, 
so 

e and f are self-inverse, 

a and b are inverses of each other, 

c and d are inverses of each other, 


g and h are inverses of each other. 


Hence ({a, b,c, d,e, f, g, h},0) satisfies the four 
group axioms, and so is a group. 


Solutions to exercises 


Solution to Exercise B23 
(a) A Cayley table for (Z7, +7) is 


+7/0 12 3 4 5 6 
0/0 12 3 4 5 6 
1/1 2 3 4 5 6 O 
2/2 3 45 601 
313 4 5 60 1 2 
4/4 5 60 1 2 8 
515601234 
6 |6 012345 


The inverses of the elements are as follows. 


Element | 0 12 3 4 5 6 


Inverse |o 6 5 4 3 2 1 
(b) A Cayley table for (Z%, x7) is 


x7|1 23 45 6 
1/123 456 
2/2 46135 
3/362514 
4/415263 
5/5 3 16 4 2 
6/654321 


(c) We have 
Dusica ra, 
A Cayley table for (U10, X10) is 
X10 1 379 
1 379 
3 139 1 7 
TIT 19 8 
91/9 7 3 1 


The inverses of the elements are as follows. 
3 79 
7 3 9 


Element | 1 


Inverse 1 
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(d) We have Hence, by axiom G4 (inverses), we obtain 
Ug = {1,2, 4,5,7,8}. eoboc=a toe, 
A Cayley table for (U9, Xg) is and therefore, by axiom G3 (identity), 
Xe ll 242s 7 8 boc=al. 
jl 245 7 8 Now composing both sides on the right by a gives 
2/2 4 8 15 7 i 
4/487215 OEE eee 
5 |5 12784 Hence, by axiom G4 (inverses), we obtain 
7|75 1842 a 
8/8 75 42 1 


as required. 


Solution to Exercise B26 


First we prove the ‘if’ part. Suppose that (G, 0) is 
abelian. We have to show that 


Solution to Exercise B24 (xoy)! =x! o y™! for all z,y € G. 
Suppose that, in a group (G, o0), So let x,y € G. Then 
=i 
aox=bog. (voy) 


=y loa (by Proposition B14 
Composing both sides on the right with the inverse Y i ' (by Prop l : 
of x, we obtain =x “oy (since (G,o) is abelian). 


i e This proves the required statement. 
aoxong =bogrog 
Now we prove the ‘only if’ part. Suppose that 
By axiom G2 (associativity), this gives 
d l y)» : (roy) t =x! oy! for all x,y € G. 
ao (xox!) = bo (zort). 

We have to show that (G,o) is abelian. Let 

Hence, by axiom G4 (inverses), we obtain z,y € G. Then 


aoe=boe, roy 
= ((xo y) `t)! (by Proposition B13) 
= (2b oy T. 

(by the supposition above) 


. $ = aed ee “ui 
Solution to Exercise B25 aly") ote) (by Proposition B14) 
We know that =yox (by Proposition B13). 


and therefore, by axiom G3 (identity), 


a=b. 


This shows that (G,o) is abelian, and completes 
aoboc=e. the required proof. 


Composing both sides on the left with the inverse (There are many different ways to prove the ‘only 
of a gives if’ part here. Here is another way to do it. 
re ne Da Suppose that 


-1 = g7! oy for all G. 
By axiom G2 (associativity), this gives (voy) ee te 
-1 ij We have to show that (G,o) is abelian. Let 

(a oa)oboc=a oe. 
z,y EG. 
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By the supposition above, we have 


(coy)! =a oy, 


and by Proposition B14, we have 


(voy) =y! or, 
Hence 
m loy 1y Lag 


Composing both sides on the left and right by x 
gives 
tog toy tor=aoy toa! 
that is, by axiom G4, 
eoy lor=axoy toe, 
which gives, by axiom G3, 
ytor=anoy”. 
Now composing both sides on the left and right 
by y gives 
yoy 'oroy=yoroy oy, 
that is, by axiom G4, 
eoroy=yoroe, 
which gives, by axiom G3, 


LOoy=yor. 


Hence (G, 0) is abelian.) 


Solution to Exercise B27 


(a) The second row and the second column repeat 
the borders of the table, so the identity is F. 


(b) The first row and the first column repeat the 
borders of the table, so the identity is D. 


(c) The third row and the third column repeat 
the borders of the table, so the identity is w. 


Solution to Exercise B28 


Let g be any group element; we will consider the 
column corresponding to g. Let h also be any 
group element; we will show that h occurs exactly 
once in this column. 


Solutions to exercises 
This is equivalent to proving that there is exactly 
one element of the group, x say, such that 
xrog=h, 
as illustrated below. 


E aes 


To show that there is at least one such element z, 
let x = ho g7}. Then 
xog=hog*og 
=hoe 
=h, 
so x = hog! has the property x o g = h, as 
claimed. 
To show that z = hog7! is the only element x of 


the group such that x o g = h, suppose that z and 
y are group elements such that 


xrog=h and yog=h. 
Then 
TOG=—YY, 
so, by the Right Cancellation Law, 
L=y. 


So there is indeed exactly one element x of the 


group such that xo g = h, namely z = h o gt. 


In other words, in the column labelled g, the 
element h appears exactly once; it appears in the 


row labelled by the element h o g™t. 


Solution to Exercise B29 


(a) The element e does not appear symmetrically 
with respect to the main diagonal, so the Cayley 
table is not a group table. 


Alternatively, the elements a, b and c do not have 
inverses. For example, from the row labelled a we 
see that the only possible candidate for a7! is c, 
since aoc = e; but from the row labelled c we see 
that coa = d Æ e, soa has no inverse. 
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(b) The element d occurs twice in the row 
labelled b (and also twice in the column labelled b), 
so the Cayley table is not a group table. 


Solution to Exercise B30 


(a) The group table is symmetric with respect to 
the main diagonal, so this group is abelian. 


The table of inverses is as follows. 
Element |e a b cdf gh 
eabcdfgh 


Inverse 


(b) The group is non-abelian; for example, 
aod=f,but doa =h: 


The table of inverses is as follows. 
Element |e a b c d fgh 
e c baghdad f 


Inverse 


Solution to Exercise B31 


In each case, we use Strategy B1. 
Cube 


The cube has six faces. 


Each face of the cube is a square, and so has 
eight symmetries (since the order of S(O) is 8). 


It follows from the strategy that the number of 
symmetries of the cube is 6 x 8 = 48. 


Octahedron 


The octahedron has eight faces. 


Each face of the octahedron is an equilateral 
triangle, and so has six symmetries (since the order 
of S(A) is 6). 
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It follows from the strategy that the number of 
symmetries of the octahedron is 8 x 6 = 48. 


Dodecahedron 


hp 
S 


The dodecahedron has 12 faces. 
Each face of the dodecahedron is a regular 
pentagon, and so has 10 symmetries (since the 


order of S(©), the symmetry group of the regular 
pentagon, is 10). 


It follows from the strategy that the number of 
symmetries of the dodecahedron is 12 x 10 = 120. 


Icosahedron 


The icosahedron has 20 faces. 


Each face of the icosahedron is an equilateral 
triangle, and so has six symmetries. 


It follows from the strategy that the number of 
symmetries of the icosahedron is 20 x 6 = 120. 


Solution to Exercise B32 
We use Strategy B2. 


The triangular prism has two (congruent) 
equilateral triangle faces and three (congruent) 
rectangular faces, so there are two ways of 
applying the strategy. 


Consider the equilateral triangle faces. 
1. The prism has two equilateral triangle faces. 


2. Each of the six symmetries of a face of this type 
gives a symmetry of the whole prism. 


3. Hence the number of symmetries of the 
triangular prism is 2 x 6 = 12. 


Alternatively, consider the rectangular faces. 
1. The prism has three rectangular faces. 


2. Each of the four symmetries of a face of this 
type gives a symmetry of the whole prism. 


3. Hence the number of symmetries of the 
triangular prism is 3 x 4 = 12. 


Solution to Exercise B33 
We can use Strategy B2. 


ime 


Consider one of the square faces, say the larger one. 
1. The solid has one face of this type. 


2. Each of the eight symmetries of this face gives a 
symmetry of the whole solid. 


3. Hence the number of symmetries of the solid is 
1x8=8. 


Alternatively, consider the trapezium faces. 
1. The solid has four trapezium faces. 


2. Each trapezium face has two symmetries (the 
identity and a reflection). Each of these two 
symmetries gives a symmetry of the whole solid. 


3. Hence the number of symmetries of the solid is 
4x2=8. 


Solution to Exercise B34 
(a) š 
8 
1 i 


A T 
2 


Solutions to exercises 


We use Strategy B2 to count the number of 
symmetries of the cuboid. The cuboid has six faces 
— three pairs of opposite faces. Opposite faces are 
congruent rectangles, and adjacent faces are not 
congruent. We choose one pair of opposite faces. 


1. The cuboid has two faces of the type denoted 
by A in the diagram above. 

2. Each of these faces is a rectangle, and so has 
four symmetries. Each of these symmetries 
gives a symmetry of the whole cuboid. 


3. Hence the number of symmetries of the cuboid 
is2x4=8. 


(b) The cuboid has indirect symmetries, so it has 
four direct symmetries and four indirect 
symmetries. We first find the direct symmetries. 
The non-trivial direct symmetries are the rotations 
a, y and z through 7 about the axes shown below. 


rece) 
12345678)’ 
B a) 
34127856)’ 
{12345678 
Tea! 
34567 


f3 8 
a \e 5 8°7 21 a 3)" 


We can obtain the four indirect symmetries by 
composing each of these direct symmetries with 
the reflectional symmetry w in the vertical plane 
shown below. 
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2 = Gl 


This symmetry is 


(19345678 
eS 6% 8124 4)" 


so the four indirect symmetries are 


<geypell 2a eee rs 
EN eg 0B A Ny 2 
saog (12345678 
Se ee oh ae 
nom (12345678 
io oe 2 g Teb 
_ oma (12345678 
ieee) Cae a 2 58T) 


(Three of these four indirect symmetries, namely 
w, r and s, are reflections in a plane parallel to a 
pair of opposite faces. Although the other indirect 
symmetry, x, interchanges pairs of points, it is not 
a reflection in a plane. It is the composite of a 
rotational symmetry and a reflection in a plane.) 
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Subgroups and isomorphisms 


1 Subgroups 


Introduction 


In Unit B1 Symmetry and groups you met the idea of a group and studied 
a few basic properties of groups. In this unit you will be introduced to 
many of the fundamental ideas of group theory. 


First you will meet the idea of a subgroup of a group. This is a group 
whose elements form a subset of the set of elements of another group, and 
whose binary operation is the same as for the other group. You will go on 
to look at what happens when a group element is repeatedly composed 
with itself, and see how this leads to a way of finding some of the 
subgroups of a group. You will also explore some properties of cyclic 
groups, which are groups in which every element can be obtained by 
repeatedly composing one particular element with itself. Finally, you will 
look at the idea that two groups may differ in their elements and binary 
operations, but have exactly the same underlying structure, so that, in an 
abstract sense, they are ‘the same group’. 


All the ideas covered in this unit help us gain insight into the structures of 
groups, enabling us to see and analyse some of the fundamental similarities 
and differences between various groups. 


1 Subgroups 


In this section you will see that groups can contain other groups. 


1.1 What is a subgroup? 


To illustrate the idea of a subgroup, let us consider the symmetry group of 
the equilateral triangle, (S(A),o), which you met in Unit B1. Recall that 
S(A) = {e,a,b,r,s,t}, where the letters stand for the symmetries 
illustrated in Figure 1, and that o represents function composition. The 


group table for (S(A),0°) is as follows. gis 
ole abr st 
ele abres t 
aja betr s 
blb eastr 
rir s t ea b 
s|s t r bea 
t|t r sabe Figure 1 S(A) 
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Now consider the set {e, a,b} of direct symmetries of the equilateral 
triangle. We can obtain a Cayley table for this set under function 
composition by deleting the rows and columns labelled by the indirect 
symmetries in the group table of (S(A),0), as shown below. 


ole a bt $ 

ele a brf s 

ala betr 

bib e as t y 

p—r—s—t tt 

ssr 

ee ({e, a,b}, 0) 
(S(A), 9°) 


Let us check whether ({e, a, b},0) is a group. Here is a reminder of the 
group axioms. 


Definition 


Let G be a set and let o be a binary operation defined on G. Then 
(G,o) is a group if the following four axioms hold. 


G1 Closure For all g, h in G, 
gol EG 
G2 Associativity For all g, h, k in G, 
ga (mow) = (god e ka 
G3 Identity There is an element e in G such that 
goe=g=eog forallginG. 
(This element is an identity element for o on G.) 


G4 Inverses For each element g in G, there is an element h in G 
such that 


Ge k g 


(The element h is an inverse element of g with respect to o.) 


We now check these axioms for ({e,a, b}, o). 


G1 Closure The only elements in the body of the Cayley table for 
({e, a, b},0) are e, a and b, so {e,a,b} is closed under function 
composition; that is, axiom G1 holds. 


G2 Associativity We know that function composition is an associative 
binary operation, so axiom G2 holds. 


G3 Identity The row and column labelled e in the Cayley table for 
({e, a, b},0) repeat the table borders, so e is an identity element for 
({e, a, b}, 0); that is, axiom G3 holds. 

G4 Inverses We can see from the Cayley table for ({e, a, b},0) that each 
element of {e,a,b} has an inverse element in {e, a,b} (e is self-inverse 
and a and b are inverses of each other), so axiom G4 holds. 


So all four group axioms hold, and hence ({e, a,b}, 0) is a group. 

Since {e,a,b} is a subset of S(A) = {e,a,b,r, s,t}, and both these sets are 
groups under the same binary operation (namely function composition), 
we say that ({e,a,b},0) is a subgroup of (S(A), o). In general, we have the 
following definition. 


Definition 


A subgroup of a group (G,o) is a group (H,o), where H is a subset 
of G. 


Notice that it is part of the definition of a subgroup that the subgroup has 
the same binary operation as the original group. 


Now consider the subset {e, b} of S(A). We can obtain a Cayley table for 
({e, b},0) in the same way as we did for ({e,a,b},0o). That is, we start with 
the group table of (S(A^A), o), and delete the rows and columns labelled by 
the elements of S(A) that are not elements of {e,b}, as follows. 


ole b f 

ele b r 
ole b 

a4 J 
blb a a ele b 
pir s t b|b a 
Te r ({e, b}, o) 

i—i 5 

(S(A), o0) 


The Cayley table for ({e,b},0) contains the element a, which is not in the 
set {e,b}. So {e,b} is not closed under function composition; that is, 
axiom G1 fails. Thus ({e, b},0) is not a subgroup of (S(A), o). 


Exercise B35 


For each of the following, construct a Cayley table by deleting rows and 
columns of the group table for (S(A), o), and determine whether the given 
set and binary operation form a subgroup of (S(A), o). 


(a) ({e,8},0) — (b) ({e,b,r},o) 
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Among the groups you met in Unit B1, some are subgroups of others. For 
example, 


(R, +) is a subgroup of (C, +), 
since R C C and the binary operations of (R, +) and (C, +) are the same. 
Similarly, 

(Z, +) is a subgroup of (R, +), and 

(Q*, x) is a subgroup of (R*, x). 
In contrast, 

(R*, x) is not a subgroup of (R, +). 
This is because, although R* is a subset of R, the binary operations of the 
two groups are different. 


In fact, every group (G,o) with more than one element has at least two 
subgroups: the group (G,°) itself, and the group ({e}, o), known as the 
trivial subgroup, whose only element is the identity element. Some 
particular examples of the trivial subgroup of a group include: 


the trivial subgroup ({e},°) of the group (S(A), o), 
the trivial subgroup ({0},+) of the group (Z, +), 
the trivial subgroup ({1}, x) of the group (R*, x). 


A subgroup of a group (G,o) other than the whole group (G, o) is called a 
proper subgroup. 


A subgroup (H,0) of an abelian group (G,o) is always abelian, because if 
xoy=yo zx for all elements x and y of G, then it must also be true that 
xoy=yo zx for all elements x and y of the subset H of G. 


However, a non-abelian group can have an abelian subgroup. This is 
illustrated by the example at the start of this subsection: (S(A), o) is 
non-abelian but its subgroup ({e,a,b},0) is abelian, as you can see by 
looking at their group tables. (Recall that a finite group is abelian if and 
only if its group table is symmetric with respect to the main diagonal.) 


Some texts use the notation H < G to assert that H is a subgroup of G 
and the notation H < G to assert that H is a proper subgroup of G, but 
we will not use these notations in M208. 


Identities and inverses in subgroups 


We now need to deal with two rather subtle issues that arise from the 
definition of a subgroup. 


Consider a group (G,o), with identity element e, and suppose that (H, o) 
is a subgroup of (Go). Might the identity element of (H,o) be an element 
other than e? In fact, this is not possible, as stated and proved below. The 
identity element of (H,o) must be the same element as the identity 
element of (G, o). 


A similar issue arises with inverses of group elements. Again, consider a 
group (G,o) and a subgroup (H,0). Might there be an element h of H 
whose inverse in (H,0) is a different element from its inverse in (G, o)? 
Again, this is not possible, as stated and proved below. 


Theorem B23 

Let (G,o) be a group with a subgroup (H, o). 

(a) The identity element of (H,o) is the same as the identity element 
on (C): 

(b) For each element h of H, the inverse of h in (H,o) is the same as 
its inverse in (G, o). 


Proof 


(a) Let the identity elements of (G,o) and (H,0o) be e and ey, 
respectively. Then ey o ep = ep (since ex is the identity element 
of (H,o)), and eo ey = ey (since e is the identity element of (G, o), 
and ey € G). It follows that ey o ep = eo ep, and hence, by the 
Right Cancellation Law, ey = e. 


(b) Let h € H, and suppose that the inverse of h in H is a and the inverse 
of h in G is b. We know by part (a) that (G,o) and (H,o) have the 
same identity element, e say. Thus hoa =e and hob = e. It follows 
that hoa = hob, and hence, by the Left Cancellation Law, a = b. E 


1.2 Checking whether a subset forms a 
subgroup 


At the start of the previous subsection you saw that ({e,a,b},0) isa 
subgroup of (S(A), o). This was shown by checking each group axiom for 
({e, a, b}, 0). 

In fact, it was not necessary to carry out such extensive checks, because 
some properties hold for ({e, a,b}, 0) simply because they hold for 
(S(A),o). For example, we already know that roe = x = e o x for any 
element x of S(A), so the same must be true for any element x of the 
subset {e,a,b} of S(A). So, to check that e is an identity element for 
({e, a,b}, 0), all we really need to check is that e actually belongs to 
{e,a,b}. (Which of course it does!) 
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The next theorem sets out exactly what you need to check to show 
whether or not a subset of a group forms a subgroup. 


Theorem B24 Subgroup test 


Let (G,o) be a group with identity element e, and let H be a subset 
of G. Then (H,°c) is a subgroup of (G, 0) if and only if the following 
three properties hold. 


SG1 Closure For all x, y in H, the composite x o y is in H. 
SG2 Identity The identity element e of G is in H. 


SG3 Inverses For each x in H, its inverse z~t in G is in H. 


We refer to the three properties SG1, SG2 and SG3 listed in the theorem 
as the three subgroup properties. Notice that although these properties 
have the same names as three of the group axioms, namely Closure, 
Identity and Inverses, only the closure property involves the same ideas as 
the corresponding group axiom. The other two properties involve only a 
check that certain elements (the identity element of G and the inverses of 
elements of H) actually belong to H: they do not involve a check that these 
elements have the defining properties of an identity element or inverse. 


Proof of Theorem B24 First we prove the ‘if’ part. Suppose that the 
three subgroup properties hold. We need to check that (H,0) is a group. 
To do that, we check that (H,o) satisfies the four group axioms. 


G1 Closure Property SG1 means the same as axiom G1, so axiom G1 
holds. 


G2 Associativity Since (G,o) is a group, we know that 
zo (yoz) =(zxoy)oz 
for all elements x,y,z in G, so this equation holds for all elements 
x,y,z in the subset H of G. Thus axiom G2 holds. 


G3 Identity We have e € H, since property SG2 holds, and if x € H 
then roe =x = eo x, since x € G and e is the identity element of 
(G,o). So e is an identity element for o on H. Thus axiom G3 holds. 


G4 Inverses Let x€ H. Then the inverse x! of x in G is also in H, 
since property SG3 holds, and we have x o a7! log. Soa 
is an inverse of x in H. Thus axiom G4 holds. 


=e S75 1 


Hence (H,0) satisfies the four group axioms, and so is a group. 


Now we prove the ‘only if’ part. Suppose that (H,o) is a subgroup of 
(G,o). We have to show that properties SG1, SG2 and SG3 hold. Since 
(H,°) is a group, the set H is closed under o, so property SG1 holds. Also, 
by Theorem B23, H contains the identity element e of G and the inverse of 
each element of H, so properties SG2 and SG3 hold. | 


1 Subgroups 


Theorem B24 tells us that if (G,o) is a group and H is a subset of G, then 
to check that (H,o) is a subgroup of (G,o) we need only check that the 
three subgroup properties hold, rather than having to check the full group 
axioms. It also tells us that to show that (H,o) is not a subgroup of (G, o), 
we just need to show that any one of the three subgroup properties fails. 
(To do this, we give a counter-example, not a general argument.) 


Remember that before you apply Theorem B24 you need to be sure that H 
is a subset of G, and that the binary operations on the two sets are the 
same. If these conditions do not hold, then (H,°) is certainly not a 
subgroup of (G, o). 


The worked example below demonstrates how to use the three subgroup 
properties to determine whether or not (H,o) is a subgroup of a 

group (G,o), in cases where H is a small finite set. In this situation, 
particularly if you suspect that (H,o) is a subgroup of (G,o), it is often 
useful to start by constructing a Cayley table for (H,o). You can then use 
the table to help you check the three subgroup properties. (In the worked 
example the group (G, o) is finite, but the same approach can be used if 
(G,o) is an infinite group.) 


Worked Exercise B15 


(a) Show that ({e,a,b,c},o) is a subgroup of (S(Q),°). 
(b) Show that ({e,7r,s,t},0) is not a subgroup of (S(Q), o). 


(The non-identity elements of S(O) are shown in Figure 2.) 


Solution 


(a) We have {e, a,b,c} C S(Q), and the binary operation o is the 
same on each set. 


Figure 2 S(O) 
®. Construct a Cayley table for ({e, a,b,c}, o), by deleting the 
unwanted rows and columns of the group table of (S(0), o) 
(which is repeated as Table 1). & 
The Cayley table for ({e,a,b,c},0) is as follows. Table 1 5(0) 
AEA ole aberstu 
M A S eleabcecerstu 
ale 0 e e@ 
ala bcestur 
Wear. b)bceatur s 
ele eat 
clic eaburst 
We check the three subgroup properties. rrutsecba 
®. Use the Cayley table to check properties SG1 and SG3. To s|js rutaeec b 
check for inverses, look for occurrences of the identity element in tlt srubaeec 
the table. & ulu tsreobae 
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Exercise B36 


Show that ({e, 6, s,u},0) is a subgroup of (S(Q), o). 


Many of the exercises and worked exercises in the rest of this subsection 
involve subsets of the standard groups of numbers that you met in 
Unit B1. Here is a reminder of these groups. 


Standard groups of numbers 
Infinite groups 
(Z,+), (Q+), (R+), (C+), 
(Ooo Ra (CX). 
Finite groups, for any integer n > 2: 
(Zn, shah 
(Un, Xn), and in particular (Z%, xp), where p is prime. 


Here Q*, R*, C* and Z% mean Q, R, C and Zn with the element 0 
removed, and U,, is the set of integers in Zp coprime to n. 


The next exercise involves a finite subgroup of one of the infinite groups 
above. 
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Exercise B37 


(a) Construct a Cayley table for ({1,—1,i,—i}, x) (where i? = —1). 
(b) Show that ({1,—1,i,—i}, x) is a subgroup of the group (C*, x). 


So far, we have looked at how to check whether (H,o0) is a subgroup of a 
group (G,o) only in the case where H is finite. If H is an infinite set, then 
we have to check the three subgroup properties by using algebraic 
arguments rather than a Cayley table. This is demonstrated in the next 
worked exercise. 


Worked Exercise B16 


Show that (R*, x) is a subgroup of the group (R*, x), where R* denotes 
the set of positive real numbers. 


The next exercise involves the set of integer multiples of 3; we denote this 
set by 3Z. That is, 


3Z = {3k : k € Z} ={...,—6, —3,0,3,6,9,... }. 


In general, for any number x, we denote the set of integer multiples of x 
by xZ. That is, 


th = {zk : k € Z} = {...,—2x, 00,0, 2z, 80,2224 


1 Subgroups 
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Exercise B38 


Show that (3Z, +) is a subgroup of (Z, +). 


The solution to Exercise B38 remains valid if the integer 3 is replaced by 
any integer n, so we have the following result. 


For any integer n, (nZ, +) is a subgroup of the group (Z, +). 


Exercise B39 


. Is (6Z, +) a subgroup of (Z, +)? 
(b) Is (6Z,+) a subgroup of (2Z, +)? 
(c) Is (5Z,+) a subgroup of (3Z, +)? 


Justify your answers. 


In the next worked exercise, Theorem B24 (Subgroup test) is used to show 
that a particular infinite subset is not a subgroup of a particular infinite 
group. 


Worked Exercise B17 


Show that (Z*, +) is not a subgroup of the group (Z, +), where Z* 
denotes the set of positive integers. 


Exercise B40 


(a) Show that (Q*, x) is not a subgroup of the group (RT, x). 
(You saw that (R*, x) is a group in Worked Exercise B16.) 


(b) Show that (W,+) is not a subgroup of the group (Z, +), where W is 
the set of non-negative integers. 


1 Subgroups 


The following two exercises should familiarise you further with checking 
the subgroup properties. 


Exercise B41 
Show that (H, +12) is a subgroup of the group (Z12, +12), where 
H = {0,3,6,9}. 


Hint: In this case, it is easier to construct the Cayley table for (H, +12) 
directly, rather than by deleting rows and columns from the group table 
for (Z12, +12). 


Exercise B42 


In each of the following cases, H is a subset of G, but (H,o) is not a 
subgroup of the group (G,o). Explain why not. 


(a) (G,o) = (S(0),0) and (H,0) = ({e, a,c}, 0). 


(The non-identity elements of S(O) are shown in Figure 3.) 
(b) (G,o) = (Z5, x5) and (H, 0) = ({2,3, 4}, x5). 
(c) (G,o) = (R*, x) and (H, 0) = (Z*, x). 


Figure 3 S(O) 


An unfamiliar binary operation 


The final worked exercise and exercise in this subsection involve subsets of 
a group with an unfamiliar binary operation. They give you an 
opportunity to revise checking all the group axioms, as well as to practise 
checking the three subgroup properties. 


Worked Exercise B18 
Let X be the subset of R? consisting of all the points not on the y-axis; 
that is, 
X = {(a,b) ER? :a #0}. 
Let x be the binary operation on X defined by 
(a, b) * (c,d) = (ac, ad + b). 
For example, (2,5) » (4,3) = (2 x 4,2 x 3 + 5) = (8,11). 
(a) Show that (X, x) is a group. 
(b) Determine whether each of the following subsets of X together with 
the binary operation * forms a subgroup of (X, *). 
(i) A={(a,b)e€X:a=1} 
Gi) B= {(@,6) € X :b=1} 
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Solution 
(a) We check the four group axioms. 
G1 Closure 
@. If we combine two elements of X using *, do we get 
another element of X? To check this, start with two general 
elements of X and combine them. £&& 
Let (a,b), (c,d) E€ X; then a,b,c,d € R, anda #0 and c Æ 0. 
We have 
(a, b) * (c, d) = (ac, ad + b). 
®. To check that this point is in X, we have to check that it 
is in R? and its first coordinate is non-zero. © 
Now (ac,ad +) € R? because a,b,c,d € R, and ac #0 
because a Æ 0 and c £0, so (ac,ad+ b) € X. Thus X is 
closed under x. 
G2 Associativity 
@®. Since x is an unfamiliar binary operation, we must use 
an algebraic argument to prove associativity. ©& 
Let (a,b), (c,d), (e, f) € X. We have 
(a, b) x ((c, d) * (e, f)) = (a, b) * (ce, cf + d) 
= (ace, acf + ad+b) 
and 
((a, b) * (c, d)) * (e, f) = (ac, ad + b) x (e, f) 
= (ace, acf + ad + b). 
The two expressions obtained are the same, so * is 
associative on X. 
G3 Identity 
®. Try to find a likely candidate to be an identity. © 
Suppose that (e, f) is an identity in X. Then we must have, 
for each (a,b) € X, 
(a, b) * (e, f) = (a,b) = (e, f) * (a, b). 
The left-hand equation gives 
(ae,af +b) = (a,b). 
Comparing coordinates gives 
G2=a enc ef o= o 
that is, 
C=@ enc ay =U. 
Since these equations must hold for all non-zero values of a, 


we must have e = 1 and f = 0. So the only possibility for an 
identity is (1,0). 
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®&. Now check to see whether this point actually is an 
identity. @& 
Now (1,0) € X, since it is in R? and its first coordinate is 
non-zero, and for all (a,b) € X, we have 
(a,b) (0) =(a x la x 0-0) = (a,b) 
and 
(L0) e tayby = eal b= 0) = (arb). 
So (1,0) is an identity for x on X. 
G4 Inverses 
®. Try to find a likely candidate to be an inverse of a 
general element (a,b) € X. & 
Let (a,b) € X; then a 4 0. Suppose that (c,d) is an inverse 
of (a,b). Then we must have 
(ac oy E = (1 Oe d= (a,b). 
The left-hand equation gives 
(ac, ad + b) = (1,0). 
Comparing coordinates gives 
ac=1 and ad+b=0. 
®. Try to find c and d in terms of a and b. & 


Since a Æ 0, these equations give 


G= z amel @ = S 
a a 

So the only possibility for an inverse of (a,b) is (1/a, —b/a). 
®. Now check to see whether this point actually is an 
inverse of (a,b). & 
Now (1/a,—b/a) € X, since it is in R? (because a and b are 
in R and a is non-zero) and its first coordinate is non-zero, 
and we have 


(acne (+-+) = (ax a (-2) +) Tio 


and 
1 b 1 1 b 
G t) +a) (Exa a =) (1,0) 


So (1/a, —b/a) is an inverse of (a,b). Thus every element 
of X has an inverse in X. 


Hence (X, *) satisfies the four group axioms, and so is a group. 
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(b) (i) ®. Simplify the description of A, if possible, to make it 
easier to work with. © 
We have 
A= {(a,b)€ X:a=1} = {(1,b): bE R}. 
We check the three subgroup properties for A. 
SG1 Closure 
®. Start with two general elements of A, combine them 
using *, and check that the result is in A. @& 
Let (1,6), (1,d) € A. We have 
(obvi d) = (lx Il <a - eb) = Gd 25): 
This point is in A because its first coordinate is 1. Thus 
A is closed under x. 
SG2 Identity 
The identity element in (X, x) is (1,0). This point has 
first coordinate 1, so it is in A. 
SG3 Inverses 


Let (1,6) € A. By the solution to part (a), the inverse of 
(1, 5) in (X, *) is 


(=) = (lt), 


This point has first coordinate 1, so it is in A. Thus A 
contains the inverse of each of its elements. 
Hence (A, x) satisfies the three subgroup properties, and so 
is a subgroup of (X,*). 
(ii) ©. Simplify the description of B, if possible, to make it 
easier to work with. © 
We have 
B =N EX w= N= el) ase Raz 0 
®. We can see immediately that the identity (1,0) of (X, *) 
is not in B, so there is no need to check the other subgroup 
properties. & 
The identity in (X, x) is (1,0), but this point is not in B, so 
property SG2 fails. 
Hence (B, x) is not a subgroup of (X,*). 


The group (X, x) defined in Worked Exercise B18 is non-abelian, as you 
can check by working out (1,1) * (2,2) and (2,2) » (1,1) for example. In 
contrast, the different group (X,*) defined in the next exercise is abelian, 
because for this group (a, b) * (c,d) = (c,d) * (a,b) for all (a,b), (c,d) E€ X. 


Exercise B43 


Let X be the set 
X = {(a,b) E R? : a,b #0} 

and let x be the binary operation on X defined by 
(a,b) * (c, d) = (ac, bd). 

(a) Show that (X, x) is a group. 


(b) Determine whether each of the following subsets of X together with 
the binary operation * forms a subgroup of (X, *). 


(i) A={(a,b)EX:a=1} 
(ii) B={(a,b)EX:a+b=2} 


When we are discussing groups, and subgroups of groups, it can be 
cumbersome to keep using notation of the form (G,o), in which both the 
set of the group and the binary operation are included. For this reason, 
from now on we will often use the following convention. 


Convention 


We can refer to a group (G, o) simply as G, as long as the binary 
operation is clear from the context. 


So we might say, for example: 

e ‘the subgroup H of the group G’ 

e ‘the symmetry group S(F) of the figure F’ 

e ‘the set H is a subgroup of the group G’ 

e ‘the set {e, a,b,c} is a subgroup of the group G”. 

When you see phrases like these, or when you use them yourself, you 
should keep in mind that a group is definitely not just a set, but consists of 
both a set and a binary operation. When you are reading about a group or 


working with a group it is important that you know what the binary 
operation is. 


Because of the convention above, if (G,o) is a group then an instance of 
the notation G could mean either the group (G,o) or simply the set G. 
Often it does not matter which meaning applies; for example, this is the 
case for the statement ‘Let g be an element of G.’ If it does matter, then 
the meaning should be clear from the context. 
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1.3 Subgroups of symmetry groups 


In Unit B1 you saw that the symmetries of any figure F in R? or R? form 
a group under function composition called the symmetry group of F and 
denoted by S(F’). In this subsection we will look at some ways in which we 
can find subgroups of the symmetry group of a figure. 


The subgroup of direct symmetries of a figure 


First, as stated in the theorem below, the set SH(F) of direct symmetries 
of a figure F always forms a subgroup of its symmetry group S(F). Of 
course, if the figure F has no indirect symmetries, then SHF) and S(F) 
are the same set. 


Theorem B25 


Let F be a figure in R? or R3. Then the set S*(F) of direct 
symmetries of F is a subgroup of the symmetry group S(F) of F. 


Proof We have S*(F) C S(F), and the binary operation o is the same 
on each set. We check the three subgroup properties, using the properties 
of direct and indirect symmetries given in Subsection 1.4 of Unit B1. 


SG1 Closure Composing any two direct symmetries gives a direct 
symmetry, so S*(F) is closed under o. 


SG2 Identity The identity element e of S(F) is a direct symmetry, so it 
is in S*(F). 

SG3 Inverses If f is a direct symmetry, then f~! is also a direct 
symmetry. So S*(F) contains the inverse of each of its elements. 


Hence SH(F) satisfies the three subgroup properties, and so is a subgroup 
of S(F). E 


For example, the set St = {e, a,b} of direct symmetries of the equilateral 
triangle is a subgroup of the symmetry group S(A) of the equilateral 
triangle, as you saw at the start of this unit. 


Modifying a figure 


Another way in which we can sometimes find subgroups of a symmetry 
group S(F) is to modify the figure F to restrict its symmetry. We could, 
for example, modify a square F by introducing a pattern of shapes, as 
illustrated in Worked Exercise B19 below. The modified square F” is still a 
plane figure (a subset of RÊ): it consists of all the points that lie on the 
lines or in the shaded areas. The symmetry group $(F”) of the modified 
square consists of those symmetries of the square that leave the pattern of 
shapes unchanged. 


1 Subgroups 


Worked Exercise B19 


s Lor 
Let F' be the modified square shown below. Write down a subgroup of wa 
S(O) by listing the symmetries of the figure F”. ‘ » 
(For convenience, Figure 4 shows the non-identity elements of S(Q).) t K i 
HE 
S 
yi ~ 
| 


N 
UX, | X 


| 
Figure 4 S(O) 


Exercise B44 


Write down three subgroups of S(O) by listing the elements of the 
symmetry groups of each of the following modified squares. 


(a) (b) (c) 


We often use a simple pattern of line segments to restrict the symmetries of 
a figure. In the following worked exercise, a single diagonal line is used to 
restrict the symmetries of a square. Again, the modified square F” is still a 
plane figure: in this case it consists of all the points that lie on the lines. 


Worked Exercise B20 


Write down a subgroup of S(O) by listing the symmetries of the following 
modified square F”. 
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Figure 5 The square with its 
usual location labels 
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Exercise B45 


Let F be a regular hexagon. Describe geometrically the elements of the 
subgroup S(F”) of S(F), where F” is the figure obtained by inscribing an 
equilateral triangle inside F as shown. 


Fixing a feature of a figure 


A third possible way to find a subgroup of a symmetry group S(F) is to fix 
some feature of the figure, such as a vertex or an edge. That is, we 
consider only the elements of S(F) that map that feature to itself. For 
example, consider the square with its usual vertex location labels, as 
shown in Figure 5. If we fix the vertex at location 1, that is, if we consider 
only the symmetries that map this vertex to itself, then we obtain the 
subset {e, s} of S(O). Fixing a subset of a figure always yields a subgroup 
of the symmetry group of the figure, as stated in the theorem below. 


The feature of a figure that we fix can consist of any subset of the points 
that make up the figure. If the subset consists of more than one point, 
then the subset can be fixed without every individual point in the subset 
being fixed. For example, for the square in Figure 5, if we fix the edge that 
joins the vertices at locations 1 and 4, then we obtain the subset {e,r} 

of S(O). The symmetry r fixes the edge described, even though it does not 
fix each point on this edge. 


Theorem B26 


Let F be a figure in R? or R? and let A be a subset of F. Then the 
subset of S(F) whose elements are all the symmetries of F that fix A 
is a subgroup of S(F’). 


Proof Let H be the subset of S(F) described. We show that the three 
subgroup properties hold for H. 


SG1 Closure Let f and g be symmetries of F that fix A. Then go f 
also fixes A. Hence H is closed under function composition. 

SG2 Identity The identity symmetry fixes A, so H contains the identity 
element of S(F). 


SG3 Inverses Let f be a symmetry of F that fixes A. Then f~! also 
fixes A. Thus H contains the inverse of each of its elements. 


Hence H satisfies the three subgroup properties, and so is a subgroup 
of S(F). a 


We now use the method of fixing vertices to find some subgroups of the 
symmetry group of a regular tetrahedron, which we will denote by S(tet). 
You met the symmetries of the regular tetrahedron in Subsection 5.3 of 
Unit B1, and you may find it helpful to refresh your memory of these 
before continuing. As in Unit B1, we specify a symmetry in S(tet) by 
using a two-line symbol that indicates how the vertex at each location is 
affected by the symmetry. 


Worked Exercise B21 


Consider the labelled regular tetrahedron shown below. 


1 


3 


Write down, as two-line symbols, the elements of the subgroup of S(tet) 
that consists of the symmetries of the tetrahedron that fix the vertex at 
location 4. 
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These are the symmetries 


il Bo i 2 ay al i 2 g al 
123 Aye aes aN 9 3 124) 


The indirect symmetries that fix the vertex at location 4 are 
reflections in three planes. Each such plane contains one of the three 
edges that meet at the vertex at location 4, and passes through the 
midpoint of the opposite edge. 


4 
3 


2X Wa 3 2 
These are the symmetries 


2 ae: Ly eh Le ah Ah @ 
2m Doa l Ay O A 


The required subgroup is 


l 2 ag 4 IPEE il 
LD gaa a l eS 
3 
1 


Notice that the elements of the subgroup in Worked Exercise B21 look 
exactly like the elements of S(A), the symmetry group of an equilateral 
triangle, written as two-line symbols, but with an extra column, mapping 
4 to 4, at the end. This is because each symmetry of the tetrahedron that 
fixes the vertex at location 4 gives a symmetry of the face with vertices at 
locations 1, 2 and 3. 


In a similar way, we can find subgroups of S(tet) that fix the vertices at 
locations 1, 2 and 3, respectively. The elements of the subgroup that fixes 
the vertex at location 1 look like the elements of S(A) written as two-line 
symbols, but with the vertices of the triangle labelled 2, 3 and 4, and with 
an extra column mapping 1 to 1. Similar descriptions apply to the other 
two subgroups. 
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Write down, as two-line symbols, the elements of the subgroup of S(tet) 
that consists of the symmetries of the tetrahedron shown in Worked 
Exercise B21 that fix the vertex at location 3. 


Exercise B47 


Write down, as two-line symbols, the elements of the subgroup of S(tet) 
that consists of the symmetries of the tetrahedron shown in Worked 
Exercise B21 that fix the edge joining the vertices at locations 1 and 2. 


The strategy below summarises the methods that you have seen for finding 
subgroups of the symmetry group of a figure. 


Strategy B3 


To find a subgroup of the symmetry group of a figure in R? or R3, do 
one of the following. 


e Find the direct symmetries of the figure. 


e Modify the figure to restrict its symmetry; for example, introduce a 
pattern of lines or shapes. Then determine which of the symmetries 
of the original figure are symmetries of the new figure. 


e Find the symmetries of the figure that fix a particular vertex (or 
any other particular subset of the figure). 


Exercise B48 


Let F be the wire framework of a triangular prism, labelled as shown 
below. The triangles at its ends are equilateral, and its other faces are 
rectangles. 


3 


Find three subgroups of S(F) by considering the following ways of 
restricting the symmetry. Give each symmetry as a two-line symbol. 


1 Subgroups 
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(a) Add a vertical wire to each of the triangular ends of the framework 
prism, as shown below. 


4 
1 
6 
2 
3 
(b) Fill in a triangular face at one end of the framework prism, as shown 
below. 
4 
1 
6 
2 


3 


(c) Fix the vertices at locations 1 and 4. 


2 Order of a group element 


In this section we will explore what happens when we take an element of a 
group and repeatedly combine it with itself. 


2.1 Powers of a group element 


Before we can proceed, we need a notation for writing down repeated 
combinations of an element. We normally use index notation. If (G,o) is a 
group, and x is an element of G, then we write 


x? to represent z o z, 
x? to represent z£ o go g£, 


x* to represent £% o gogog, 


and so on. We interpret x! to mean just x itself, and x° to mean e, the 
identity element of G. 


We also attach a meaning to negative powers of a group element. You have 
seen that x~! represents the inverse of x. We also write 


x? to represent £7! o a7, 


£7? to represent £7! o x7! og7t, 
£74 to represent x7! o g7! og! og}, 


and so on. 


Here is a summary of this notation. 


Find the following powers in the group S(Q): 


(The non-identity elements of S(O) are shown in Figure 6.) 


Find the following powers in the group S(O). 


(a) a, al, a?, aè, af, až 


(b). a lha at a a” 
(c) b, bt, b?, b3, bt 
(a) bh omom 


2 Order of a group element 


| r 
vA K / 
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l 
Figure 6 S(O) 
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The following familiar index laws hold for the powers of a group element. 


Theorem B27 Index laws 


Let x be an element of a group (G,o), and let m and n be integers. 
The following index laws hold. 


(a) gM og” = gimtn 
(b) (m) =a" 


O a 


Proof Proofs of the laws in the case where m and n are positive integers 
are given or commented on below. The other cases, where m and n might 

be zero or negative, can be proved in similar ways, using the definitions of 
x° and negative powers of x. The details are omitted here. 

Let x be an element of a group (G,o), and let m and n be positive integers. 


(a) We have 


ge og” =Zoro:--0of0L0L0:::028 
a co! Ce pe 
m copies of x n copies of x 
= TODtoes:O0 
IaM 


m +n copies of x 
+n 


= g” 
(b) We have 
(1) =a™oa™o---0a™ 
S ai 
n copies of 2” 
=S7OTOe*OTVOTVOMWOss OO OPROTPO+s: OF 
ee aM m 
m copies of x m copies of x m copies of x 
n ‘blocks’ 
R A A E O 
— ee 
mn copies of x 


(c) The fact that x7” = (a~')”, where n is a positive integer, is simply 
the definition of a negative power of a group element. You are asked 
to prove that (2”)~! = (a~')” in the case n = 2 in the exercise below, 
and a proof for any positive integer n follows in a similar way. A 


Exercise B50 


Let x be an element of a group (G,o). Show that the inverse of x? 
is (x71)?. 


Using index notation to denote repeated combinations of group elements 
works well for any group in which the binary operation is some kind of 
multiplication, and for any group in which the binary operation is function 
composition, such as a group of symmetries. 


However, it is not appropriate for groups in which the binary operation is 
some kind of addition. For example, it would be confusing to denote the 
composite x +£ + x in the group (R, +) by z. Instead, we denote it by 32, 
in the familiar way, and we refer to it as a multiple rather than a power. 


So there are two types of notation that we can use for combinations of 
elements in groups: multiplicative notation and additive notation. 
These two types of notation also include different ways of representing 
other features of groups, such as the identity element and inverse elements. 
A summary is given in the box below. 


Multiplicative notation and additive notation for groups 


Feature Multiplicative Additive 
notation notation 
Composite aob a+b 
or axb (or similar) 
or ab 
(or similar) 
Identity eor 1 0 
Inverse a! =r 
Power/multiple T Nx 


We always use multiplicative notation for groups in which the binary 
operation is some kind of multiplication, or function composition. We also 
use it for abstract groups, in which the binary operation is not specified as 
being of any particular type. A group for which we use multiplicative 
notation is called a multiplicative group. 


We use additive notation for groups in which the binary operation is some 
kind of addition, such as addition of numbers, or modular addition. 

A group for which we use additive notation is called an additive group. 
Additive groups are always abelian, because addition is a commutative 
operation. 


2 Order of a group element 
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It is important to remember that a multiple in an additive group means 
the same as a power in a multiplicative group. For example, if x is an 
element of a multiplicative group (G,o), then 


rororogr= qf, 
and if x is an element of an additive group (G, +), then 
ete+t+e+au=Az. 


Similarly, if x is an element of a multiplicative group (G, o), then 


r og og = (a =; 
and if x is an element of an additive group (G, +), then 


(—a2) + (—x) + (~x) = 3(—2) = —32. 


Theorems, proofs and general discussions about group theory are normally 
expressed in multiplicative notation, both in this module and in 
mathematics in general. If you want to apply them to additive groups, 
then you have to translate them into additive notation. For example, here 
is Theorem B27 translated into additive notation. These laws should look 
familiar to you in this form too. 


Theorem B28 Index laws (in additive notation) 


Let x be an element of a group (G,+), and let m and n be integers. 
The following laws hold. 


(a) ma+nz=(m+n)x 
(o) rere: = (mime 


(c) =(nz) = (—n)a = n(—2) 


Exercise B51 


Translate the following statements about elements x and y of a 
multiplicative group (G, o) into additive notation for elements x and y of 
an additive group (G, +). 


(a) z? =e (b) cor t=e (c) zog? = gr’ (d) (x7) ee 


(e) eoz=xg (f) (roy) t =y toz 


2.2 What is the order of a group element? 


Now that we have the notation we need, let us look at what happens when 
we take an element of a group and repeatedly combine it with itself. In 
Exercise B49 you should have found that when you take the element a of 
the group S(O) and find the powers a, a?, a?, a*t and so on, eventually you 
reach a power that is equal to the identity element e of the group. You 
should have found the same for the elements b and r of S(O). To enable us 
to describe situations like these, we make the definitions in the box below. 
Note that the word order in these definitions has a different meaning from 
the word order used to mean the size of a group. However, the two uses of 
the word are connected, as you will see in Section 3. 


Definitions 
Let x be an element of a group (G, o). 


If there is a positive integer n such that x” = e, then the order of x is 
the smallest positive integer n such that x” = e. We say that x has 
finite order. 


If there is no positive integer n such that x” = e, then x has infinite 
order. 


For example, consider the following list of all the powers of the element a 
of the group S(O); the list includes the negative powers, and the zeroth 
power, as well as the positive powers. The powers are evaluated in the 


second line below (using Figure 7). 


4 3 2 1 0 2,3 ,4 5 46 ,7 a8 79 
E OA A5- Ge Oe 9'Oy- O73 Os GO", G's. O's O's GeO vias 


II 
..,€, a, b, c, e, a, b, c, e, a, b, C, e, a, 


The list shows that, for example, a74 = e, a? = e, at = e, and a® = e. The 
smallest positive integer n such that a” = e is 4, so a has order 4. 


Similarly, consider the powers of 2 in the group (R*, x): 
paa re, B48 Oml OF, OF Oe JE 99 oe 
lI 
1 1 1 
wy ey 2 &, B, eB. 16,3264 108,22. 
The identity element of (R*, x) is 1, and there is no positive integer n such 
that 2” = 1, so 2 has infinite order in (R*, x). 
Finally, consider the multiples of 2 in the additive group (R, +): 
se, (—3)x 2, (—2)x 2, (—1)x2, 0x2, 2, 2x2, 3x2, 
|l 
ay 6, —4, —2, 0, 2, 4, 6, 


The identity element of (IR, +) is 0, and there is no positive integer n such 
that n x 2 = 0, so 2 has infinite order in (R, +). 


2 Order of a group element 


Figure 7 S( 
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Figure 8 S(A) 
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Worked Exercise B23 


Find the order of the element a of S(A). 


(The non-identity elements of S(A) are shown in Figure 8.) 


Exercise B52 
Find the orders of the following group elements. 
(a) The element c in S(0). (b) The element r in S(D). 
(c) The element 1 in (Ze, +6). (d) The element 2 in (Z6, +6). 
(e) The element 5 in (Ug, x9). (£) The element 9 in (U10, X10). 
( 


g) The element 1 in (Z,+). (h) The element i in (C*, x). 


Exercise B53 


State the order of each element in the group (Z, +). 


An element of a finite group always has finite order, as shown next. 


Theorem B29 


Let x be an element of a finite group (G,o). Then x has finite order. 


Proof Consider the list of consecutive powers of x: 


4 3 2 1 20) 2 3 ,4 
Midgley, A eS iat 


The elements in this list cannot all be distinct, because they are all in G 
and there are only finitely many elements in G. So there must be integers 
s and t, with s < t, such that 


LS 


Composing each side of this equation with (x*)~! on the right gives 
ro (2°)! = at o (ay. 

Simplifying (using the index laws on the right-hand side) gives 

t—s 


e= T 


Now t — s is positive, since s < t. So there is a positive power of x that is 
equal to e, and hence x has finite order. | 


An element of an infinite group can have either finite order or infinite 
order. For example, in Exercise B52(h) you saw that the element i of the 
infinite group (C*, x) has finite order, and you saw earlier that the 
element 2 of the infinite group (R*, x) has infinite order. 


The box below gives two simple results about the orders of group elements 
that are useful to remember. 


Order of the identity and order of self-inverse elements 
Let (G,o) be a group with identity element e. 
e The identity element e has order 1. 


e If the element z is self-inverse, and x Æ e, then x has order 2. 


The first result holds because e! = e, so the smallest positive integer n 
such that e” = e is 1. The second result holds because if x = £71 then (by 
composing each side by x) we have x? = e. This tells us that, provided 

x Æ e, the smallest positive integer n such that xz” = e is 2. 


Here is another useful result about the orders of group elements. 


Theorem B30 


If x is an element of a group (G,o), then either x and x~! have the 
same finite order, or they both have infinite order. 


Proof Let x € G and let the identity element of (G,o) be e. 


First we show that for any integer n, 
r” =e ifandonlyif (2 ')" =e. (1) 
To do this, let n € Z and first suppose that 
x” =e. 
Composing each side on the right by (x”)~! gives 
zt" o aa ae —=eo (ey. 
Simplifying, and using the index laws on the right-hand side, gives 


e = (x71). 


2 Order of a group element 
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So we have shown that 


mijn =e. 


if z” = e, then (x 
Since this statement holds if we replace x by any element of G, it holds if 
we replace x by ~!. So, since (2~!)~! = a, we have that 


if (@-"\" = e, then z” =e. 


Thus statement (1) holds. This statement tells us that the values of n for 
which x” = e are exactly the same as the values of n for which (x71)” = e. 
It follows that either x and x~! have the same finite order, or they both 
have infinite order. E 


Now that you have met the idea of the order of a group element, let us go 
back to looking at what happens when we repeatedly combine a group 
element with itself. Look again at the list of consecutive powers of the 
element a in the group S(0): 


4 3 2 1 40 2 ao ph ad A0 AT. 48 g9 
oop e 9 e Oy Gy Os O55 Os OO SO, Os. ea: 


I 
..,€, a, ob, G e, a, bh c, e, a, b, G e a, 


The element a has order 4, and it looks as if a pattern of 4 distinct 
elements, namely e, a, b, c, keeps repeating indefinitely in the list of the 
powers of a. 


In contrast, the element 2 in the group (R*, x) has infinite order, and all 
the elements in its list of powers are distinct: 
aay a S gy, 2, ee oe 
1 1 1 
ig ee Dp za 1L 2 4, 8, 16, 32, 64, 128, ... 


In general, we have the following important result. 


Theorem B31 


Let x be an element of a group (G, o). 
(a) If x has finite order n, then the n powers 
E E 
are distinct, and these elements repeat indefinitely every n 
powers in the list of consecutive powers of x. 


(b) If x has infinite order, then all the powers of x are distinct. 


136 


2 Order of a group element 


Proof 
(a) Suppose that x has finite order n. 


First, we prove by contradiction that the n powers 
CMs Bo, cay L 


are distinct. Suppose that these powers are not distinct. Then 

a = r 
for some s and t with 0 < s < t < n— 1. Composing each side of this 
equation on the right with (x*)~!, and arguing as in the proof of 
Theorem B29, we can deduce that 


e= r5, 


But 0 < t— s <n (since 0 < s < t< n — 1), so this contradicts the 
fact that n is the smallest positive integer such that x” = e. It follows 
that the n powers listed above are all distinct. 

Now we prove that the powers repeat every n elements. Consider any 


power of x of the form x*”, where k € Z; that is, any power where the 
exponent is an integer multiple of the order n of x. We have 


gh = (1°) =e” =e, 


So, in the list of consecutive powers of x, the element e is repeated 
every n elements. Because each element in the list is obtained from 
the previous element by composing it with x, it follows that all the 
elements in the list repeat every n elements. 


(b) You are asked to prove this part in the next exercise. E 


Exercise B54 


Use a contradiction argument to prove Theorem B31(b). 
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2.3 


Finding the orders of group elements 


When you want to find the orders of all the elements in some finite group, 
you can cut down your work by using some of the results that you met in 
the previous subsection: the identity element has order 1, all other 
self-inverse elements have order 2, and an element and its inverse always 
have the same order. This is illustrated in the worked exercise below. 


Worked Exercise B24 


ny (a) 5 


SY (a) 


Figure 9 S(O) 
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Find the order of every element in each of the following groups. 


)  (b) (Ze, +6) 


(See Figure 9 for a summary of the non-identity elements of S(Q).) 


Solution 


The identity element e has order 1. 


®. The working needed to find the order of the element a of 
S(O) was part of what you were asked to do in Exercise B49. © 


For the element a, we have 


 =090 =, 
a =a? 0a=boa=c, 
a’ =a oa=coa=e. 


Thus a has order 4. Hence c, the inverse of a, also has order 4. 


All the other elements of S(O) are self-inverse and hence have 
order 2. 


In summary, the orders of the elements of S(O) are as follows. 


Element |e a 6b crs tu 
Order la Qaeogp 8 


The identity element 0 has order 1. 
®. You found the orders of the elements 1 and 2 of (Ze, +6) in 
Exercise B52. &@ 
For the element 1, we have 
l+gl=2 
eee ee ee 
ee A Sa 
(eect erie, 
Talig l lig lel 


Thus 1 has order 6. Hence 5, the inverse of 1, also has order 6. 


2 Order of a group element 


Exercise B55 


Find the order of every element in each of the following groups. 
(a) SA) (b) SO) (o) (Z5,xs5) (d) (Zs, +8) 


(The non-identity elements of S(A) and S(©) are shown in Figures 10 
and 11.) 


Figure 10 S(A) 


It is useful to think of the powers of a group element of finite order as 
forming a cycle. Theorem B31(a) tells us that, if we take a group r 
element x of finite order n, and find its powers x”, x?, and so on, then E 
successive powers cycle indefinitely through n distinct group elements, as 
illustrated in Figure 12. Once we reach x”~', the next element is e, and i Gh 

then the cycle repeats. | G 


Og Ont 
a © ae i 
ax ho 
om f yog Figure 11 S5) 
r? 
ony 
r? 
O 
OE 


Figure 12 The effect of repeatedly composing a group element x of order n 
with itself 
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Figure 14 S( 
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For example, Figure 13(a) shows what happens when we find powers of the 
element a in S(O), and Figure 13(b) shows what happens when we find 
multiples of the element 1 in (Ze, +6). (The non-identity elements of S(O) 
are shown again in Figure 14.) 


+6 1 +6 1 
; ; ea 
o e o 
a ~~ +6 1{ } +61 
a C 
er, Ngee 
(a) 04 b7 oa w +l Jal 


Figure 13 (a) The cycle of powers of the element a in S(Q) (b) the cycle of 
multiples of the element 1 in (Ze, +6) 


You can use cycles like those in Figure 13 to find the powers of any of the 
group elements that appear in the cycle, and this can help you cut down 
your work further when you want to find the orders of group elements. 


For example, consider the cycle of powers of the element a of S(O) in 
Figure 13(a). Moving one place round the cycle corresponds to composing 
by a. So moving one place round the cycle in the reverse direction, as 
shown by the inner arrows in Figure 15(a), corresponds to composing 

by a™t, that is, composing by c. So if we start from e and go round the 
cycle in the reverse direction, then we will obtain the powers 

e,c, @,@, ct, .... Hence this list of powers evaluates to e,c,b,a,e,.... This 
shows in particular that c has order 4, as found in Worked Exercise B24, 
which is as expected, since a group element and its inverse have the same 


order. 


Similarly, moving two places round this cycle in the original direction, as 
shown by the inner arrows in Figure 15(b), corresponds to composing 

by a?, that is, composing by b. So if we start from e and go round the 
cycle two places at a time in the direction of the arrows, then we will 
obtain the powers e, b, b?, b?, b+,.... Hence this list of powers evaluates to 
e, b, e, b, e,..., which shows that b has order 2, as also found in Worked 
Exercise B24. 


oa e oa oa oe oa 
aS iy 
a ” 

(a) ae ae (b) a an 


Figure 15 Moving round the cycle of powers of a in S(O) (a) in the reverse 


direction (b) in the original direction, two places at a time 


3 Cyclic subgroups and cyclic groups 


Notice that the element that appears immediately before the identity 
element e in the cycle of powers of a in S(O) (shown in Figure 13(a)) is c, 
the inverse of a. This is because multiplying this element by a gives e. In 
general, we have the following fact. 


Let x be a group element of finite order. In the cycle of powers of x, 
the element that appears immediately before the identity element is 
the inverse of x. 


Exercise B56 
(a) Write down the elements of the group (U20, X20), and use any method 
to find the order of every element of this group. 


(b) Use any method to find the order of every element of the 
group (Z12, +12). 


3 Cyclic subgroups and cyclic groups 


The ideas that you met in the previous section give us a way of finding 
some of the subgroups of a group, and can also give us an insight into the 
structure of some groups, as you will see in this section. 


3.1 The subgroup generated by an element 


In this subsection we consider the set formed by all the powers of a group 
element. 


Definition 
Let x be an element of a group (G,o). The set of all powers of x is 
called the subset of G generated by x, and denoted by (x). That is, 


(g) ={a" kE Zh. 


In additive notation, if x is an element of a group (G,+), then the 
subset of G generated by x is the set of all multiples of x: 


(ae) ha eke Zab 
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Y 


x 


Figure 16 S(A) 
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A subset of a group generated by an element may be either finite or 
infinite, as illustrated by the worked exercise below. 


Worked Exercise B25 


Find the following generated subsets. 

(a) The subset (a) of the group S(O). 
(b) The subset (2) of the group (R, x). 
(c) The subset (2) of the group (Ze, +6). 


Exercise B57 


Find the following generated subsets. 

(a) The subset (a) of the group S(A). 
(b) The subset (3) of the group (Z*, x7). 
(c) The subset (2) of the group (Z, +). 


A reminder of the non-identity elements of S(A) is given in Figure 16. 


3 Cyclic subgroups and cyclic groups 


The generated subsets found in Worked Exercise B25 and Exercise B57 are 
in fact all subgroups of the groups mentioned. This follows from the 
following theorem, which applies to both finite and infinite groups. 


Theorem B32 


Let x be an element of a group (G,o). Then ((x),0) is a subgroup 
of (G,o). 


Proof We check that the three subgroup properties hold. 


SG1 Closure Let g and h be elements of (x). Then g = zê and h = x! 
for some integers s and t. So 


t +t 


goh=r or =n. 


Thus go h can be written as a power of x, so go h € (2). 


SG2 Identity The identity element e of (G,o) can be written as e = 2°, 
so it is in (x). 

SG3 Inverses_ Let g be any element of (x). Then g = xê for some 
integer s. Now 


g7! _ (x°)! 


=x ° (by one of the index laws). 


Thus g~! can be written as a power of x, so g~! € (x). 


Since all three subgroup properties hold, ((x),0) is a subgroup of (G,o). E 


If x is an element of a group (G,o), then we usually denote the subgroup 
((x),0) of G simply by (x), because the binary operation is clear from the 
context. We call this subgroup the cyclic subgroup of G generated 

by x. We also say that x is a generator of (x). 


The order of the subgroup (x) (that is, the number of elements that it 
contains) is determined by the order of the element z, as set out in the next 
theorem. This theorem provides a connection between the two uses of the 
word ‘order’ in group theory, namely for the order of a group element (the 
smallest positive power or multiple of the element that equals the identity) 
and for the order of a group (the number of elements in the group). 
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Theorem B33 


Let x be an element of a group. 
(a) If x has finite order n, then the subgroup () has order n. 
In multiplicative notation, 
(lew en h 
In additive notation, 
(Ola lore ae 
(b) Ifa has infinite order, then the subgroup (x) has infinite order. 
In multiplicative notation, 
(eee een na 
In additive notation, 


= ere Or Or eh 


Proof This theorem follows immediately from Theorem B31. E 


As an illustration of Theorem B33, consider the element a of S(O). It has 
order 4, and the cyclic subgroup (a) = {e, a,b,c} that it generates has 
order 4 (that is, it has 4 elements). As another illustration, consider the 
element 2 of (Z,+). It has infinite order, and it generates a cyclic 
subgroup of infinite order, as you saw in Exercise B57(c). 


Note that the subgroup of (Z, +) generated by 2 is the subgroup (2Z, +): 
(2) = {2k:k € Z} = 2Z. 

In general, for any integer n, the subgroup of (Z,+) generated by n is the 

subgroup (nZ, +). 


The following results about cyclic subgroups follow from the simple results 
about the order of a group element that you met in Subsection 2.2 
(Theorem B30 and the preceding box). 


Some special cyclic subgroups 

Let (G,o) be a group with identity element e, and let x € G. 
e (e) = {e}. 

e If x is self-inverse and x # e, then (x) = {e,z}. 


o lam) = (W 


Proof The first two results here follow from the properties in the box 
that precedes Theorem B30. For the third result, x™t is an element of the 
subgroup generated by x, so (x~!) is a subgroup of (x). Also, x = (a~!)7! 
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is an element of the subgroup generated by x~*, so (x) is a subgroup of 
(x71). It follows that (£71) and (x) are equal. a 


When you want to find the cyclic subgroup generated by each element in 
some group, the working that you need to carry out is essentially the same 
as the working you need to carry out to find the orders of all the elements 
in the group. This is illustrated in the next worked exercise. You can cut 
down the work needed by using the results in the box above, and by using 
the techniques that you met in Subsection 2.3. 


Worked Exercise B26 yo 
Find the cyclic subgroup generated by each element in the following 
groups. 
(a) S(O) (see Figure 17) (b) (Ze, +6) 
XX 
Solution à 
(a) Since e is the identity element in S(O), we have Figure 17 90) 


(e) = {e}. 


®. To find the cyclic subgroup (a), find the consecutive powers 
of a, starting at the identity element e and stopping when e is 
reached again. & 


The powers of a are 


So 
(a) = 1e m0 e 


®. Use the fact that an element and its inverse generate the same 
cyclic subgroup. & 


The element c is the inverse of a, so 


O = 1eme 
The remaining elements are all self-inverse, so 


(b) = {e, b}, 


@®. As you would expect from Theorem B33, the orders of the 
cyclic subgroups of S(O) agree with the orders of their 
generators, which we found in Worked Exercise B24. © 


145 


Unit B2 Subgroups and isomorphisms 


(b) Since 0 is the identity element in (Ze, +6), we have 

(0) = {0}. 
®. To find the cyclic subgroup (1), find the consecutive multiples 
of 1, starting at the identity element 0 and stopping when 0 is 
reached again. Of course, finding consecutive multiples of 1 is 
trivial! @& 
The multiples of 1 in (Ze, +6) are 

eee I O 
and 5 is the inverse of 1, so 

(1) = {0, i Ds 3, 4, 5}, 

(5) = 10, 1,2345 
®. To find the cyclic subgroup (2), find the consecutive multiples 
of 2, starting at the identity element 0 and stopping when 0 is 
reached again. ©& 
The multiples of 2 in (Ze, +6) are 

a OLIGO ee 
and 4 is the inverse of 2, so 

(2) = {0, 2, 4}, 

Ay 0,24). 
Finally, 3 is self-inverse, so 


(3) = 40,3) 


®. Again, the orders of the cyclic subgroups agree with the 
orders of their generators, as expected from Theorem B33. ® 


Exercise B58 


Find the cyclic subgroup generated by each element in each of the 
following groups. 


(a) SA) œ) SC) (e) (25, x5) (d) (Zs, +8) 


(Your working for Exercise B55 should be helpful. The non-identity 


conn elements of S(A) and S(©) are shown in Figures 18 and 19.) 
= a 
f C Worked Exercise B26 and Exercise B58 illustrate that one way to find 
some subgroups of a group is to find its cyclic subgroups. 
Notice, however, that different elements of the group can generate the 
same cyclic subgroup. For example, in S(O), the elements a and c both 
Figure 19 S(c) generate the subgroup {e, a, b,c}. 
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Note also that a group can have subgroups that are not cyclic subgroups. 
For example, {e,b,r,t} is a subgroup of S(O), as you saw in Worked 
Exercise B19, but it is not generated by any of the elements of S(O), as 
you can see from the solution to Worked Exercise B26(a). 


Cyclic subgroups of S(O) 


To end this subsection, let us find some cyclic subgroups of S(O), the 
symmetry group of the disc. 


Remember from Unit B1 that the symmetries of the disc are: 


rg: rotation through an angle 0 about the centre, for 6 € [0, 27) 


qə: reflection in the line through the centre at an angle @ to 
the horizontal (measured anticlockwise), for 0 € [0,7). 


So 
S(O) = {rọ : 0 € [0,27)} U {qo : 6 € [0, 7) }. 
The identity element of the group S(O) is ro. 
Any reflection qo is self-inverse, as illustrated in Figure 20, so it has order 2 
and generates a cyclic subgroup 
(qo) = {r0; go} 
of order 2. 


The situation with the rotations in S(O) is more complicated. First, let us 
find a formula for a power of a rotation. If we take a particular rotation rg 
and apply it k times, then the effect is the same as that of applying the 
rotation rgo. That is, 

rE = Tko. 


Of course, the angle kô may not lie in the interval [0, 27r), but rko is 
equivalent to a rotation through an angle that does lie in this interval. 


Some of the rotations in S(O) have finite order. For example, for the 
rotation T2,/5, the five powers 

"on/5 = To, 

"On/5 = T2n/5) 

"30/5 = T4r/5; 

"30/5 = T6r/5> 

T3n/5 = 87/5 


are all distinct, as illustrated in Figure 21, and the next power is 


5o — — 
T2r/5 = T10n/5 = "2r = T0, 


so the powers start repeating. So this rotation has order 5 and generates 
the following cyclic subgroup of order 5: 


(Ton/5) = {ro, T2n/5> T4r/5; T6n/5> Ten /5}- 


as 
TA 


w 
is 


Figure 20 A reflection qo 


Figure 21 Powers of rax/s5 
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Other rotations have infinite order. For example, consider r1, the rotation 
through one radian, which is just over 57°, as illustrated in Figure 22. We 
have 

r? == 125 

re = 3x1 = 13, 
and so on. No power of rı is equal to the identity symmetry rp. To see 
this, we can use the fact that the kth power of rı is given by 


k 
ri =Tkx1 = Tk- 


So if there were an integer k such that r¥ = ro, then k would be a multiple 
of 27, say k = 2sm where s is an integer, and this equation gives 

m = k/(2s), which is impossible as 7 is irrational. So rı generates a cyclic 
Figure 22 Some powers of r; subgroup of infinite order. 


Exercise B59 


Find the order of each of the following cyclic subgroups of S(O). 
(a) (aya) (db) (raja) (c) (rams7) (d) (r2) 


3.2 Cyclic groups 


In Worked Exercise B26 we found all the cyclic subgroups of the groups 
S(O) and (Z6, +6), as follows. 


Cyclic subgroups of S(O) Cyclic subgroups of (Ze, +6) 


(e) = {e} (0) = {0} 

(a) = {e,a,b, c} (1) = {0,1,2,3,4,5} 
(b) = {e,b} (2) = {0,2,4} 

(c) = {e,a,b, c} (3) = {0,3} 

(r) = {e,r} (4) = {0,2,4} 

(s) = {e, s} (5) = {0, 1,2,3,4,5} 
(t) = {e,t} 

(u) = {e, u} 


Notice that (Ze, +6) contains two elements that each generate the whole 
group: 

(1) = {0, I, 2, 3, A, 5} z Ze, 

(5) = {0, 1, 2,3, A, 5} = Ze. 


In contrast, none of the elements of the group S(O) generates the whole 
group S(O) = {e,a,b,c,7r,s,t,u}: each element generates only a proper 
subgroup. 


We make the following definitions. 
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Definitions 


Let G be a group. If there is an element x € G such that G = (x), 
then G is a cyclic group. 


If there is no such element, then G is non-cyclic. 


So (Ze, +6) is a cyclic group, whereas S(O) is non-cyclic. 


The following theorem follows immediately from the fact that a group 
element of order n generates a cyclic subgroup of order n 
(Theorem B33(a)). 


Theorem B34 


Let G be a finite group of order n. Then G is cyclic if and only if G 
contains an element of order n. 


So (Ze, +6) is cyclic because it has order 6 and contains an element of 
order 6 (namely 1 or 5). On the other hand, S(O) is non-cyclic because it 
has order 8 but contains no element of order 8. When you want to show 
that a group is cyclic, it is sometimes more efficient to use Theorem B34 
rather than the definition of a cyclic group. 


Exercise B60 


Determine which of the following groups are cyclic. (You were asked to 
find the order of each element of these groups in Exercise B55.) 


(a) SA) (b) S(G) (c) (25, x5) (d) (Ze, 8) 


The definitions of cyclic and non-cyclic groups apply to both finite and 
infinite groups. An example of an infinite cyclic group is (Z, +), because in 
this group 
(1)={kx1:keEZ} 
a ee ene ae 
= Z. 
Since (Z, +) is generated by 1, it is also generated by —1, the inverse of 1: 
(-1) = {kx (-1): ke Z} 
={...,2,1,0,—1,—2,...} 
={...,—2,—1,0,1,2,...} 
=i: 
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An example of an infinite group that is not cyclic is (R*, x). One way to 
see that this group is non-cyclic is to use a contradiction argument, as 
follows. Suppose that (R*, x) is cyclic, with generator x. Then, since 
—1 € R*, there is a non-zero integer k such that 


It follows that 

z" x x! = (—1) x (-1), 
that is 

ak — 1, (2) 
It follows from this equation that 

Ce ae Z 171 
that is, 

r7% = 1. (3) 
Since one of 2k and —2k must be positive, equations (2) and (3) tell us 


that there is a positive integer n such that x” = 1. Hence x has finite 
order. Therefore x does not generate R*, which is a contradiction. 


The theorem below gives a simple property of cyclic groups. You are asked 
to try to prove it in the next exercise. 


Theorem B35 


Every cyclic group is abelian. 


Exercise B61 


Show that if (G,o) is a cyclic group, then (G,o) is abelian. 


Hint: Suppose that (G,o) is generated by a. Then every element of G can 
be expressed as a power of a. 


The next theorem gives a less obvious property of cyclic groups. It applies 
to both finite and infinite groups. The proof of this theorem is quite 
complicated; if you are interested in it, and have plenty of time, then take 
the time to read it and understand it, but do not worry about skipping it 
otherwise. At this stage you are likely to learn more from simpler proofs in 
group theory. 


Theorem B36 


Every subgroup of a cyclic group is cyclic. 


3 Cyclic subgroups and cyclic groups 


Proof Let (G,o) be a cyclic group, generated by a, and let H be a 
subgroup of (G, o). 

If H is the trivial subgroup, then it is cyclic (generated by the identity 
element). So now suppose that H is not the trivial subgroup. All the 
elements of H can be expressed as powers of a (because H is a subset 

of G), and hence H must contain at least one element that can be 
expressed as a% where k is positive, because H is a subgroup of G and 
therefore if a¥ € H then also (a*)~! = a~* € H. Let m be the smallest 
positive integer such that a™ is in H. We will show that a™ generates H. 


To do this, we have to show that every element of H can be expressed as a 
power of a”. So let h be an element of H. Then h = a¥ for some integer k. 
The Division Theorem, which you met in Unit A2 Number systems gives 


k=qm+r, 
where q and r are integers, and 0 < r < m. Thus 
r=k—qm, 
so, by the index laws for group elements, 
a” = =¢* o (ayt. 
Now both a” and a™ are elements of H, and H is a group under o, so it 
follows from the equation above that a” is in H. Hence, since 0< r <m 


and m is the smallest positive integer such that a™ is in H, we must have 
r= 0. Thus k = qm, and so 


h = aë sila"). 


This shows that h can be expressed as a power of a™, which completes the 
proof. E 


Earlier in this unit you met some methods for finding some of the 
subgroups of a symmetry group. In general, finding all the subgroups of a 
finite group is a tricky and time-consuming task. Theorem B36 tells us 
that the task is much simpler if the group is cyclic: we just have to find all 
its distinct cyclic subgroups. This is illustrated below. 


Worked Exercise B27 


Find all the subgroups of the group (Ze, +6), writing down a list in which 
each subgroup appears just once. 


Solution 


The cyclic subgroups of the group (Ze, +6) (as found in Worked 
Exercise B26) are as follows. 


®. Remember that an element and its inverse generate the same 
cyclic subgroup. .® 
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Exercise B62 


You saw in Exercise B60 that the two groups below are cyclic, and you 
were asked to find all their cyclic subgroups in Exercise B58. Find all the 
subgroups of each group, writing down a list in which each subgroup 
appears just once. 


(a) (Z§,x5) (b) (Zs, +s) 


Group theory and mattress turning 


There is a connection between the theory of cyclic groups and the 
question of how you turn your mattress. Some mattresses need to be 
turned, every few months, such that the turning includes both head to 
foot rotating, and top to bottom flipping, as illustrated in Figure 23. 
There are four possible positions in which such a mattress can be 
placed on the bed, so the group of direct symmetries of the mattress 
(when the mattress is regarded as a perfect cuboid, of course) has 
order 4. It would be nice if there were a particular mattress turning 
move, such that if you used this move every time you turned the 
mattress, then the mattress would cycle through its four possible 
Figure 23 Turning a mattress positions in turn. Unfortunately, there is no such move — this is 
because the group of direct symmetries of the mattress is not cyclic! 


Some more modern mattresses need to be rotated head to foot only, 
and should not be flipped over. So they have only two possible 
positions; these correspond to a subgroup of order 2 of the group of 
direct symmetries of the mattress. Every group of order 2 is cyclic 
(generated by the single element that is not the identity element), so 
with such a mattress you can make the same move each time, and 
have the mattress cycle through its two possible positions. 
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3.3 Cyclic groups from modular arithmetic 
In this subsection we focus on cyclic groups that arise from modular 
arithmetic. 

Additive cyclic groups from modular arithmetic 


In the previous subsection you saw that the additive groups (Ze, +6) and 
(Zg,+g) are cyclic groups. Each of these cyclic groups is generated by the 
integer 1, as shown in Figure 24. 


+g 1 å +g 1 
+e 1 +e 1 i kbr 
1 5 
1 +e 1 1 
+6 | 6 
9 4 +s N Jal 
(a) Fod Fet (b) +s 1 Fel 


Figure 24 The cycle of multiples of 1 in (a) (Ze, +6) (b) (Zs, +s) 


In general, for any positive integer n, the cycle of multiples of 1 in (Zn, +n) 
contains each element of Zn, and hence generates the whole 
group (Zn, +n), as shown in Figure 25. 


Fal Fal 
a OWN 
1 n—-1 
tn ly \ tal 
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+n 1 3 
==., 
Fal 


Figure 25 The cycle of multiples of 1 in (Zn, +n) 


So we can state the following result. 


Theorem B37 


For each integer n > 2, the group (Zn, +n) is a cyclic group of 
order n. It is generated by the integer 1. 


In general the integer 1 is not the only generator of the cyclic 

group (Zn, +n). The inverse of 1 (which is n — 1, since 1 +n (n — 1) = 0) 
also generates the group, as you know from Subsection 3.1, and usually 
some other integers do too, as illustrated in the next exercise. 
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Exercise B63 


By looking back at your answer (or the solution) to Exercise B58(d), write 
down all the generators of the cyclic group (Zg, +8). 


In Subsection 3.4 you will meet a result that tells you exactly which 
elements of Zn are generators of the cyclic group (Zn, +n), for any n > 2. 


Multiplicative cyclic groups from modular arithmetic 


In Theorem B9 of Unit B1 you saw that for all integers n > 2, the set Un 
of integers in Zn coprime to n is a group under Xn. The next two activities 
demonstrate that the group (Un, Xn) may or may not be cyclic. 


Exercise B64 


(a) Write down the elements of the group (Uis, X18). 
(b) Find all the cyclic subgroups of this group. 


(c) Deduce that (Ujg, X18) is cyclic, and list all its generators. 


Exercise B65 


Use the solution to Exercise B56(a) to show that (U20, x20) is not a cyclic 
group. 


Since the group (U18, X18) is cyclic it is straightforward to write down all of 
its subgroups, as they must all be cyclic, by Theorem B36. In contrast, the 
non-cyclic group (U20, X20) may have some subgroups that are not cyclic. 


Exercise B66 


Using your answer to Exercise B64, write down all the subgroups of the 
group (Ujg, Xig), giving a list in which each subgroup appears just once. 


Exercise B67 


Show that ({1,9, 11,19}, x20) is a subgroup of (U20, X29), but that it is not 
a cyclic subgroup. 


3 Cyclic subgroups and cyclic groups 


3.4 The group (Zn, +n) 


In this subsection we will look more closely at the additive cyclic group 
(Zn, +n); n > 2. In particular we will look at how we can determine the 
orders of its elements, and how we can efficiently find its subgroups. 


Orders of elements of (Zn, +n) 


We have found the orders of all the elements in several of the 
groups (Zn, +n), as follows. 


Element 10 1 2 3 4 5 
(Ze, +6) — p>. 
Order 1 6 3 2 3 6 
Element 10 1 2 3 4 5 7 
(Zg, +8) 
Order 1 8 4 8 2 8 4 8 
Element |0 1 2 3 4 5 6 7 8 9 10 1l 
(Z12, +12) a ee ee 
Order 1 12 6 4 3 12 2 12 3 4 6 12 


These results were obtained in Worked Exercise B24, Exercise B55(d) and 
Exercise B56(b), respectively. In the next exercise you are asked to find 
the orders of the elements in another group (Zn, +n). In this case the value 
of n is prime. 


Exercise B68 


Find the order of each element of the group (Z5, +5). 


The order of an integer m in a cyclic group (Zn, +n) must be related to the 
integers m and n — but how? The examples above and the solution to 
Exercise B68 seem to suggest that the order of the integer m in (Zn, +n) is 
always a factor of n, but it is hard to spot a pattern that might suggest 
what the exact relationship is. In fact, the relationship is as follows. 


Theorem B38 Order of an element of (Zn, +n) 


Let m be a non-zero element of the group (Zn, +n). Then m has 
order n/d, where d is the highest common factor (HCF) of m and n. 


This theorem is simple to state, and it has a number of important 
consequences, but unfortunately it is quite complicated to prove. A proof 
is provided at the end of this subsection for those who are interested and 
have plenty of time, but you can skip it if you prefer. 


Notice that the theorem tells us how to work out the order of each non-zero 
integer in any group (Zn, +n). However, we already know that the order of 
the integer 0 in (Zn, +n) is 1, since 0 is the identity element in (Zn, +n). 
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Worked Exercise B28 


Use Theorem B38 to find the order of the integer 8 in (Z12, +12). 


Solution 
The HCF of 8 and 12 is 4, so the order of 8 in (Zy2, +12) is 12/4 = 3. 


Exercise B69 


Using Theorem B38, determine the order of each integer in each of the 
following groups. Check that your answer to part (a) agrees with the table 
of orders of elements of (Ze, +6) at the start of this subsection, and that 
your answer to part (b) agrees with your answer to Exercise B68. 


(a) (Ze, +6) (b) (Zs, +5) 


In Exercise B69(b) (and also in Exercise B68 earlier) you should have 
found that the order of every non-zero integer in (Z5,+5) is 5. This is an 
instance of the following corollary to Theorem B38. 


Corollary B39 


Let m be a non-zero element of the group (Zp, +p), where p is prime. 
Then m has order p. 


Proof Since p is prime, the highest common factor of m and p is 1. 
Hence, by Theorem B38, the order of m is p/1 = p. E 


Here is another enlightening corollary of Theorem B38. It tells us which 
elements of a group (Zn, +n) are generators of (Zn, +n). 


Corollary B40 Generators of (Zn, +n) 


Let m € Zn. Then m is a generator of the group (Zn, +n) if and only 
if m is coprime to n. 


Proof If m = 0, then m is not a generator of (Zn, +n), and m is not 
coprime to n, so the statement holds for this value of m. 


Now suppose that m is any non-zero integer in Zn, and let d be the highest 
common factor of m and n. By Theorem B38, m is a generator of (Zn, +n) 
if and only if 


— =n, 


d 


3 Cyclic subgroups and cyclic groups 


that is, 
d=1. 


This equation holds if and only if m and n are coprime. This completes 
the proof. | 


You saw an instance of Corollary B40 in Exercise B63, where it was found 
that the generators of (Zg, +s) are 1, 3, 5 and 7; these are the elements 

of Zg that are coprime to 8. As another example, notice that it follows 
from the solution to Exercise B68 that all the non-zero elements of Z5 
generate (Zs, +5); all the non-zero elements of Z5 are coprime to 5, since 5 
is prime. 


Notice that Corollary B40 tells us that the generators of 
the group (Zn, +n) are the elements of the set Un. 


Exercise B70 


For each of the following groups, write down all the generators of the 
group. 
(a) (Z7,+7) (b) (Zio, +10) 


Subgroups of (Zn, +n) 


We can use Theorem B38 to prove a theorem that describes exactly what 
the subgroups of (Zn, +n) are, for any integer n > 2. Before you see this 
theorem, let us look at two examples of groups (Zn, +n), namely (Ze, +6) 
and (Zg, +s), and find their subgroups. 


By the solution to Worked Exercise B26, the distinct cyclic subgroups of 
the group (Ze, +6) are 

(0) = {0}, of order 1, 

(3) = {0,3}, of order 2, 

(2) = {0,2,4}, of order 3, 

(1) = Ze, of order 6. 


There are no other cyclic subgroups of (Ze, +6), because the subgroup 
generated by each other element of Zg is the same as one of the subgroups 
above. For example, 


(4) = {0,4,2} =10,2,4) = (2). 


Also, as you saw in Worked Exercise B27, the list above contains all the 
subgroups of (Ze, +6), because (Ze, +6) is cyclic and so all its subgroups 
are cyclic, by Theorem B36. 


The list shows that (Ze, +6) has exactly one cyclic subgroup of order q for 
each positive factor q of 6, and no other subgroups. 
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Similarly, by the solution to Exercise B62(b), the complete list of 
subgroups of the group (Zs, +s) is as follows: 


(0) = {0}, of order 1, 

(4) = {0,4}, of order 2, 

(2) = {0,2,4,6}, of order 4, 
(1) = Zg, of order 8. 


This list shows that (Zg,+g) has exactly one cyclic subgroup of order q for 
each positive factor q of 8, and no other subgroups. 


In general, the following result holds. 


Theorem B41 Subgroups of (Zn, +n) 


The group (Zn, +n) has exactly one cyclic subgroup of order q for 
each positive factor q of n, and no other subgroups. 


e The subgroup of order 1 is generated by 0. 


e For each other factor q of n, the subgroup of order q is generated 
by d, where qd = n. 


Proof Since (Zn, +n) is a cyclic group, all its subgroups are cyclic, by 
Theorem B36. 


There is a cyclic subgroup of order 1, namely the subgroup generated by 0. 
Now let q be any factor of n other than 1, and let d be given by qd =n. 
Then d is a factor of n, so the highest common factor of d and n is d, and 
hence, by Theorem B38, d generates a cyclic subgroup of order n/d = q. 


So we have described one cyclic subgroup of order q for each positive 
factor q of n. 


We now show that there are no further cyclic subgroups of (Zn, +n). Let 
m be any non-zero integer in Zn, and consider the cyclic subgroup (m). 
Let d be the highest common factor of m and n. Then m is a multiple of d, 
so m E€ (d) and hence (m) is a subgroup of (d), by Theorem B32. But, by 
Theorem B38, the subgroups (m) and (d) have the same order, namely 
n/d, so they must be equal. Hence the subgroup (m) is the same as one of 
the subgroups already described. So there are no further cyclic 

subgroups. | 


Exercise B71 


Using Theorem B41, find all the subgroups of each of the following groups. 
Give a list in which each subgroup appears exactly once. 


(a) (Zi2,+12) (b) (Zo,+9) (c) (Zi, +11) 


Unfortunately, finding all the subgroups of a group is usually a far more 
difficult task than it is for one of the groups (Zn, +n). 


3 Cyclic subgroups and cyclic groups 


Connections between cyclic groups 


To conclude our discussion of cyclic groups, let us compare two particular 
cyclic groups of order 4. 


The group (S*(Q),0) of direct (that is, rotational) symmetries of the 
square is a cyclic group of order 4. It is generated by a, the rotation 
through 7/2, as shown in Figure 26. (The non-identity elements of S*(Q) 
are illustrated in Figure 27.) 


7 
S+(0O) = {e,a, b,c} a c 
o 


Figure 27 S+(0) 


Figure 26 The cyclic group (S* (0), o) 


The group (Z4, +4) is a cyclic group of order 4 that is generated by the 
element 1, as shown in Figure 28. 


Z4 = {0,1,2,3} 1 3 


Figure 28 The cyclic group (Z4, +4) 


The diagrams in Figures 26 and 28 are very similar. If we take the diagram 
in Figure 26 and replace the elements e, a, b and c by 0, 1, 2 and 3 using 
the ‘matching’ 


e a 

t 4 

0 1 
and also replace the operation o by the operation +4, then we obtain the 
diagram in Figure 28. So, structurally, these two groups are identical: it is 
just the names of the elements and the names of the binary operations 
that differ. Just as the element a generates the first group (S7 (0O), 0), so 
the corresponding element, 1, generates the second group (Z4, +4); and 
just as the element b in (S+(0O),o0) has order 2, so its corresponding 
element, 2, in (Z4, +4) has order 2. Similarly, just as e is the identity 
element of the first group, so its corresponding element, 0, is the identity 


element of the second group. Any other cyclic group of order 4 has exactly 
the same structure as these two groups. 


In the same way, for any positive integer n, all the cyclic groups of order n 
have exactly the same structure as each other. 
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Figure 29 The cycle of 
multiples of 1 in (Z10, +10) 
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Figure 30 The cycle of 
multiples of 1 in (Zn, +n) 
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Proof of Theorem B38 (optional) 


Finally in this subsection, here is a proof of Theorem B38, as promised. It 
will not be assessed: read it if you are interested and have plenty of time — 
skip it otherwise. The theorem is as follows. 


Theorem B38 


Let m be a non-zero element of the group (Zn, +n). Then m has 
order n/d, where d is the highest common factor of m and n. 


We start with a lemma that is a particular case of Theorem B38, namely 
the case where m is a factor of n. This case is much easier to prove. 


Lemma B42 


Let m be a non-zero element of the group (Zn, +n). If m is a factor 
of n, then m has order n/m. 


To see why this lemma holds, consider, for example, the integer 2 in 

(Zio, +10). Repeatedly adding 2 in Z10 is the same as moving 2 places at a 
time round the cycle in Figure 29. If we start from 0 and add 2 a total of 
10/2 = 5 times then we get back to 0, whereas if we add 2 any fewer than 
5 times then we do not get back to 0. So the order of 2 in (Zi, +10) is 5. 


Generalising this argument gives the following proof of Lemma B42. 


Proof of Lemma B42 Suppose that m is a factor of n. Repeatedly 
adding m in (Zn, +n) is the same as moving m places at a time round the 
cycle in Figure 30. If we start from 0 and add m a total of n/m times then 
we get back to 0, whereas if we add m any fewer than n/m times then we 
do not get back to 0. Hence the order of m in (Zn, +n) is n/m. E 


Now here is the proof of Theorem B38. You will see that in this proof we 
use both the result of Lemma B42, and the ideas used in the proof of 
Lemma B42. 


Proof of Theorem B38 Let m be a non-zero integer in Zn, and let d 
be the highest common factor of m and n. Then m/d and n/d are coprime 
integers. Also, since d is a factor of n, the order of d is n/d, by Lemma B42. 


We have to show that the order of m is also n/d. First we show that the 
order of m is at most n/d. Consider the cycle of multiples of 1 in (Zn, +n), 
shown in Figure 30. 


Suppose that we start from 0 and move round m places at a time, a total 
of n/d times. This is the same as starting from 0 and moving round a total 
of mn/d places. Since m/d is an integer, the number mn/d is a multiple 
of n, so we end up at 0. Hence the order of m is indeed at most n/d. 


Now we show that the order of m cannot be less than n/d. We use a 
contradiction argument. Suppose that the order of m is r, where 
1<r< n/d. Then if we start from 0 in the cycle in Figure 30 and move 
round m places at a time, a total of r times, we end up at 0. Hence 

rm = kn (4) 
for some natural number k. Dividing both sides of this equation by d and 
rearranging slightly, we obtain 

m n 

rT = ke. 
Now remember that m/d and n/d are coprime integers. The equation 
above tells us that m/d is a factor of k(n/d), and hence, since m/d is 
coprime to n/d, it follows that m/d is a factor of k. Therefore the 
number k/(m/d), that is, kd/m, is an integer. 


If we now go back to equation (4), multiply it through by d and divide it 
through by m, then we obtain 


rd = ids 
m 


Thus rd is an integer multiple of n. So if we start from 0 in the cycle in 
Figure 30 and move round d places at a time, a total of r times, then we 
end up at 0. But 1 < r < n/d, so this contradicts the fact that the order 
of d is n/d. Thus the order of m cannot be less than n/d. 


This completes the proof that the order of m is n/d. B 


4 lsomorphisms 


Near the end of the previous section, just before the proof of 

Theorem B38, it was pointed out that the cyclic groups (S*(O),0) and 
(Z4, +4) of order 4 are structurally identical, and that in fact all the cyclic 
groups of any particular order are structurally identical to each other. In 
this section we will explore the idea of structurally identical groups for 
groups in general, both cyclic and non-cyclic. 


4.1 Cayley tables of groups of orders 4 
and 6 


One way to compare the structures of two finite groups is to look at their 
Cayley tables. In this subsection we will do this for some groups of 
orders 4 and 6. 


4 
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Cayley tables of groups of order 4 


Let us start by looking at the groups (S*(Q),0) and (Z4, +4) again, this 
time comparing their structures by looking at their Cayley tables, which 
are as follows. 


ole abe +4/0 1 2 3 
ele abe 0/;0 12 8 
aja b c e 1/12 3 0 
blb cea 21/2 3 01 
cle ea b 3/3 01 2 
(S+(0), o) (Za, +4) 


You can see that if we take the Cayley table of (S+(0O), o), and replace the 
elements e, a, b and c by 0, 1, 2 and 3 using the same matching as before, 


namely 


and also replace the operation o by the operation +4, then we obtain the 
Cayley table of (Z4, +4). This shows that the two groups are structurally 
identical, as we also found in Subsection 3.4. 


The Cayley table of (Z4, +4) can be obtained from the Cayley table of 
(S*(Q),0°) by ‘renaming’ the elements because the two Cayley tables have 
exactly the same pattern. They both have the pattern of bottom left to 
top right diagonal stripes shown in Figure 31. 


Figure 31 The pattern of the Cayley tables of (S*(Q),0) and (Za, +4) 


Now let us look at another group of order 4, and try to determine whether 
it has the same structure as (S*(Q),0) and (Z4, +4). The group (Zé, xs) 
has the following Cayley table. 


x5 ;/1l 2 3 4 
1/123 4 
2/2 4 1 38 
3/3 1 4 2 
4/4 3 2 1 
(Z3, x5) 


4 isomorphisms 


The pattern in this Cayley table, shown in Figure 32, is different from the 
pattern in the Cayley tables of (S*(Q),0) and (Z4, +4). 


Figure 32 The pattern of the Cayley table of (Zé, x5) 


However, it is possible to rearrange the Cayley table of (Zé, x5) to make it 
have the same pattern as the Cayley tables of (S*(Q),0o) and (Za, +4), 
that is, the pattern of diagonal stripes in Figure 31. One way to do this is 
to interchange the positions of the elements 3 and 4 in the borders of the 
table (this must be done in both borders) and rearrange the entries in the 
body of the table accordingly. 


To rearrange the entries in the body of the table, we can either just fill 
them in again using the rearranged table borders, or we can take the 
original table, interchange the last two columns to obtain an intermediate 
table, and then interchange the last two rows of this intermediate table to 
obtain the new table, as shown below. 


x51 2 3 4 xs/1 2 4 3 x51 24 3 
fa 3 4 1/11243 1/12 43 
9/2413 ” 2/2431 ? 2/2431 
3/13 142 P sig tsa FP ala st B 
alega ai COMES glee yo 7 slaid 
3,4 3,4 
original intermediate rearranged 
table table table 


Either way, we end up with the rearranged Cayley table of (Zi, x5) shown 
on the right above. This table has the same pattern of diagonal stripes as 
the Cayley tables of (S*t(Q),0) and (Z4, +4). Hence the group (Zé, x5) is 
structurally identical to the groups (S+(0O), o) and (Z4, +4). 


Exercise B72 


For each of the following pairs of groups, write down a matching between 
the elements of the first group and the elements of the second group, such 
that if the elements in the Cayley table of the first group are replaced 
according to this matching, then the Cayley table of the second group is 
obtained. 


(a) (S*(G),0) and (Z§,x5) (b) (Za, +4) and (Z5, xs) 
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Figure 33 S(5) 


Figure 35 The pattern 
(diagonal stripes) of the 


Cayley tables of (S+( 
(Za, +4) and Zr 
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It is important to remember that when you rearrange the entries in the 
borders of a Cayley table, you must rearrange both borders in the same 
way. In a Cayley table the entries in the two borders must be in the same 
order. 


The three groups of order 4 that we have looked at so far in this subsection 
all have Cayley tables that can be rearranged into the pattern of diagonal 
stripes shown in Figure 31. Let us now look at two more groups of order 4, 
and try to determine whether their Cayley tables can also be rearranged 
into this pattern. We will look at the symmetry group of the rectangle, 
(S(c),°), and the group (Ug, xg). The non-identity elements of S(C) are 
shown in Figure 33. Remember that Ug is the set of integers in Zg that are 
coprime to 8, that is, Ug = {1,3,5,7}. The Cayley tables of these two 
groups are as follows. 


ole ar s xg/1 3 5 7 
ele a r s 1/13 5 7 
aja es r 3/3 1 7 5 
rir s ea 5/5 7 1 3 
s|s rae 7/7 5 3 1 
(S(@),°) (Us, Xs) 


These two Cayley tables do not currently have the pattern of diagonal 
stripes. They do, however, have the same pattern as each other, shown in 
Figure 34, so the groups (S(©), o) and (Ug, xg) are structurally identical to 
each other. 


Figure 34 The pattern of the Cayley tables of (S(C),0) and (Ug, xg) 


To determine whether these two groups are also structurally identical to 
the first three groups that we looked at in this subsection, we need to find 
out whether their Cayley tables can be rearranged into the pattern of 
diagonal stripes in Figure 31, which is repeated in Figure 35. Now, notice 
that in the pattern of diagonal stripes, the main diagonal (the diagonal 
from top left to bottom right) contains two different elements, each 
appearing twice. However, in the groups (S(©),o) and (Us, xg), all the 
elements are self-inverse, so no matter how we rearrange the borders of 
their Cayley tables, the four cells on the main diagonal will contain four 
occurrences of the identity element. So the Cayley tables of (SG), o) 

and (Ug, xg) cannot be rearranged into the pattern of diagonal stripes in 
Figure 35. 


4 isomorphisms 


Thus we have found two different structures for groups of order 4, given by 
the patterns shown in Figure 36. 


Figure 36 The patterns of the Cayley tables of (Z4, +4) and (S(©), 0), 
respectively 


It turns out that, for any group of order 4, its Cayley table can be 
rearranged (if necessary) to make it have one of the two patterns in 
Figure 36. So every group of order 4 has the same structure as one of the 
groups (Z4, +4) and (S(©),o). You will see a proof of this fact in 

Unit B4 Lagrange’s Theorem and small groups. 


Notice that both of the patterns in Figure 36 are symmetric with respect 
to the main diagonal, so every group of order 4 is abelian. 


Exercise B73 


For each of the following groups of order 4, write down its Cayley table 
and determine whether it has the same structure as (Z4, +4) or (S(©), o). 


(a) (Ui2,X12) (b) (Vio, X10) 
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Figure 37 S(A) 
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Cayley tables for groups of order 6 


We now look briefly at groups of order 6. Consider the groups (Ze, +6) and 
(S(A), o), both of which have order 6. The non-identity elements of S(A) 
are shown in Figure 37. The Cayley tables of the two groups are as follows. 


+610 12 3 4 5 ole abr es t 
0/0 12 3 4 5 ele a brst 
1/123 4 5 0 ala betr s 
21/23450 1 blib ea str 
3/3 4 5 0 1 2 rir s teab 
4/4 5 01 2 8 slis t r bea 
5/5 012 3 4 tit rs abe 
(Ze, +6) (S(A),°) 


Figure 38 The patterns of the Cayley tables of (Ze, +6) and (S(A),°), 
respectively 


Notice that in the pattern of the Cayley table of (Ze, +6), the main 
diagonal contains three different elements, each appearing twice. However, 
the group (S(A),o) has four self-inverse elements, so no matter how we 
arrange the borders of its Cayley table, the main diagonal will contain four 
occurrences of the identity element e. Hence it is not possible to rearrange 
the Cayley table of (S(A), 0°) into the pattern of the Cayley table 

of (Ze, +6), and therefore these two groups have different structures. 


Thus we have found two different structures for groups of order 6, as given 
by the patterns shown in Figure 38. It turns out that for any group of 
order 6, its Cayley table can be rearranged (if necessary) to make it have 
one of the two patterns in Figure 38. In other words, every group of 

order 6 has the same structure as one of the groups (Ze, +6) and (S(A),°). 
You will see a proof of this fact in Unit B4. 


Notice that the pattern on the left in Figure 38 is symmetric with respect 
to the main diagonal, so a group with this pattern is an abelian group. In 
contrast, a group with the pattern on the right is non-abelian. 


Notice also that the Cayley table of (Ze, +6) has a pattern of diagonal 
stripes similar to that of the Cayley table of (Z4, +4). In general, for any 
integer n > 2, the Cayley table of (Zn, +n) has a pattern of bottom left to 
top right diagonal stripes when the elements in the borders are listed in 
the natural order. 


4 isomorphisms 


4.2 \Isomorphic groups 


In this subsection we will formalise exactly what it means for two groups 
to be ‘structurally identical’ to each other. We will initially consider finite 
groups, as we did in the last subsection. 


You have seen that two finite groups have the same structure if there is a 
‘matching’ between the elements of the two groups such that when we 
replace all the elements in a Cayley table for one group using this 
matching, then we obtain a Cayley table for the other group. 


For example, the two groups (S*(Q),0) and (Zš, x5) have the same 
structure because, as you should have found in Exercise B72(a), if we take 
a Cayley table of (S*(Q),0) and replace the elements e, a, b and c of 

S*(Q) by the elements 1, 2, 3 and 4 of Z% using the matching 


then we obtain a Cayley table for (Zz, x5): 


ole abe x5}/1 2 4 3 
ele abe 1/12 4 8 
ala b c e 21/243 1 
blb cea’ 4/4312 
cle ea b 3/3 12 4 
(S*(Q),°) (Z5, x5) 


It does not matter here that the elements in the borders of the Cayley 
table for (ZZ, x5) are not listed in the usual order: all that matters is that 
the table is a correct Cayley table for (Zz, x5). 


It is helpful to think of a matching between the elements of two groups as 
a mapping, say ¢, from the first group to the second. For example, for the 
two groups above we have the mapping 


o: St( )— Z; 
em 1 
a 2 


b= 4 
c= 3. 


If a mapping ¢ from one group to another is to transform a Cayley table 
for the first group into a Cayley table for the second group, then it must 
match up all the elements of the two groups one-to-one. In other words, it 
must be a one-to-one and onto mapping (that is, a one-to-one 
correspondence). It must also have a further property. 
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To understand why a further property is necessary, suppose that we replace 
the elements in the Cayley table for the group (S*(Q),0) by the elements 
of the group (Zé, x5) using the following one-to-one and onto mapping: 


$: S+) > Z 
em 2 
am 3 


b— 4 
c= 1. 


This has the following effect: 


ole abe 23 4 1 
ele abe 212 3 4 1 
ala b c e 3/3 4 1 2 
blb cea’ 444 1 2 3 
cle ea b 1/123 4 


(S*(Q),°) 
You can see that although we have obtained a table whose entries are the 
elements of the group (Zz, x5), it is not a correct Cayley table for (Zé, x5). 
For example, 2 x5 2 = 4, but the cell in the table that should contain the 
composite 2 x5 2 actually contains the element 2. 


So if a mapping ¢ from one group to another is to have the effect of 
transforming a Cayley table for one group into a Cayley table for another 
group, then not only must it be one-to-one and onto, but it must also have 
a further property that ensures that the resulting Cayley table is correct. 


To see what this property must be, consider two abstract finite groups, 
(G,o) and (H,*), say. Suppose that we take a Cayley table for (G,o) and 
replace all the elements using a one-to-one and onto mapping ¢: G — H. 
Consider any two elements x and y of G, and their composite xo y in the 
Cayley table for (G,o), as illustrated on the left below. In the transformed 
table, these three elements are replaced by ¢(), (y) and ¢(a o y), as 
illustrated on the right. 


af ee e z sa OURS. an 
Be Loy — (x) o(x oy) 
(G, 0) CH#) 


If the table obtained is to be a correct Cayley table for (H,*), then the 
entry in the cell with row label ¢(x) and column label ¢(y) must be equal 
to (x) * d(y), so we must have 


p(x oy) = (x) * ly). 
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This applies to any elements x and y of G, so the property that we need 
the mapping ¢ to have is 


o(xoy) = d(x) * d(y) for all z,y EG. (5) 


So saying that two finite groups (G,o) and (H,*) have the same structure 
is the same as saying that there exists a one-to-one and onto mapping @ 
with property (5). 


This also applies to infinite groups; the only difference is that we cannot 
write down Cayley tables for such groups. 


The term that we use in group theory to describe groups as ‘structurally 
identical’ is isomorphic. So we make the following definition. 


Definition 

Two groups (G,o) and (H,*) are isomorphic if there exists a 
mapping ¢: G —> H with the following properties. 

(a) @ is one-to-one and onto. 

(b) For all z,y € G, 


p(z o y) = (x) * Oly). 
Such a mapping ¢ is called an isomorphism. 


We use the symbol = to denote the relation ‘is isomorphic to’. 


That is, we write composite 


(Ce) 2 (E) composite of images 


to assert that the groups (G,o) and (H, x) are isomorphic. Figure 30° Antonning 


This definition is illustrated in Figure 39. 


You have seen that we sometimes write a group (G,o) simply as G, when 
the group operation is understood from the context. Accordingly, we 
sometimes write (G,o) = (H,*) simply as G = H. 


Also, we often write an isomorphism ¢: G — H as ¢: (G,o) — (H, x), 
to indicate the binary operations of the two groups G and H. 


Remember that, informally, two groups are isomorphic if they have exactly 
the same structure, even though their elements and binary operation may 
be different. An isomorphism maps each element of one group to an 
element ‘that has the same role’ in the structure of the other group. 


The term isomorphism was introduced into group theory by the 
French mathematician Camille Jordan (1838-1922) in his classic 
treatise Traité des substitutions et des équations algébriques (Treatise 
on Substitutions and Algebraic Equations) of 1870, the book in which 
many modern notions of group theory first appear. The term was 
used earlier in crystallography. 


Camille Jordan 
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Here is a simple property of isomorphic groups. 


Theorem B43 


If two groups (G,o) and (H, x) are isomorphic, then either (G, o) 
and (H,*) are both finite, with the same order, or (G,o) and (H, *) 
are both infinite. 


Proof This follows from the fact that if G and H are isomorphic, then 
the elements of G can be matched one-to-one with the elements of H. E 


Thus, for example, a group of order 4 cannot be isomorphic to a group of 
order 6, and a finite group cannot be isomorphic to an infinite group. 


The next theorem states some important basic properties of isomorphic 
groups. These properties are stated in terms of ideas that you met in 
Unit A3 Mathematical language, namely an equivalence relation and its 
constituent properties reflexivity, symmetry and transitivity. 


Theorem B44 


The relation ‘is isomorphic to’ is an equivalence relation on the 
collection of all groups. That is, the following three properties hold. 


Reflexivity Every group is isomorphic to itself. 


Symmetry For any groups (G,o) and (H, x), if (G, o) is isomorphic 
o (H, *), then (H, x) is isomorphic to (G, o). 


Transitivity For any groups (G,o), (H,*) and (K, a), if (G,o) is 
isomorphic to (H,*) and (H, x) is isomorphic to (K, a), then 
(G,o) is isomorphic to (K, a). 


You can see that the properties in the theorem hold, because to say that 
two groups are isomorphic means that they have the same structure; if you 
replace the words ‘is isomorphic to’ by the words ‘has the same structure 
as’, then the properties become almost obvious. The properties can be 
proved formally using the definition of isomorphic groups given above, but 
the proofs are not included here. 


Since isomorphism is an equivalence relation, the collection of all groups 
can be partitioned into equivalence classes, which we call isomorphism 
classes, such that two groups belong to the same isomorphism class if they 
are isomorphic, but belong to different classes otherwise. For example, the 
groups (S*(O),0) and (Z4, +4) have the same structure and therefore 
belong to the same isomorphism class, whereas the groups (Z4, +4) and 
(S(c),°) have structures different from each other and therefore belong to 
different isomorphism classes. 


All the groups in any particular isomorphism class have the same order, 
since groups of different orders are not isomorphic. You saw earlier that 
there are only two possible structures for groups of order 4, so there are 
only two isomorphism classes containing groups of order 4. These are as 
follows. 


e The class of cyclic groups of order 4. Its members include the three 
groups (S*(Q),0), (Z4, +4) and (Z?, x5). Each group in this class has 
exactly two self-inverse elements. 


e The class whose members include (S(&),0) and (Ug, xg). In each group 
in this class all four elements are self-inverse. 


We use the symbol C4 to denote a standard, abstract group with the 
structure of the groups in the first class above, and we refer to it as the 
cyclic group of order 4. We use the symbol V to denote a standard, 
abstract group with the structure of the groups in the second class above, 
and we refer to this group as the Klein four-group. 


The Klein four-group is named after the German mathematician 
Felix Klein (1849-1925). The symbol V used for the Klein four-group 
stands for Vierergruppe, which was the name given to it by Klein in 
1884 in his Vorlesungen über das Ikosaeder und die Auflösung der 
Gleichungen vom fünften Grade (Lectures on the Icosahedron and the 
Solution of Equations of the Fifth Degree). It was named for Klein by 
the Dutch mathematician Bartel van der Waerden (1903-1996) in his 
Moderne Algebra (1930), his influential textbook on abstract algebra. 
Van der Waerden had studied at the University of Gottingen where 
Klein had established one of the world’s leading mathematics research 
centres. 


You have seen that there are only two possible structures for groups of 
order 6, so there are also only two isomorphism classes containing groups 
of order 6. These are the class containing (Ze, +6) and the class containing 
(S(A),0). We use the symbol Cg to denote a standard, abstract group 
with the structure of the groups in the first of these two classes, and we 
refer to it as the cyclic group of order 6. You will learn more about the 
structure of groups in the second class in Units B3 and B4. 


One way to show that two finite groups are isomorphic is to rearrange 
their Cayley tables to have the same pattern, as you saw in the last 
subsection. Once you have done that, you can obtain an isomorphism from 
one of the groups to the other by matching up corresponding elements in 
the rearranged Cayley tables. 


For example, at the start of this subsection you saw Cayley tables of the 
groups (S*(Q),0o) and (Z, x5) rearranged to have the same pattern, and a 
one-to-one correspondence ¢ : St(O) — Zt that matches up 
corresponding elements in the rearranged Cayley tables. This mapping ¢ is 
an isomorphism. 
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Exercise B74 


In Exercise B73, near the end of the previous subsection, you should have 
found the following (though the word ‘isomorphic’ was not used there). 


(a) (S(c),°) is isomorphic to (U12, x12). 
(b) (Za, +4) is isomorphic to (Uio, x10). 


In each case, by using the solution to Exercise B73, write down an 
isomorphism from the first group to the second group. (The non-identity 
elements of (S(©@), o) are illustrated in Figure 40 for convenience.) 


To show that two infinite groups are isomorphic you have to show 
algebraically that there is an isomorphism from one of the groups to the 
other, as illustrated in the next worked exercise. 


Worked Exercise B29 


Let (G, x) be the cyclic subgroup of the group (R, x) generated by the 
element 2; the set G is given by 


G={*:kezh. 


Prove that (G, x) is isomorphic to the group (Z, +) by showing that the 
following mapping ¢ is an isomorphism: 


ġ: G— Z 
ok + k. 


Notice that in Worked Exercise B29 we took our two arbitrary elements of 
(G, x) to be 27 and 2}, where j,k € Z. We could alternatively have taken 
our two arbitrary elements to be x and y, and then gone on to state that it 
follows that x = 2) and y = 2", where j,k € Z. However, it is slightly more 
efficient to take our two elements of (G, x) to be 2f and 2* in the first 
place. This type of shortcut is sometimes convenient in algebraic 
arguments, but it is fine to use either approach. 


Exercise B75 


Prove that the group (Z,+) is isomorphic to the group (6Z, +) by showing 
that the following mapping ¢ is an isomorphism: 
o:Z— 6Z 
n — ôn. 


Once we have built up some knowledge about isomorphism classes of 
groups, we may be able to use it to help us show that two groups, finite or 
infinite, are isomorphic. In the next worked exercise this method is used to 
show that two groups of order 4 are isomorphic. 


Worked Exercise B30 


Show that the groups ({1, —1, i, —i}, x) (where i? = —1) and (Z4, +4) are 
isomorphic. 


(You saw that ({1,—1,i,—i}, x) is a group in Exercise B37.) 
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In the group (Z4, +4), which has identity 0, we have 
0+40=0, 1+41=2, 2442=0, 3+4+43=2. 


So again exactly two elements are self-inverse and hence this group is 
isomorphic to C4. 


Since both groups are isomorphic to C4, they are isomorphic to each 
other. 


Exercise B76 


Show that the groups (U12, X12) and (S(©), o) are isomorphic, without 
using Cayley tables. 


The strategy below summarises some methods that you can use for 
showing that two groups are isomorphic. 


Strategy B4 


To show that two groups are isomorphic, try one of the following 
methods. 


e Use facts that you know about the structures of the groups (such as 
whether they are cyclic, or abelian, and how many self-inverse 
elements they have), together with facts that you know about 
isomorphism classes. 


e If the groups have small finite order, rearrange their Cayley tables 
to have the same pattern. 


e If the groups are infinite or have large finite order, show 
algebraically that there is an isomorphism from one group to the 
other. 


To help you identify a suitable rearrangement of a Cayley table, or an 
isomorphism, try using the properties in Theorems B45 and B46 in 
the next subsection. 


Finally in this subsection, here is a comment that you might find 
interesting, though it is quite complicated and you can skip it if you wish. 
Isomorphisms provide an explanation of how some groups with unusual 
binary operations arise. For example, Worked Exercise B18 in 

Subsection 1.2 involved a group (X, *), where 


X ={(a,b) E R? : a #0} 
and x» is the binary operation on X defined by 
(a,b) x (c,d) = (ac,ad + b). 
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This seemingly strange binary operation is revealed as something much 
more natural if we consider a particular group isomorphic to the 

group (X,*). It is straightforward to show that the set, A say, of all real 
functions of the form 


rr >ar+b (a,bER, a40) 


forms a group under function composition (it is known as the 
one-dimensional affine group over the real numbers), and that the 
mapping ¢ from (A,o) to (X,*) given by 


the function x — ax + b maps to the point (a,b) 


is an isomorphism. If we let f(x) = ax +b and g(x) = cx +d be two 
functions in A, then their composite f o g is given by 


(fo g)(x) = Fla) 
= f(cx + d) 
=a(cx +d) +b 
= acz +ad + b, 
which demonstrates how the unusual binary operation * of the 


group (X,*) arises. The point (ac, ad + b) is the image of the function f og 
above under the isomorphism @¢. 


4.3 Properties of isomorphisms 


In this subsection you will meet four theorems that describe some useful 
properties of isomorphisms and isomorphic groups. These are properties 
that you would expect to hold simply because isomorphic groups are 
groups with the same structure, and isomorphisms match up elements that 
‘have the same role’ in that structure. However, formal proofs, using the 
definition of an isomorphism, are also provided. 


Here is the first of these four theorems. 


Theorem B45 


Let (G,o) and (H,*) be groups with identities eg and ep, respectively. 
Any isomorphism ¢ : (G,o) — (H, x) has the following properties. 


(a) ġ matches the identity elements: 
olea) = ex. 

(b) @ matches inverses: for each g € G, 
(g) = (9(9))™. 


(c) matches powers of each element: for each g € G and each 
Ib € ZL, 
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The properties of isomorphisms in Theorem B45 are illustrated in 
Figure 41. 


(G,o 


@ 
——* (H,») 
) 


) 
lea) = en 


(G,0.) © 


-> (H,*) 
o(g) 
Zj 


o) 
( 
o(g~*) = (6(9)) 


(G,°) a (H, *) 
(9) 

} ioc) erent) 
plg") = (9(9))* 


Figure 41 Basic properties of isomorphisms 


Proof of Theorem B45 
Let @: (G,o) — (H, *) be an isomorphism. 


(a) We have 
eG 0 eG = eG. 


Applying the isomorphism ¢ gives 
plea o eg) = $(ea). 


Since ¢ is an isomorphism, this gives 


(ea) * (ea) = Olea), 


and hence 


olea) * plea) = lea) * ex. 
Applying the Left Cancellation Law now gives 


olea) = ex. 
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(b) Let g € G. Then 
gog =y “og. 
Applying the isomorphism ¢ gives 
$(g9°9-*) = dea) = O(9* 0 9). 
Since ¢ is an isomorphism and since ¢(eq) = ep, this gives 
(g) * (9 *) = en = 9(9-") * olg). 
This shows that ¢(g~') is the inverse of ¢(g) in H, that is, 


(g7) = (¢(g))?- 


(c) The proof of this property is omitted here as it is quite lengthy, but 
the next exercise shows that the property is true for k = 2, and asks 
you to deduce that it is true for k = 3. Note also that property (b) 
above is the case k = —1. The full proof is included in Book E Group 
theory 2. E 


Exercise B77 


Let ¢ : (G,o) — (H, x) be an isomorphism, and let g be an element of G. 
Then, since ¢ is an isomorphism, 


P(g ° g) = (g) * O(9), 
and this equation can be written in terms of powers as 

(9°) = (9(9))*, (6) 
which is Theorem B45(c) in the case k = 2. 
By writing g? = g? o g and using the fact that ¢ is an isomorphism, 


together with equation (6), prove that 
o(9°) = (9(9))°. 


As usual with results in group theory, Theorem B45 is stated in 
multiplicative notation, but you need to be able to apply it to additive 
groups as well as to multiplicative groups. For example, property (c) in the 
theorem, with k = 3, tells you that if (G, x) and (H, +) are groups and 
@:(G,x) — (H, +) is an isomorphism, then for any element g € G we 
have 


(9°) = 30(g) 


(which we can also write as 


olg x g x g) = $(9) + (g) + O(9)-) 
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The next theorem gives some further useful properties of isomorphisms. 


Theorem B46 

Let ¢: (G,o) — (H,*) be an isomorphism. Let g € G. 
e If g has order n, then so does $(g). 

e If g has infinite order, then so does $(g). 


Proof Let the identities of (G,o) and (H,*) be eg and ey, respectively. 
For any k € N, the equation 


g" =e 
is equivalent to the equation 


elg") = $(ea), 


(since ¢ is a one-to-one mapping), and this equation is in turn equivalent 
to the equation 


(o(9))* = en 
(by properties (a) and (c) in Theorem B45). 


Hence the set of integers k for which g* = eg is exactly the same as the set 
of integers k for which (¢(g))* = ey. The two statements in the theorem 
follow immediately. E 


The third theorem in this subsection tells us that, as you would expect, 
isomorphisms match up subgroups. For example, consider the isomorphic 
groups (S+(0), o) and (Zs, x5), and the following isomorphism between 
them, which you met in Subsection 4.2: 


$ : S+(0) — 2 
er— 1 
am 2 
b— 4 
cr 3, 


We know that K = {e,b} is a subgroup of (S+(0), o) (it is the cyclic 
subgroup generated by b). Correspondingly, the image of this subgroup 
under @¢, which is 


PK) = {o(k) : k € K} = {9(e), (0) = {1,4}, 


is a subgroup of (Z5, x5). Here is the general result. 


Theorem B47 


Let ¢ : (G,o) — (H,*) be an isomorphism. If K is a subgroup 
of (G,o), then 


o(K) = {o(k) ke K} 
is a subgroup of (H,*). 


Proof Certainly ¢(K) is a subset of H. We show that (¢(K),*) is a 
subgroup of (H, x) by showing that it satisfies the three subgroup 
properties. 
SG1 Closure 
Let 11, l2 € (K); then lı = ¢(kı) and l2 = ¢(k2) for some ky, k2 € K. 
Hence 
ly x lə = o(kı) x olka) 
= ọ(kı o k2) (since ¢ is an isomorphism). 
Now kı o k2 € K, because K is a subgroup of (G, o), so this shows 
that lı * l2 € ¢(K). Thus (K) is closed under x. 
SG2 Identity 
Let eg and ey be the identities of (G, o) and (H, x*), respectively. 
Then ¢(eg) = ep, by Theorem B45(a). Now eg € K, because K is a 
subgroup of (G, o0), so this shows that ep € ¢(K). 
SG3 Inverses 
Let | € (K); then | = ¢(k) for some k € K. Hence 


I~ = (o(k))™* 
= ¢(k-') (by Theorem B45(b)). 


Now k`! € K, because K is a subgroup of (G,o), so this shows that 
17t € 6(K). Thus $(K) contains the inverse of each of its elements. 


Hence (¢(K),*) satisfies the three subgroup properties, and so is a 
subgroup of (H, x). a 


The final theorem in this subsection states some properties of isomorphic 
groups. As with the earlier properties, you would expect these properties 
to hold, simply because saying that two groups are isomorphic means that 
they have the same structure. However, formal proofs are provided. 
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Theorem B48 

Let (G,o) and (H,*) be isomorphic groups. 
(a) If (G,o) is abelian then so is (H, x). 
(b) If (G,o) is cyclic then so is (H,*). 


Proof Let ¢: (G,o) —> (H,*) be an isomorphism. 

(a) Suppose that (G,o) is abelian. We have to show that (H, *) is 
abelian. Let hı, hə be any elements of H. Then hı = ¢(g;) and 
h2 = $(g2) for some gi, g2 E€ G. Since (G,°) is abelian, we have 

Gi 9 92 = 929 91- 
Hence 
(91 © g2) = (92 0 g1). 
Since ¢ is an isomorphism, this gives 
(91) * (G2) = (92) * O(91); 
that is, 
hy * hg = ho x hy. 
This shows that (H, x) is abelian. 


(b) Suppose that (G,o) is cyclic, generated by a. We will show that 
(H, *) is also cyclic, generated by ¢(a). Let h be any element of H. 
We have to show that h can be expressed as a power of ¢(a). Now 
h = $(g) for some g € G. Since (G,o) is generated by a, we have 
k 


ga 

for some integer k. Hence 
(9) = o(a*). 

By Theorem B45(c), this gives 
(9) = (9(a))*, 

that is, 


h = ((a))*. 


This expresses h as a power of (a). Thus (H,*) is cyclic, generated 


by ¢(a). 


You can sometimes use some of the properties of isomorphisms and 


isomorphic groups that you have met in this subsection and in the previous 


subsection to show that two particular groups are not isomorphic. 


Unfortunately there is no general, systematic procedure for showing that 


two groups are not isomorphic: you just have to find some means of 


demonstrating that they have different structures. Some suggestions are 


given in the strategy below. 


Strategy B5 


To show that two groups are not isomorphic, try any of the following 
methods. 


Compare their orders: if one group is finite and the other is infinite, 
or if they have different finite orders, then they are not isomorphic. 


Ascertain whether they are abelian or cyclic: if one group is abelian 
and the other is not, or if one group is cyclic and the other is not, 
then they are not isomorphic. 


Compare the numbers of self-inverse elements: if one group has 
more self-inverse elements than the other, then they are not 
isomorphic. 


Compare the entries in the main diagonals of their Cayley tables, if 
these are available. For example, count the numbers of different 
elements that appear: if the count is different for the two groups, 
then they are not isomorphic. 


Compare the numbers of elements of a particular order: if one 
group has more elements of this order than the other, then they are 
not isomorphic. 


The fourth suggestion in the box above relies on the fact that the n 
elements (not necessarily distinct) that occur on the main diagonal of the 
Cayley table of a group of order n are the n elements obtained by 
composing each group element with itself. So rearranging the borders of 
the Cayley table will not change these n elements, though it may change 
their positions on the diagonal. 


Exercise B78 


In each of the following cases, show that the two groups are not isomorphic. 


(a) 
(b) 


(Zs, +g) and (S(A), o). 
(Zs, +8) and (U20, x20). 


(You were asked to investigate some properties of the group (U20, x20) in 
Exercise B65.) 
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4.4 \Isomorphisms of cyclic groups 


Near the end of Subsection 3.4 you saw that the groups ($*(C),0) and 
(Z4, +4) have the same structure, namely a cyclic structure, as shown in 
Figure 42. 


oa -€ oa +41- 0 +41 
ZON AON 
a C 1 3 
en a neod d 
S* (QO) = {e,a, b,c} Za = {0,1,2,3} 


Figure 42 The cycle of powers of a in (S*(Q),0) and the cycle of multiples 
of 1 in (Za, +4) 


Each power of the generator a in (S$*(C),o) matches up with the 
corresponding multiple of the generator 1 in the additive group (Z4, +4) to 
give the following isomorphism: 


ead | )— Z4 


e =a? mm 0x1=0 

a=a! =m 1x1l=1 

b=a@ m 2x1=2 
3 


c=? — 3xl1=3. 


This isomorphism is set out again below, with the powers in (S+ (J), o) 
and the multiples in (Z4, +4) expanded to make it clear how the elements 
match up: 


o: S+( )— Z3 
e0 
ai= 1 
aoa 1 +41 
aocacat 1 +41 +41. 


More generally, consider any two finite cyclic groups (G, o) and (H, x) with 
the same order n. They have the same structure, as shown in Figure 43; 
here a and b are generators of (G,o) and (H, x), respectively. 


oa oa xb *«b 
a ar! b pr-l 


oa 
a? b3 
~n~ S 
oa «bd 
G = {eg,a,a?,..., a71} H = {ep,b,b?,..., b071} 


Figure 43 The cycles of powers of a generator in two cyclic groups of order n 


Each power of the generator a of the first cyclic group matches up with the 
corresponding power of the generator b of the second group, to give the 
isomorphism 
ġ:G — H 
eg => EH 
a> b 
a m b? 
a m b’ 


qr! — pr-l, 
This isomorphism can be written more concisely as 
o:G—H 
aë bë (k=0,1,...,.n—1). 


That is, we have the theorem below. 


Theorem B49 


Let (G,o) and (H, x) be finite cyclic groups of the same order n, 
generated by a and b, respectively. Then (G, o) and (H, x») are 
isomorphic, and an isomorphism is given by 


ġġ: G — H 
eb =O hooo 1). 


Proof The mapping ¢ defined above is one-to-one and onto. Also, for all 
wa’ €G, 


g(a! o a) = g(a!) = IT" = b «bY = O(a’) x (af). 
So ¢ is an isomorphism. B 
Since all cyclic groups of any particular order are isomorphic to each other, 


the notation below is sometimes useful. You have met this notation 
already for cyclic groups of orders 4 and 6. 


Notation 


The notation Cn denotes a standard, abstract cyclic group of order n. 
We refer to it as the cyclic group of order n. 


Theorem B49 gives us the following strategy for finding an isomorphism 
from one finite cyclic group to another of the same order. 
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Strategy B6 


To find an isomorphism between two finite cyclic groups (G, o) 
and (H,*) of the same order n, do the following. 


1. Find a generator a of (G,o) and a generator b of (H,*). 
2. Construct the isomorphism 
o:G— > H 
Pti (R= hsm T) 


Keep in mind that if you want to apply Strategy B6 to two groups where 
either or both are additive cyclic groups, then you need to translate step 2 
of the strategy into additive notation as appropriate. For an additive cyclic 
group (G, +) generated by a, the power a* becomes the multiple ka, and 
similarly for an additive cyclic group (H, +) generated by b, the power b* 
becomes the multiple kb. 


You have seen that usually a cyclic group has more than one generator. By 
applying Strategy B6 more than once, using different generators, we can 
find more than one isomorphism between two finite cyclic groups of the 
same order. 


Worked Exercise B31 


Find two isomorphisms from (Z4, +4) to (Zz, xs). 


4 isomorphisms 


O s Ba — Z; -ZI —> Ze 

(0) = 1 0 is il 

3 — 2 that is, 3 — 2 

3 +43 — 2x52 2—4 

3 +4 3 +4 3 — 2 x5 2 X5 2, 1 — 3. 


Exercise B79 


(a) Write down the elements of the set Ug of integers in Zg coprime to 9. 
Show that the group (U9, xg) is cyclic and find all its generators. 


(b) Hence find two isomorphisms ¢ : (U9, x9) — (Ze, +6). 


Exercise B80 


(a) Let G = {1,2,4,8,9,13, 15,16}. Show that (G, x17) is a cyclic group, 
and find all its generators. 
(b) Let (C,c) be an abstract cyclic group of order 8, generated by the 
element x, so that 
C = {e, £, 2°, £3, x4, £5, x8, 2°}. 


Find four isomorphisms ¢ : (G, x17) —> (C,0). 


Theorem B49 tells us in particular that every cyclic group of order n is 
isomorphic to the cyclic group (Zn, +n). Hence the results about (Zn, +n) 
that you met in Subsection 3.4 provide results about every cyclic group of 
order n. For example, you saw in Theorem B41 in Subsection 3.4 that the 
group (Zn, +n) has exactly one cyclic subgroup of order q for each positive 
factor q of n, and no other subgroups. By Theorem B49 (and 

Theorem B47), the same is true of every cyclic group of order n. 


Powers of generators in infinite cyclic groups can be matched up in the 
same way as those in finite cyclic groups, which gives the following 
theorem. 


Theorem B50 


Let (G,o) and (H, x) be infinite cyclic groups, generated by a and b, 
respectively. Then (G,o) and (H, *) are isomorphic, and an 
isomorphism is given by 


¢:G—H 
ab (eZ). 


Proof The proof of Theorem B49 applies here also. E 
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The idea of isomorphism is extremely important in group theory. As you 
saw above, it allows us to prove results about the structure of one group, 
or one family of groups, and know that these results also apply to many 
other groups — namely, to all groups isomorphic to the group or groups 
that we considered. 


Summary 


In this unit you studied the structures of groups. You saw that groups can 
have subgroups, and looked at some ways in which subgroups of a group 
can be found. You saw that the set consisting of all the powers of an 
element of a group is always a subgroup of the group, called the cyclic 
subgroup generated by that element. You met the idea of a cyclic group, 
which is a group that itself consists of all the powers of one of its elements, 
and you studied some properties of cyclic groups. You learned about the 
different notations used for additive and multiplicative groups. Finally, you 
met the powerful concept of isomorphism, which links groups that have the 
same structure and which can therefore be considered in a sense to be ‘the 
same group’. 


Learning outcomes 


After working through this unit, you should be able to: 
e understand what is meant by a subgroup 


e use the three subgroup properties to determine whether (H, o) is a 
subgroup of a group (G,o), where H is a subset of the set G 


e find subgroups of a symmetry group S(F’) by adding features to the 
figure F’, or by fixing a feature of F 


e translate results in group theory from multiplicative notation to additive 
notation, and vice versa 


e understand what is meant by the order of a group element and the 
cyclic subgroup generated by a group element, and find these for group 
elements of reasonably small order 


e understand the terms cyclic group, and generator of a cyclic group 
e know that every subgroup of a cyclic group is also cyclic 


e find all the subgroups and all the generators of a cyclic group of any 
reasonably small order, and in particular do this efficiently for (Zn, +n) 


e explain the meaning of the terms isomorphic groups and isomorphism 


e in some cases, show that two groups are isomorphic and find an 
isomorphism, or show that the groups are not isomorphic 


e know that any two cyclic groups of the same order are isomorphic, and 
find isomorphisms from one cyclic group to another of the same order 


e know some basic properties of isomorphisms and isomorphic groups. 


Solutions to exercises 


Solution to Exercise B35 


(a) We obtain a Cayley table for {e, s} under o by 
deleting the rows and columns labelled a, b, r and t 
in the group table of (S(A), o): 


ée ros t 
aa t—r—$ a lice 
b+) s—f—f= — p © |" s 
¢—|-F ab |. 2 
S| 8 e ¢ 
t+ Loe. 


We now check the four group axioms. 


G1 Every element in the body of the table is in 
the set {e, s}, so {e, s} is closed under function 
composition. 


G2 Function composition is associative. 


G3 The row and column labelled e repeat the 
table borders, so e is an identity element. 


G4 We see that e and s are both self-inverse. 
Hence ({e,s},0) satisfies the four group axioms, 
and so is a group. 

The set {e, s} is a subset of the set S(A), so 
({e, s},0) is a subgroup of (S(A),°). 


(b) We obtain a Cayley table for {e, b,r} under o 
by deleting the rows and columns labelled by a, s 
and t in the group table of (S(A), o): 


5 


? 


We now check the group axioms. 


G1 The Cayley table for {e,b, r} contains elements 
other than e, b and r, so {e,b,r} is not closed 
under the operation o. That is, axiom G1 fails. 


Solutions to exercises 


Hence ({e,b,r},o) is not a group, and therefore it 
is not a subgroup of (S(A), o). 
Solution to Exercise B36 


We have {e,b,s, u} C S(O), and the binary 
operation o is the same on each set. 


The Cayley table for ({e,b, 5, u},0) is as follows. 


ole b s u 
ele b s u 
blb eus 
sls u e b 
uļu s b e 


We check the three subgroup properties. 

SG1 Every element in the body of the table is in 
{e, b, s, u}, so this set is closed under function 
composition. 


SG2 The identity element in S( 
have e € {e, b, s, u}. 


) is e, and we 


SG3 The elements e, b, s and u are all self-inverse, 
so {e, b, s,u} contains the inverse of each of its 
elements. 


Hence ({e, b, s,u},0°) satisfies the three subgroup 
properties, and so is a subgroup of (S(O), o). 


Solution to Exercise B37 


(a) The Cayley table for ({1,—1,7,—7}, x) is as 
follows. 


x 1 =l t =t 
1 1 =l i —i 
—1 | —1 1 =i i 
i i =i =] 1 
—1| =i i 1 =l 


(b) We have {1,—1,i,—i} C C*, and the binary 
operation x is the same on each set. 


We check the three subgroup properties. 


SG1 Every element in the body of the table is in 
{1, —1,i, —i}, so this set is closed under 
multiplication. 


187 


Unit B2 Subgroups and isomorphisms 


SG2 The identity element in C* is 1, and 

ee Vee eer 

SG3 From the table, we see that the elements 1 
and —1 are self-inverse, and į and —i are inverses 
of each other, so {1,—1,7, —i} contains the inverse 
of each of its elements. 


Hence ({1, —1, i, —i}, x) satisfies the three 
subgroup properties, and so is a subgroup of 


(C*, x). 
(The easiest way to find the inverses of i and —i 
here is to use the Cayley table, but you could also 
just use arithmetic in C in the usual way. For 
example, the multiplicative inverse of i is 

i. ix) = 


; a) a N 


Solution to Exercise B38 


We have 3Z C Z, and the binary operation + is the 
same on each set. 


We show that the three subgroup properties hold. 
SG1 Let x,y € 3Z; then x = 3r and y = 3s, for 
some r,s € Z. Thus 

g+y =3r+3s =3(r+s). 
Since r+ s is an integer, it follows that «+ y € 3Z. 
Hence 3Z is closed under addition. 
SG2 The identity in (Z,+) is 0, and 
0=3 x 0 € 8Z, so 3Z contains the identity. 
SG3 Let x € 3Z. Then x = 3r for some r € Z. 
The inverse of x = 3r in (Z, +) is 


=x = —3r = 3(-7r), 


which is an element of 3Z since —r is an integer. 
Thus 3Z contains the inverse of each of its 
elements. 


Hence (3Z, +) satisfies the three subgroup 
properties, and so is a subgroup of (Z, +). 


Solution to Exercise B39 
(a) (6Z, +) is a subgroup of (Z, +), by the result 
in the box immediately before the exercise. 


(b) By the result in the box, both (6Z, +) and 
(2Z, +) are groups. Also, 6Z C 2Z, since every 
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multiple of 6 is also a multiple of 2. So (6Z, +) is a 
subgroup of (2Z, +). 


(Notice that there is no need to check the three 
subgroup properties here, because we already know 
that both (6Z, +) and (2Z, +) are groups, by the 
result in the box.) 

(c) 5Z is not a subset of 3Z; for example, 5 is a 
multiple of 5 but is not a multiple of 3. Hence 

(5Z, +) is not a subgroup of (3Z, +). 


Solution to Exercise B40 


(a) The set Q* is not a subset of Rt; for example, 
—1 € Q*, but —1 ¢ RT‘, so Q* ZR. It follows 
that (Q*, x) is not a subgroup of (RT, x). 


(b) We have W C Z, and the binary operation is 
the same on each set. 


However, we have 1 € W, but the inverse of 1 in 
(Z,+), namely —1, is not in W. So property SG3 
fails and hence (W, +) is not a subgroup of (Z, +). 


Solution to Exercise B41 


We have H C Zı2, and the binary operation +12 is 
the same on each set. 


We show that the three subgroup properties hold. 
The Cayley table for (H, +12) is as follows. 


+2/0 3 6 9 
0/0 3 6 9 
3 13690 
6 16 9 0 3 
9 19 0 3 6 


SG1 Every element in the table is in H, so H is 
closed under +12. 


SG2 The identity in (Z12,+12) is 0, and 0 € H. 


SG3 From the Cayley table, we see that the 
inverse of each element of H is in H, as below. 


0 3 6 9 
0 9 6 3 


Element 
Inverse 


Hence (H, +12) satisfies the three subgroup 
properties, and so is a subgroup of (Zj2, +12). 


Solution to Exercise B42 

(a) Property SG1 fails: aoa = b, but b ¢ H. 
(b) Property SG1 fails: 2 x5 3 = 1, but 1 ¢ H. 
(Alternatively, property SG2 fails: the identity 
in Zt is 1, but 1 ¢ H.) 


(c) Property SG3 fails: for example, the inverse 
of 2 in (R*, x) is 5, but 5 ¢ Z*. 


Solution to Exercise B43 
(a) We show that (X, x») satisfies the four group 


axioms. 
G1 Let (a,b), (c,d) € X; thena 40,b40,c #40 
and d #0. We have 

(a,b) * (c, d) = (ac, bd). 
This point is in R? since a,b,c,d € R. Also ac #0 
because a # 0 and c Æ 0, and similarly bd 4 0 
because b Æ 0 and d Æ 0. So this point is in X. 
Thus X is closed under x. 


G2 Let (a,b), (c,d), (e, f) E€ X. We have 
(a, b) » ((c, d) * (e, f)) 
= (a,b) x (ce, df) 
= (ace, bdf), 
and 
((a, b) * (c, d)) * (e, F) 
= (ac, bd) « (e, f) 
= (ace, bdf). 
The two expressions obtained are the same, so * is 
associative on X. 
G3 Suppose that (x,y) is an identity in X. Then 
we must have, for each (a,b) € X, 
(a,b) * (x,y) = (a,b) = (a, y) * (a,b). 
The left-hand equation gives 
(ax, by) = (a,b). 
Comparing coordinates, we obtain 
ax=a and by=b. 
Since these equations must hold for all non-zero 
values of a and b, we must have 
e=y=l. 
So the only possibility for an identity is (1,1). 


Solutions to exercises 


Now (1,1) is in X, since it is in R? and both its 
coordinates are non-zero, and for all (a,b) € X, we 
have 

(a,b) x (1,1) = (a,b), 
and 

(1, 1) * (a,b) = (a,b). 
So (1,1) is an identity for x on X. 
G4 Let (a,b) € X; then a 4 0 and b # 0. Suppose 
that (x,y) is an inverse of (a,b). Then we must 
have 

(a,b) + (9) = (1,1) = (z 
The left-hand equation gives 

(ax, by) = (1,1). 
Comparing coordinates, we obtain 


,y) * (a,b). 


ax=1 and by=1. 
Since a Æ 0 and b 4 0, these equations give 

x=l/a and y= 1/b. 
So the only possibility for an inverse of (a,b) is 
(1/a,1/b). 
Now (1/a,1/b) € X, since both its coordinates are 
non-zero, and we have 

(a,b) * (1/a, 1/b) = (1,1), 
and 

(1/a, 1/6) *(@,b) = (1,1). 
So (1/a,1/b) is an inverse of (a,b). Thus every 
element of X has an inverse in X. 
Hence (X, *) satisfies the four group axioms, and 
so is a group. 
(b) (i) We can simplify the description of the 
set A, as follows: 

A= {(a,b)€ X:a=1}={(1,b):b E€ R*}. 
We show that (A,x) satisfies the three subgroup 
properties. 
SG1 Let (1,0), (1,d) € A; then b 40 and d #0. 
We have 

(1,6) # (1,4) = (1, bd). 
This point is in A because its first coordinate is 1 
and its second coordinate is non-zero, since b Æ 0 
and d #0. Thus A is closed under x. 
SG2 The identity in X is (1,1). This point is 
in A, because its first coordinate is 1 and its 
second coordinate is non-zero. 
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SG3 Let (1,5) € A. By the solution to part (a), 
the inverse of (1,5) in A is (1/1,1/b) = (1, 1/0). 
This point has first coordinate 1 and its second 
coordinate is non-zero, so it is in A. Thus A 
contains the inverse of each of its elements. 
Hence (A, x) satisfies the three subgroup 
properties, and so is a subgroup of (X, *). 
(ii) The points (3,—1) and (4,—2) are in B, but 
(3, —1) » (4, —2) = (12,2) ¢ B. The elements of S(F”) are: 


Thus B is not closed under *; that is, e the identity 
property SG1 fails. 


e rotations through 27/3 and 47/3 about the 


Hence (B, *) is not a subgroup of (X, x). centre 


Solution to Exercise B44 e reflections in the three axes shown above. 

The other elements of S(©) do not map the 
triangle to itself. Thus the effect of the inscribed 
equilateral triangle is to restrict the symmetries of 
the modified hexagon to those of the triangle. 


, (c) 
f- Solution to Exercise B46 
The required subgroup is 


1234 1234 1 
1234)’ \2431/)’ \4 
(a) The symmetry group of the modified square is 
1234 1234 1 
{e, a,b,c} = S? (0). 2134 Uu231 U 


(Any reflection interchanges the shaded and 


The non-identity symmetries of the three modified 
squares are shown below. 


). 
J) 


(One way to obtain these two-line symbols is to 
unshaded areas.) start with the subgroup in Worked Exercise B21, 
(b) The symmetry group of the modified square is replace each occurrence of the symbol 3 with the 
symbol 4 and vice versa, and then rearrange the 
tatii: columns in each two-line symbol so that the 
(The other elements of S(O) move the shaded numbers in the top row are in the natural order.) 
square to a different corner.) 


(c) The symmetry group of the modified square is Solution to Exercise B47 


{e,t}. 


The required subgroup is 


1234 1234 
(The other elements of S(O) move the shaded 1234 1243)’ 
rectangle to other parts of the square.) 
tae Gia), 
Solution to Exercise B45 2134)’ \2143 
The non-identity symmetries of F’ are shown (It consists of all the elements of S(tet) that either 
below. fix the vertices at locations 1 and 2, or interchange 
them.) 
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Solution to Exercise B48 


(a) The symmetries of the modified framework 
prism form a subgroup of S(F) whose elements are 
as follows. 


The identity: 

123456 

12345 6) 
The rotation through m about the vertical axis 
through the centre of the prism: 


123456 

46513 2)° 
The reflection in the vertical plane through 
locations 1 and 4: 


123456 
13 246 5) 
The reflection in the vertical plane through the 


midpoints of the edges joining the vertices at 
locations 1 and 4, 2 and 5, and 3 and 6: 


123456 
456123)’ 
Thus we obtain a subgroup of S(F) of order 4 


(that is, with 4 elements). 


(b) Here, the symmetries of the modified 
framework prism are ‘essentially the same’ as those 
of S(A), so we obtain a subgroup of S(F) whose 
elements are as follows. 


The identity: 

123456 

12345 6) 
The rotations through 27/3 and 47/3 about the 
horizontal axis of symmetry: 


123456 nd 123456 

231564) °? sirean” 
The reflection in the vertical plane through 
locations 1 and 4, and the midpoints of the edges 


joining the vertices at locations 2 and 3, and 
5 and 6: 


123456 
1324 6.6) 


Solutions to exercises 


The reflection in the plane through locations 
2 and 5, and the midpoints of the edges joining the 
vertices at locations 1 and 3, and 4 and 6: 


123456 
32165 4)° 
The reflection in the plane through locations 


3 and 6, and the midpoints of the edges joining the 
vertices at locations 1 and 2, and 4 and 5: 


123456 
21354 6)° 
Thus we obtain a subgroup of S(F) of order 6. 


(c) The symmetries of the modified framework 
prism, with the vertices at locations 1 and 4 fixed, 
form a subgroup of S(F) whose elements are as 
follows. 


The identity: 
123456 
12345 6)" 
The reflection in the plane through locations 


1 and 4, and the midpoints of the edges joining the 
vertices at locations 2 and 3, and 5 and 6: 


123456 
132465; 
Thus we obtain a subgroup of S(F) of order 2. 


Solution to Exercise B49 


(a) a® =e, 
al =a, 
a? =aoca 
= b, 
a? =aoaca 
=boa 
= C; 


a=aoaocaoa 


coa 
=e, 

a =aoaoaoaoa 
=eoa 


= a. 
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= . . 
(b)a =c, Solution to Exercise B50 
E vd 
a =a pA We have 
ees go(a 1)? =rogogs tog! 
=e =zoeox! 
a 3 a I oa E oa 1 1 
= pog 
=boc e 
T a, . . 
a a loa og og. and similarly, 
=aoc (17!) oz? =r lor Oxon 
=e, =z loeog 
a` =a oa oa ‘oa oa! =g log 
= Eoc =e. 
Te Thus (x71)? is an inverse of x”, and, since the 
(c) b? =e, inverse of any group element is unique, it follows 
bt =b, that (x71)? is the inverse of 2. 
b = bob ; è 
i Solution to Exercise B51 
=e, 
Sa tehes (a) x? =e translates to 
=eob Ox = 0. 
=% (b) xoa ! =e translates to 
4 
= b 
eae z+ (-2) =0. 
=bob 
sag (c) roa? = r? translates to 
(da) bt = b, a+ 2g = 32. 
bap oot (d) (2 ')~-! = z translates to 
= ver (=x) = x. 
= e€, 
waere a (e) eo x = z translates to 
=eob O+a2=cf. 
= b. (£) (xoy)! = y7! o z7! translates to 
0 _ 
ae -@ +9) = (=) +(-2), 
c =r 
3 ? or alternatively, since (G, +) is abelian, 
rf =for 
2e —(a+y) = (=2) + (~y). 
3 . . 
ek Solution to Exercise B52 
Eur 
Z (a) The element c in S(O) has order 4, since the 
j smallest (positive) number of times that we need 
T OE to apply c to bring the square back to its starting 
=ror position is 4. 
=; 
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(b) The element r in S(O) has order 2, since the 
smallest (positive) number of times that we need 

to apply r to bring the square back to its starting 
position is 2. 


(c) The smallest positive value of n such that 
l+gl+e6---+61=0 
n copies of 1 
is 6, so 1 in (Ze, +6) has order 6. 
(d) The smallest positive value of n such that 
2462 +6: +62=0 
n copies of 2 
is 3, so 2 in (Zę, +6) has order 3. 
(e) In (Up, x9) we have 
5? =5x95=7, 
5 = 5? x9 5 = 7 x95 = 8, 
54 = 53 xg 5 = 8 Xg 5 = 4, 
55 = 5f xg 5 = 4 Xg 5 = 2, 
5° = 55 xg 5=2 x95 = 1. 
So the element 5 in (Ug, X9) has order 6. 
(£) In (U10, X10) we have 
9 =9 x1 9=1. 
So the element 9 in (U10, X19) has order 2. 


(g) No positive multiple of 1 in (Z, +) is equal to 
the identity element 0, so 1 in (Z,+) has infinite 
order. 


(h) We have 
@=ixi=-l, 
i =? xi=(-1)xi=-i, 
f= xi=(—d) xi=1. 


So the element 7 in (C*, x) has order 4. 


Solution to Exercise B53 


The identity element 0 of (Z, +) has order 1, 
because 1 x 0 = 0 and so the smallest positive 
integer n such that n0 = 0 is 1. 


All other elements of (Z, +) have infinite order, 
because there is no positive multiple of such an 
element that is equal to 0. 


Solutions to exercises 


Solution to Exercise B54 


Let x be an element of infinite order in the 
group (G,o). We will prove by contradiction that 
all the powers 


of x are distinct. Suppose that these powers are 
not distinct. Then 


S23 


for some integers s and t with s < t. Composing 
each side of this equation on the right with (x)=! 
gives 


ro ey = qt ö (2°). 


Simplifying (using the index laws on the right-hand 
side) gives 


e=@ 


Now t — s > 0, so there is a positive power of x 
that is equal to e. This is a contradiction, since x 
has infinite order. Thus all the powers of x in the 
list above are distinct. 


Solution to Exercise B55 
(a) The identity element e of S(A) has order 1. 


For the element a, we have 

a’ =aca =b, 

a =a*0a=boa=e. 
Thus a has order 3. Hence b, the inverse of a, also 
has order 3. 
All the other elements of S(A\) are self-inverse and 
hence have order 2. 
In summary, the orders of the elements of S(A\) are 
as follows. 


Element | e a br st 
Order |1 3 3 2 2 2 


(b) The identity element e of S(©@) has order 1, 
and the remaining elements a, r and s are all 
self-inverse and hence all have order 2. In 
summary, the orders of the elements are as follows. 


Element |e a r s 


Order I 2 2 2 
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Unit B2 Subgroups and isomorphisms 


(c) The Cayley table for (ZZ, x5) is as follows. 


wii 2 33 4 
111234 
a |S 413 
31314 2 
4/4321 


The identity element 1 has order 1. 
For the element 2, we have 
2? =2 x52 = 4, 
23 = 2 x52 =4x52=3, 
24 = 2 x52=3x52=1. 
Thus 2 has order 4. Hence 3, the inverse of 2, also 
has order 4. 
The element 4 is self-inverse, so it has order 2. 


In summary, the orders of the elements of (Zz, x5) 
are as follows. 


1 2 3 4 
1 4 4 2 


Element 
Order 
(d) The identity element 0 of (Z8, +s) has order 1. 


For the element 1, we have 


ia,1=3 
EEEE 
1 +s 1 +s 1 +8 1 = 4 


1 +s 1+8: +81=7 
7 copies of 1 

1+s 1+: +81=0 
8 copies of 1 


Thus 1 has order 8. Hence 7, the inverse of 1, also 
has order 8. 


For the element 2, we have 


i924 
2+2 +82 =6 
2+82+82+82=0 


Thus 2 has order 4. Hence 6, the inverse of 2, also 
has order 4. 
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For the element 3, we have 


3 +833 =6 
3+83+s3=1 
3 +8 3 +8 3 +8 3 = 


7 copies of 3 
3+g3+g---+g3=0 
S 

8 copies of 3 


Thus 3 has order 8. Hence 5, the inverse of 3, also 
has order 8. 


Finally, for the element 4, we have 
4+84=0 
Thus 4 has order 2. 


In summary, the orders of the elements of (Zg, +8) 
are as follows. 


Element |0 1 2 3 4 5 6 7 
Order 1 8 4 8 2 8 4 8 


Solution to Exercise B56 


(a) We have Uo = {1,3, 7,9, 11, 13, 17, 19}. 
(Recall that U20 is the set of all integers in Zoo 
that are coprime to 20.) 


The order of the identity element 1 is 1. 
The powers of 3 are 

engl SOF, VS GTA SOF aca 
So 3 has order 4. 


The element immediately before the identity 
element 1 in the cycle of powers of 3 is 7, so 7 is 
the inverse of 3 and hence it also has order 4. Also, 
the cycle shows that the powers of 9 = 3? are 


so3 129 18::<.. 
so 9 has order 2. 
The powers of 11 are 
ag Vi Tet. 
so 11 has order 2. 


Solutions to exercises 


The powers of 13 are The multiples of 6 are 
cog RIS 17, 1513-9: 17 1,139, 17,.... ...,0,6,0,6,0,6,.... 
So 13 has order 4, and 17 is the inverse of 13 and So 6 has order 2. 


also has order 4. In summary, the orders of the elements 


Finally, the powers of 19 are of (Z12, +12) are as follows. 
-.,1,19,1,19,1,19,..., Element |0 1 234 5 67 89 10 11 
so 19 has order 2. Order 112 6 4 3 12 2 12 3 4 6 12 


In summary, the orders of the elements 
of (U20, X20) are as follows. 


Element] 1 3 7 9 11 #13 17 19 
Order 14 42 2 4 4 2 


Solution to Exercise B57 


(a) In S(A), the powers of a repeatedly cycle 
through the values e, a,b, so 


(a) = {e, a, b}. 
b) We have Zj2 = {0, 1, 2,3, 4, 5, 6, 7,8, 9, 10, 11}. 
i eee aie De tates Sel ees 
The order of the identity element 0 is 1. i 
I 
The multiples of 1 are 5 , 
3° =3xX73=2, 
ec 8 26786 1011.01.93... i ee 
So 1 has order 12. Hence 11, the inverse of 1, also 34 = 33 x73 = 6 x73 = 4, 


has order 12. 35 = 34 x73 =4x73 =5, 


The multiples of 2 are 36—35 E EE ees ES 
...,0,2,4,6,8, 10,0, 2,4,6,8, 10,.... a 


So 2 has order 6, and 10, the inverse of 2, also has (3) = {1,2,3, 4,5,6} = Z3. 


order 6. l 
(So the subset of Z} generated by 3 is the whole 


of Z. We will look in more detail at groups and 
...,0,3,6,9,0,3,6,9,.... group elements for which this happens later in this 
section.) 


The multiples of 3 are 


So 3 has order 4, and 9, the inverse of 3, also has 
order 4. 


The multiples of 4 are (2) = {2k : k € Z} 
nE E E ONO E A S 


(c) In (Z, +), we have 


0,4,8,0, 4,8,.... 


So 4 has order 3, and 8, the inverse of 4, also has 
order 3. 


The multiples of 5 are 
...,0,5, 10, 3,8, 1,6,11, 4,9,2,7,0,5, 10,3,.... 


So 5 has order 12, and 7, the inverse of 5, also has 
order 12. 


195 


Unit B2 Subgroups and isomorphisms 


Solution to Exercise B58 


We can use the cycles of powers/multiples, and 


self-inverse elements, found in the solution to 


Exercise B55. We can cut down the working by 
using the fact that an element and its inverse 


generate the same cyclic subgroup. 
(a) In S(A) we have 


(c) In (Zé, x5) we have 
(1) = {1}, 
(2) = {1,2,3,4} = Zš, 
(3) = {1,2,3,4} = Z%, 
(4) = {1,4}. 

(d) In (Zs, +8) we have 
(0) = {0}, 


Solution to Exercise B59 


(a) rz/4 has order 8, since its powers 
Te [As A bey ET in order are 


Ta/4, Ta/2, T3n/4, Tn, T5r/4, 130/21 TTr/4, TO- 
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(Remember that rər = ro, and that ro is the 
identity element.) 


Hence (r,/4) has order 8. 


(b) r,/3 has order 6, since its powers 
Tr/3» 7 139 sai P in order are 


TMr/3> 27/3; Tn, T4r/3; "50/31 TO- 
Hence (r4/3) has order 6. 
(c) T2q/7 has order 7, since its powers 
T2n/Ts TIn o Pan in order are 

T2r/7; T4r/Ts T6r/7: T8r/7, Tlor/7, T12r/7, TO- 
Hence (r27/7) has order 7. 
(d) rz has infinite order. Its powers r2, r3, r3, ... 
in order are 

T2, Ta, T6, T8, sass 


Since 7 is irrational, no suffix is a multiple of 27, 
so there is no positive integer n such that r3 = ro. 
Hence (rz) has infinite order. 


Solution to Exercise B60 


We use the orders of the elements, found in 
Exercise B55. 


(a) S(A) is not cyclic, because it has order 6 but 
does not contain an element of order 6. 


(b) S(©) is not cyclic, because it has order 4 but 
does not contain an element of order 4. 


(c) (Zé, x5) is cyclic. It has order 4 and contains 
two elements, namely 2 and 3, of order 4. 


(d) (Zs, +s) is cyclic. It has order 8 and contains 
four elements, namely 1, 3, 5 and 7, of order 8. 


Solution to Exercise B61 


Let a be a generator of (G,o). Let g,h € G; then 


g = aÏ and h = a" for some j,k € Z. Hence 
goh= a oak 
— gith 
— afti 
= ak (0) al 


=hog. 
This shows that (G,o) is abelian. 


Solution to Exercise B62 


(a) Since (Zz, x5) is cyclic, all its subgroups are 
cyclic. From Exercise B58(c), for (Zé, x5) we have 


(1) = {1}, 

(2) = {1,2,3,4} = Zš, 

(3) = {1,2,3,4} = Zs, 
) 


(4) = {1,4}. 
So the distinct subgroups of (Zz, x5) are 
{1}, {1,4}, Zé. 


(b) Since (Zs, +s) is cyclic, all its subgroups are 
cyclic. From Exercise B58(d), for (Zs, +s) we have 


(0) = {0}, 

(1) = {0,1,2,3,4,5,6,7} = Zs, 
(2) = {0,2, 4, 6}, 

(3) = {0,1,2,3,4,5,6,7} = Zs, 
(4) = {0,4}, 

(5) = {0,1,2,3,4,5,6,7} = Zs, 
(6) = {0, 2, 4, 6}, 

(7) = {0,1,2,3,4,5,6,7} = Zs. 


So the distinct subgroups of (Zg, +g) are 
{0}, {0, 4}, {0, 2,4, 6}, Zs. 


Solution to Exercise B63 
The generators of (Zs, +8) are 1, 3, 5 and 7. 


Solution to Exercise B64 
(a) Uis = {1,5,7, 11, 13, 17}. 


(b) We find the cyclic subgroup generated by each 
element of (U18, X18): 


(ly) ={1}, 
(0) S11, 5.7, 17,138,111 SUR 
(7) = {1,7,13} = (7-1) = (18), 
(17) = {1,17}. 
(c) Since the element 5, for example, of (U18, X18) 
generates the whole group, (U18, X18) is cyclic. 


Its generators are 5 and 11. 


Solutions to exercises 


Solution to Exercise B65 
We have 


Voy = ia 7,9,11,13) 17, 101, 
so (U20, X20) has order 8. 


However, the solution to Exercise B56(a) shows 
that (U20, x20) does not contain an element of 
order 8. Therefore (U20, X20) is not cyclic. 


Solution to Exercise B66 


By the solution to Exercise B64, the 

group (Ujg, x18) is cyclic, so all its subgroups are 
cyclic. Hence its subgroups are those found in the 
solution to Exercise B64: 


{1}, {1,17}, {1,7,13}, 


Solution to Exercise B67 


The Cayley table for ({1,9, 11,19}, x9) is as 
follows. 


Uis. 


xæ] 1 9 11 19 
1ļ|1 9 th 19 
9/9 1 19 ll 


11 11 19 1 9 
19 |19 11 9 1 


We show that the three subgroup properties hold. 
SG1 All the elements in the body of the table are 
in {1,9,11,19}, so {1,9,11,19} is closed under x9. 
SG2 The identity element of (U20, X20) is 1, and 

1 € {1,9, 11, 19}. 


SG3 Each element in {1,9,11,19} is self-inverse, 
so {1,9,11,19} contains the inverse of each of its 
elements. 


Hence ({1,9, 11,19}, x20) satisfies the three 
subgroup properties, and so is a subgroup. 

Finally, ({1,9, 11,19}, x20) is not cyclic: each 
element is self-inverse, so no element generates the 
whole subgroup {1, 9, 11, 19}. 
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Solution to Exercise B68 
The identity element 0 has order 1. 
The multiples of 1 in (Z5, +5) are 
cial 125 AOE cine 
So 1 has order 5, and 4, the inverse of 1, also has 
order 5. 
The multiples of 2 in (Z5, +5) are 
2p O24 1,3; Op sens 
So 2 has order 5, and 3, the inverse of 2, also has 
order 5. 


In summary, the orders of the elements of (Z5, +5) 
are as follows. 


Element |0 1 2 3 4 
Order 1 5 5 5 5 


Solution to Exercise B69 


(a) The order of the identity element 0 in (Ze, +6) 
is 1. 
The HCF of 1 and 6 is 1, so the order of 1 


is 6/1 = 6. 
The HCF of 2 and 6 is 2, so the order of 2 
is 6/2 = 3. 
The HCF of 3 and 6 is 3, so the order of 3 
is 6/3 = 2. 
The HCF of 4 and 6 is 2, so the order of 4 
is 6/2 = 3. 


The HCF of 5 and 6 is 1, so the order of 5 
is 6/1 = 6. 
In summary, the orders of the elements of (Ze, +6) 
are as follows. 

Element |O 1 2 3 4 5 

Order 1 6 3 2 3 6 
This agrees with the values in the table at the 
start of this subsection. 
(b) The order of the identity element 0 in (Zs, +5) 
is 1. 
All other elements are coprime to 5 and hence the 


HCF of each of these elements and 5 is 1. Hence 
all other elements have order 5. 
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In summary, the orders of the elements of (Z5, +5) 
are as follows. 


Element | 0 
Order 


1 2 3 4 
1 5 5 5 5 


This agrees with the solution to Exercise B68. 


Solution to Exercise B70 


(a) The generators of (Z7,+7) are 1, 2, 3, 4, 5 
and 6 (all the non-zero elements of Z7). 


(b) The generators of (Zio, +10) are 1, 3, 7 and 9. 


Solution to Exercise B71 

(a) By Theorem B41, (Zı12, +12) has six 
subgroups, with orders 1, 2, 3, 4, 6 and 12 (the 
factors of 12): 


(0) = {0}, 

(6) = {0, 6}, 

(4) = {0,4,8}, 

(3) = {0,3,6, 9}, 

(2) = {0, 2,4, 6,8, 10}, 
) 


(b) By Theorem B41, (Zg, +9) has three 
subgroups, with orders 1, 3 and 9 (the factors of 9): 
(0) = {0}, 
(3) = {0, 3, 6}, 
(1) = {0, 1,2, 3,4,5,6,7,8} = Zo. 
(c) By Theorem B41, (Zi, +11) has two 
subgroups, with orders 1 and 11 (the factors of 11): 


(0) = {0}, 
(1) = {0, 1, 2, 3,4, 5, 6, hs 8, 9, 10} = Zi. 


Solution to Exercise B72 
(a) A suitable matching is 


t 
1 


Na 8 
Rie oO 
wea 


(b) A suitable matching is 


e N 
wae w 


0 1 
+ 4 
1 2 


(where the elements of (Z4, +4) are on the top row 
and the elements of (Zt, x5) are on the bottom 
row). 


Solution to Exercise B73 
(a) The Cayley table of (U12, X12) is as follows. 


x12 1 5 7 11 
1 1 5 7 Ii 
5 5 1 11 7 

7 ll i 
11 |11 7 5 1 


It has the same pattern as the Cayley table of 
(S(c),°) (in particular, all four of its elements are 
self-inverse). So (U12, X12) has the same structure 
as (S(©), 0). 

(b) The Cayley table of (U10, X10) is as follows. 


X10 1 3 7 
1 |1 3 9 
3 13 9 1 7 
T |7 19 3 
9/9 7 3 1 


Swapping 7 and 9 in the borders of the table gives 
the following table. 


X10 1 9 7 
1 |1 3 T 
3 1/3 9 7 1 
99 7 1 3 
7T 17139 


It has the same pattern as the Cayley table of 
(Z4, +4) (in particular, it has exactly two 
self-inverse elements). So (U10, X19) has the same 
structure as (Z4, +4). 


Solution to Exercise B74 
(a) An isomorphism is 


p: S( 


) — U2 
er 1 
am 5 
r= T 
s— 11. 


Solutions to exercises 


(There are other possibilities; in fact any 
one-to-one and onto mapping ¢ that maps e to 1 
will do.) 


(b) An isomorphism is 
ġ : Z4 — Uio 
0—1 
1—3 


2—9 
34> 7. 


(There is one other possibility, namely 
0) : Za — U. 10 
Or > 1 
1—7 


2—9 
3— 3.) 


Solution to Exercise B75 


We must show that ¢ is one-to-one and onto, and 
that for all m,n E€ Z, 


o(m +n) = o(m) + O(n). 


To check that @ is one-to-one, let m,n € Z and 
suppose that ¢(m) = ¢(n); that is, 


6m = 6n. 
Then m =n. Thus @ is one-to-one. 


Also, ¢ is onto because each element 6n € 6Z is the 
image under ¢ of the element n € Z. 


Finally, for all m,n E€ Z, 
o(m +n) = 6(m+n) = 6m + 6n = o(m) + (n). 
Hence ¢ is an isomorphism, so (Z, +) S (6Z, +). 


Solution to Exercise B76 


We have Uj2 = {1,5,7, 11}, so (U12, X12) is a group 
of order 4. Also, 


1xy1l=1, 
5x125=1, 
TXpT=1 
11 x211 = 1, 


so all four elements of (U12, X12) are self-inverse. 
Hence (U12, X12) is isomorphic to the Klein 
four-group V. 
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The group (S$(-4),°) also has order 4 and all four of 
its elements are self-inverse (since its elements are 
the identity, two reflections and the rotation 
through 7). Hence it is also isomorphic to V. 


Since both groups are isomorphic to V, they are 
isomorphic to each other. 


Solution to Exercise B77 
We have 
(9°) = o(9? 0 9) 
= (9°) * (9) 
(since ¢ is an isomorphism) 
($(g))? * (g) (by equation (6)) 
plg)’. 


Solution to Exercise B78 


(a) (Zs, +s) has order 8 and (S(^A), o) has order 6, 
so these groups are not isomorphic. 


(b) The two groups both have order 8, since 

U> = {1,3, 7,9, 11,13, 17,19}. However, (Zs+s8) is 
cyclic, but (U20, X20) is not, as determined in the 
solution to Exercise B65. Hence these groups are 
not isomorphic. 


Solution to Exercise B79 
(a) We have 

Up = {1,2,4,5, 7,8}. 
The cyclic subgroups of (Ug, x9) are 


(1) = {1}, 

(2) = {1, 2,4,8,7, 5}, 
(4) = {1,4, 7}, 

Gy 415,17, 84,21, 
(7) = {1,7,4}, 

(8) = {1,8}. 


Thus (U9, x9) is cyclic, and its generators are 2 


(It is not necessary to calculate the elements of (5) 
and (7), because 


(2) = (277) = (5) (4) = (4t) = (7). 
However, you may prefer to use this as a check, 
rather than as a shortcut.) 


and 
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(b) The group (Ze, +6) is generated by 1. 


Following Strategy B6, that is, mapping a 
generator to a generator, we obtain two possible 
isomorphisms: 


Qı : Ug — Ze 

2 =1+50x1=0 
21 =2 m= 1x1=1 
2 =4m 2xl=2 
23 = 8 — 3x1 =3 
2 = 7m 4xl=4 
25 =5 m 5x1=5 


2 : Ug — Ze 

5 =1 m 0x1=0 
5! =5m 1xl1=1 
5 =7+52x1=2 
55 =8 m 3x1=3 
5t =4m 4xl=4 
55 =2 m 5x1=5. 


We can write these more simply as 


pı : Ug — Ze bg: Up — Ze 
1 — 0 1 — 0 
2 = 1 2 — 5 
4 = 2 4 = 4 
5—5 or 1 
T= 4 T — 2 
8 = 3, 8r> 3. 


(Note that although there is one other generator of 
(Ze, +6), namely 5, mapping the generators 2 and 
5 of (Ug, Xg) in turn to 5 results in the same 
isomorphisms ġı and ¢2 as above. So ¢ and @2 are 
the only isomorphisms from (U9, x9) to (Ze, +6)-) 


Solution to Exercise B80 


(a) The cyclic subgroups of (U17, x17) generated 
by the elements of G are 

p= 41); 

(2) = {1,2,4,8, 16, 15, 13,9} = (277) = (9), 
(4) = {1,4,16,13} = 4) = (13), 

(8) = {1,8, 13, 2, 16,9, 4, 15} = (87) = (15), 

(16) = {1, 16}. 

Thus 


G = (2) 


(9) = (8) 


and it follows that G is a cyclic group under x17, 
with generators 2, 8, 9 and 15. 


(15), 


(b) The group C is generated by x. 


Following Strategy B6, that is, mapping a 
generator to a generator, we obtain the four 
isomorphisms ¢ : G —> C given below. These 
correspond to 


2— z, 8z, O9+>a2 and 15+>4z2, 


respectively. 
1 —> e 1 —> e 1 —> e 1 — e 
2 — Tt 2m r’ 2m r 2m r’ 
4m r? Ar» 76 4m 76 4m x? 
8r> r’ 8 — r 8r> z’ Sr >a! 
Qr>axt Qr> x? 9 — r 9 = x3 


13 — zê 13 — x? 13 — x? 13 +> zê 
15 — 2° 15 — a7 15 — 23 15 —>> x 
16 — «4 16 — «4 16 — «4 16 — «4 


(Note that although (C, o) is generated by z’, x5 
and z” as well as by x, mapping the generators of 
(G, X17) in turn to any of these generators of (C, 0) 
results in the same four isomorphisms above.) 


Solutions to exercises 
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Unit B3 
Permutations 


Introduction 


In this unit you will study groups whose elements are permutations. You 
will see that these provide us with an abundant supply of finite groups. 


A permutation of a finite set is a function that rearranges the elements of 
the set. You have already met examples of permutations in this book: each 
two-line symbol representing a symmetry of a figure specifies a 
permutation of the set of location labels of the figure, since the bottom line 
of each two-line symbol indicates how the labels in the top line are 
rearranged. In this unit you will meet another notation for permutations, 
called cycle form, which is often more convenient. You will learn how to 
compose and find inverses of permutations written in this form, and you 
will see that the set of all permutations of a set of n elements forms a 
group under function composition. 


You will go on to study some properties of permutations, and consider 
various subgroups of the group of all permutations of n symbols. You will 
also explore the idea of using one permutation to rename the symbols in 
another permutation, an idea that leads to the important concept of 
conjugacy. 

At the end of the unit you will meet Cayley’s Theorem, a result that 
highlights the importance of permutations in group theory. It asserts that 
every finite group is isomorphic to (and therefore essentially the same as) a 
group of permutations. 


1 Permutations 


In this section you will be introduced to the idea of a permutation, see how 
to write permutations in cycle form, and learn how to compose and invert 
them in this form. 


1.1 Cycle form of a permutation 


We begin with a definition of what we mean by a permutation in group 
theory. 


Definition 


A permutation of a finite set S is a one-to-one function from S to S. 


So a permutation is a function that maps each element of a finite set to an 
element of the same set, in such a way that each element of the set is used 
exactly once as an image, as illustrated for a 5-element set in Figure 1 
(there must be exactly one arrow from and to each element). Note that a 
function from a finite set to itself that is one-to-one must also be onto. 


S 


1 Permutations 


S 


Figure 1 A permutation of 
a 5-element set S 
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4 6 

Tia 9 ee 
Figure 2 A cycle of six 
symbols 
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We usually work with permutations of sets of the form 
Ale 2, E lis 


where n is a natural number. Examples of such sets include {1, 2,3} and 
{1,2,3,4}. We refer to the elements of the set as the symbols being 
permuted. 


A simple way of specifying a permutation is to list the symbols being 
permuted on one line, and the corresponding image of each symbol 
underneath it on a second line, enclosing the whole array in brackets. An 
example of a permutation of the set {1,2,3,4,5,6} written in this way is 


pa (123456 
~A\5 6 1.2 4 3)" 
This permutation f maps the symbols 1 to 5, 2 to 6, 3 to 1, and so on, as 
we see by reading downwards. 


We call this notation the two-line form of a permutation. The format is 
the same as that of the two-line symbols that we used to represent 
symmetries in Units B1 and B2, and indeed those are all examples of 
permutations. 


You may previously have seen the word ‘permutation’ used in a different 
but related sense, to mean an arrangement of the elements of a finite set. 
This is its usual meaning in the field of mathematics known as 
combinatorics. When used in this sense, a permutation does not mean a 
one-to-one function from a finite set to itself, but it can be thought of as 
the result of applying such a function to a list of the elements of the set, 
because the effect of the function is to rearrange the list. For example, the 
bottom row of the two-line form above is a permutation, in the 
combinatorial sense, of the symbols in the top row. In group theory we 
always use the word permutation to mean the function itself, as in the 
definition above, rather than the resulting rearrangement of the elements 
of the set. 


There is another notation for permutations, an alternative to two-line 
form, which is often more convenient. Consider again the permutation f 
given in two-line form above. If we start at the symbol 1 and apply f 
repeatedly, then we get the string of symbols 


f f f 


1-5 >4— 2 > 1. 


This string contains all the information needed to specify f, since it gives 
the image under f of each of the six symbols being permuted. It shows 
that f permutes the six symbols in the cycle shown in Figure 2. 


We can use this fact to provide a more concise notation for f than the 
two-line form above. We write 


f=(15426 3), 


with the interpretation that f maps each symbol to the one immediately 
to the right of it, and maps the last symbol back to the first (in this case, 


3 maps to 1). We call this the cycle form of f. As the cycle has no 
particular starting point, we can write any of the symbols first. For 
example, we can write 


f=(426315) and f=(315426); 


these convey exactly the same information and are equally good 
representations of f. However, when the symbols being permuted are 
numbers, we usually write the smallest number first in a cycle unless there 
is a reason to do otherwise. 


Exercise B81 


(a) Write down the cycle form of each of the following permutations. 


‘i 1234 Gi) 1234567 
Y 3142 u 5376214 


(b) Write down the two-line form of each of the following permutations 
given in cycle form. 


(i) (132) (i) (162435) 


(c) Can you write down a cycle corresponding to the following 
permutation g? If not, why not? 


ft 2 3 4587s 
I~\46831275 


Not all permutations can be written in cycle form as simply as our first 
example f, because not every permutation maps all the symbols in a single 
cycle. For example, for the permutation 


(12345678 
PVA GB S127 5 
in Exercise B81(c) we have 


td ee at 


and we can write this string as the cycle (1 4 3 8 5). But what about the 
other symbols? Starting at the symbol 2 we have 


jee ene 


which gives the cycle (2 6). Also we have the symbol 7, which is mapped 
to itself: 


TAT 


We can represent this by the ‘short cycle’ (7). 
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Thus g is made up of three disjoint cycles, as shown in Figure 3. We say 
that two or more cycles are disjoint if each symbol that appears in the 
cycles appears in only one cycle. 


— 


UJ Q © 


Figure 3 The cycles of the permutation g 


We write the permutation g as 
= (1 43 8 5)(2 6)(7). 


We call this the cycle form of g and say that g is the product of the 
disjoint cycles (1 4 3 8 5), (2 6) and (7). As before, the starting point of 
each cycle does not matter. Also, because the three cycles are disjoint, it 
makes no difference if we write them in a different order. Thus we can 
convey the same information by writing, for example, 


= (6 2)(7)\(38 514) or g= (7)(5 1 43 8)(2 6). 


Exercise B82 


Complete the following cycle forms for the permutation g above. 


(a) g= (7)(8 )G-) (@)g=(5 )(2 -)(-) 


In general, we say that a permutation is written in cycle form when it is 
written as a product of disjoint cycles. 


When the symbols being permuted are numbers, we usually write the cycle 
form of a permutation with the smallest symbol first in each cycle, and 
with the cycles arranged so that their smallest symbols are in increasing 
order, unless there is a reason to do otherwise. For example, we would 
usually write the permutation g above as 


g = (143 85)(2 6)(7). 


Here 1, 2 and 7 are the smallest numbers in their respective cycles, so they 
appear first in the cycles, and the cycles containing 1, 2 and 7, 
respectively, appear in that order. 


The cycle form of any permutation can be found by carrying out a 
procedure similar to that used above for the permutation g, as outlined in 
the following strategy. 
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Strategy B7 
To find the cycle form of a permutation f, do the following. 


1. Choose any symbol (such as 1) and find its image under f, then 
find the image of its image under f, and so on, until you encounter 
the starting symbol again. 


2. Write these symbols as a cycle. 


3. Repeat the process starting with any symbol that has not yet been 
placed in a cycle, until all the symbols have been placed in cycles. 


When you use Strategy B7, it does not matter which symbol you choose to 
start each new cycle, as long as it is one that you have not yet placed in a 
cycle. However, if the symbols are numbers, and you always choose the 
smallest number not yet placed in a cycle, then you will automatically 
obtain the cycle form of the permutation written in the usual way 
described above (that is, with the smallest symbol first in each cycle, and 
with the cycles arranged so that their smallest symbols are in increasing 
order). This is demonstrated in the worked exercise below. 


Worked Exercise B32 


Find the cycle form of the permutation 


pa (1234567 
“KG 21753 4)" 


209 


Unit B3 Permutations 


210 


You may have wondered how we can be sure that we will eventually 
encounter the starting symbol again in step 1 of Strategy B7. To see why 
this is, first note that because there are only finitely many symbols, 

at some point we must encounter again some symbol that we have 
encountered before. Let x be the first symbol that we encounter twice. If x 
were not the symbol that we started with, then x would be the image under 
f of two different symbols (the symbols encountered immediately before 
the two occurrences of x), and this cannot happen because f is one-to-one. 


Exercise B83 


(a) Convert the following permutations from two-line form to cycle form. 


(i) 123456 (i) 123456789 
Y \964153 579138264 


(b) Convert the following permutations from cycle form to two-line form. 
(i) (1 6)(2 3 7 5)(4) (ii) (1 6 4 2)(3 5 8)(7) 


Since Strategy B7 can be applied to any permutation, and since it must 
always give the same cycles for any particular permutation, we have the 
following result. 


Theorem B51 


Every permutation can written in cycle form. The cycle form of a 
permutation is unique, apart from the choice of starting symbol in 
each cycle and the order in which the cycles are written. 


When a cycle of a permutation consists of a single symbol, the 
permutation maps that symbol to itself. We say that the symbol is fixed 
by the permutation. For example, the permutation 


f = (1 6 3)(2)(4 7)(5) 
fixes both the symbols 2 and 5. 


Usually, we omit cycles containing a single symbol from the cycle form of a 
permutation. For example, if it is clear from the context that the 
permutation f above permutes the symbols of the set {1, 2,3, 4,5, 6,7}, 
then we write 


f=(163)47); 
and it is understood that the missing symbols 2 and 5 are fixed by f. 


Exercise B84 


Convert the permutation 

12345678 

72483615 
from two-line form to cycle form, omitting any cycles that contain a single 
symbol from the final cycle form. 


The identity permutation of a set S is the permutation of S that fixes 
every symbol. For example, the identity permutation of the set 
S = {1,2,3,4,5,6, 7} has the two-line form 


1234567 
12345 6 7)° 
The cycle form of this permutation can be written as 


(1)(2)(3)(4)(5)(6)(7). 


Unfortunately, if we omit the cycles containing a single symbol from this 
cycle form, then there is nothing left! For this reason, when we work with 
cycle forms, we usually denote the identity permutation simply by e. 


The two conventions described above are summarised in the box below. 


Cycle form conventions 


e When it is clear from the context which set of symbols is being 
permuted, we omit fixed symbols from the cycle form of a 
permutation. 


e When working with permutations in cycle form, we denote the 
identity permutation by e. 


Exercise B85 


Write down the two-line form of each of the following permutations of 
{1,2,3,4,5}. 


(a) 0425) œ) a2 (ce) 054) (d)e 


The notations that we call the two-line form and the cycle form of a 
permutation were both introduced by the French mathematician 
Augustin-Louis Cauchy (1789-1857), in two major papers in which he 
launched the subject of permutations as an independent area of study. 
The two-line form appeared in the paper of 1815, and the cycle form 
appeared nearly 30 years later in the paper of 1844. 
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1.2 Composing permutations 


A composite of two permutations is a permutation, because if f and g are 
functions that map a set S to itself, then so does go f; and if f and g are 
both one-to-one, then so is go f. 


In Unit B1 Symmetry you saw how to compose two symmetries written as 
two-line symbols; we can use the same method to compose any two 
permutations written in two-line form. However, when we want to 
compose two permutations that are written in cycle form, we can do so 
without having to first convert them to two-line form, as demonstrated in 
the next worked exercise. 


Worked Exercise B33 


Let f = (1 4 3)(2 6) and g = (1 4 6 2 5) be permutations of {1, 2,3, 4,5, 6}. 
Find the cycle form of go f. 


Solution 
®. Write down the cycle forms of f and g, in the right order. © 


go f =(14625)0(1 4 3)(2 6) 


@. Remember that, as f and g are functions, the composite 
permutation go f means ‘first f, then g’. Start the first cycle of go f 
with the smallest symbol, 1. © 


go f =(14625)0(143)(26) =(1 


®. Find the image of 1 under go f. We see that f (the first 
permutation) maps 1 to 4, then g maps 4 to 6: 


gof 


L= 4 6 


So go f maps 1 to 6. & 
gof=(1 46 25)0(14 3)(26) =(16... 


®. To continue the cycle, find the image of 6. We see that f maps 
6 to 2, then g maps 2 to 5, so go f maps 6 to 5. & 


gof=(146 25)0(143)(26)=(1 65... 


®. Continue in the same way. Next we see that f fixes 5, then g 
maps 5 to 1, so go f maps 5 to 1. Since 1 is the start of the cycle, the 
cycle is complete. ® 


gof=(1 462 5)0(143)(26)=(1 65)... 


®. Now start a new cycle with the smallest symbol not yet placed in a 
cycle, which is 2. ® 


go f =(14625)0(143)(26) =(165)(2... 


@. We see that f maps 2 to 6, then g maps 6 to 2, so go f fixes 2. So 
this cycle is complete. © 


gof=(14 62 5)0(143)(26)=(165)(2)... 


®. Start a new cycle with the smallest symbol not yet placed in a 
cycle, which is 3. © 


gof =(14625)0(1 4 3)(2 6) = (16 5)(2)(3... 


®. To continue the cycle, find the image of 3. We see that f maps 3 
to 1, then g maps 1 to 4, so go f maps 3 to 4. @ 


gof=(14 625)o(1 4 3)(26) = (16 5)(2)(3 4... 


®. Next, we see that f maps 4 to 3, then g fixes 3, so go f maps 4 
to 3. Since 3 is the start of the cycle, the cycle is complete. © 


gof=(14625)o(1 43)(2 6) =(165)(2)(3 4) 


®. All six symbols have now been placed in cycles, so the cycle form 
is complete. © 


go f =(14625)0(1 4 3)(2 6) = (1 6 5)(2)(3 4) = (1 6 5)(3 4). 


Note that if 
f= 43)(26) and g=(1 462 5), 

as in the worked exercise above, then although it is true that 
go f =(14625)0(14 3)(26), 


the expression on the right here is not a cycle form, because the cycles are 
not disjoint — some symbols are repeated. The correct cycle form of go f is 
as found in the worked exercise. 
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The strategy below summaries the method used in Worked Exercise B33. 


Strategy B8 


To find the composite go f of two permutations written in cycle form, 
do the following. 


1. Start with the smallest symbol, 1 say. Find the symbol that is the 
image of 1 under f, then find the image of that symbol under g, 
and write the result, x say, next to 1 in a cycle: 


TER 


2. Starting with the symbol x, repeat the process to obtain the next 
symbol in the cycle. 


3. Continue repeating the process until the next symbol found is the 
original symbol 1. This completes the cycle. 


4. Starting with the smallest symbol not yet placed in a cycle, repeat 
steps 1 to 3 until every symbol has been placed in a cycle. 


5. Usually, rewrite the cycle form omitting the cycles containing a 
single symbol, if there are any. 


When you use Strategy B8, it is not strictly necessary to start each new 
cycle with the smallest symbol not yet placed in a cycle — any symbol not 
yet placed in a cycle will do. However, if you always choose the smallest 
symbol, then the cycle form you obtain will automatically be written in 
the conventional way (that is, with the smallest symbol first in each cycle, 
and with the cycles arranged so that their smallest symbols are in 
increasing order). 


Exercise B86 


Let f = (1 4 3)(2 6) and g = (1 4 6 2 5) be permutations of {1, 2,3, 4,5, 6}, 
as in Worked Exercise B33. Use Strategy B8 to determine each of the 
following permutations in cycle form. 


(a) fog (b) fof (c) gog 


Worked Exercise B33 and Exercise B86(a) illustrate the fact that the order 
in which two permutations are composed is important: for the 
permutations f and g here, 


g°f#fog. 


In general, if f and g are permutations, then the composite permutations 
go f and fog are usually not equal. That is, composition of permutations 
is not commutative (as is true for functions in general). 


Exercise B87 


Let f = (1 3 2 46) and g = (1 4)(3 5) be permutations of {1, 2,3, 4, 5, 6}. 
Determine each of the following permutations in cycle form. 


(a) gof (b) fog (ce) fof (d) gog 


Sometimes we need to find a composite of three or more permutations. 
One way to do this is to deal with the permutations two at a time, using 
Strategy B8. For example, if you want to find a composite ho go f, then 
you can first use Strategy B8 to find go f, and then use it again to find 
ho(gof). 

However, it is more efficient to deal with all the permutations at the same 
time, by adapting Strategy B8. This is demonstrated in the next worked 
exercise. 


Worked Exercise B34 
Determine the cycle form of the following permutation of the set 
11; 2,3,4,5, 6}: 
(1 46)(3 5)0 (1 5 3 2 4) o (1 2)(3 5)(4 6). 


Solution 
®. Start the first cycle of the composite permutation with the 
smallest symbol, 1. ® 

(1 46)(3 5)0(15324)0(1 2)(35)(46)=(1... 


@®. Find the image of 1 under the composite permutation. Remember 
that the permutations are carried out in order from right to left. The 
first permutation maps 1 to 2, the second maps 2 to 4 and the third 
maps 4 to 6: 


n 


1 = 2 >4 > 6 


So the composite permutation maps 1 to 6. © 


(1 46)(35)0(153 24)0(12)(35)(46) =(16... 


®. To continue the cycle, find the image of 6. The first permutation 
maps 6 to 4, the second maps 4 to 1 and the third maps 1 to 4, so the 
composite permutation maps 6 to 4. © 


(14 6)(35)0(1 532 4)0(12)(35)\(46)=(1 64... 
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@®. Next, find the image of 4. The first permutation maps 4 to 6, the 
second maps 6 to itself and the third maps 6 to 1, so the composite 
permutation maps 4 to 1. Since 1 is the start of the cycle, the cycle is 
complete. .® 


(1 4 6)(35)0(15324)0(1 2)(35)(46) =(1 6 4)... 


®. Now start a new cycle with the smallest symbol not yet placed in a 
cycle, which is 2. @ 


(1 4 6)(3 5) 0(15324)o0(1 2)(3 5)(46) =(164)(2... 


®. Find the image of 2. The first permutation maps 2 to 1, the 
second maps 1 to 5 and the third maps 5 to 3, so the composite 
permutation maps 2 to 3. & 


(146)(35)o(15 324)0(12)(35)(46) =(164)(23... 


®. Continue the cycle by finding the image of 3. The first 
permutation maps 3 to 5, the second maps 5 to 3 and the third maps 
3 to 5, so the composite permutation maps 3 to 5. © 


(146)(35)o(1 53 24)o(1 2)(35)(46) = (16 4)(2 35... 


®. Now find the image of 5. The first permutation maps 5 to 3, the 
second maps 3 to 2 and the third fixes 2, so the composite 
permutation maps 5 to 2. Since 2 is the start of the cycle, the cycle is 
complete. © 


(14 6)(35)0(15 32 4)o(1 2)(35)(46) =(16 4)(2 3 5) 


®. All six symbols have now been placed in cycles, so the cycle form 
is complete. © 


(1 4 6)(3 5)0(15 3 2 4) 0 (1 2)(3 5)(4 6) = (1 6 4)(2 3 5) 


Exercise B88 
Determine the cycle form of each of the following permutations of 
11;2,3,4,5,60; T} 
(a) (1 3)(2 4)(5 7 6)o (1 7 6)(2 3)0 (1 7 4 6) 
(b) (17346) o(1 2)0 (3 7) 0 (5 8) 


It is useful to note that any permutation is equal to the composite of its 
disjoint cycles. For example, consider the following permutation of 
{1, 2,3, 4,5,6,7,8,9}, written in cycle form: 


f = (1 3)(2 4 9 6)(5 78). 


Each of the three disjoint cycles in this cycle form is a permutation in its 
own right; for example, (1 3) is the permutation that interchanges the 
symbols 1 and 3 and leaves all the other symbols fixed. Furthermore, the 
overall effect of f is the same as the effect of first performing the 
permutation (5 7 8), then (2 4 9 6) and then (1 3), so f is the composite of 
these three permutations. That is, 


f =(1 3) 6(2496)0(5 7 8), 


In fact, since these three permutations are disjoint cycles, f is their 
composite in any order. We will use the fact that any permutation is equal 
to the composite of its disjoint cycles later in the unit. 


In many texts on group theory, a composite of permutations is called a 
product of permutations, and, accordingly, the operation of forming such a 
composite is denoted by juxtaposition rather than by the symbol o. (To 
juxtapose objects is to place them next to each other.) For example, the 
composite (1 2 3)(4 5) o (2 4) of the two permutations (2 4) and 

(1 2 3)(4 5) would be denoted simply by (1 2 3)(4 5)(2 4). 


In this module, however, we reserve the word ‘product’ for composites of 
disjoint cycles, and we usually retain the use of the symbol o for the 
operation of composition of permutations. 


1.3 Finding the inverse of a permutation 


Since every permutation f is a one-to-one function, it has an inverse 
function f~t, which we call the inverse permutation of f. 


You have seen that every permutation f is made up of disjoint cycles. 
Since the inverse f7} of f undoes what f does — that is, if f maps z to y, 
then fT! maps y to x — it follows that f~! is obtained from f by reversing 
the direction of the disjoint cycles of f. 


For example, consider the permutation f whose disjoint cycles are shown in 
Figure 4(a). The disjoint cycles of its inverse f~! are shown in Figure 4(b). 


(VQ NOAG 


Figure 4 (a) The cycles of a particular permutation f (b) The cycles of f~! 


So we have the following strategy for finding the inverse of a permutation 
written in cycle form. It is illustrated in the worked exercise below for the 
permutation f in Figure 4. 
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Strategy B9 


To find the inverse of a permutation written in cycle form, do the 
following. 


1. Reverse the order of the symbols in each cycle. 


2. Then, usually, rewrite each cycle so that the smallest symbol is 
first. 


Worked Exercise B35 


Determine the inverse of the following permutation of {1, 2,3, 4,5}: 


f = (1 3 4)(2 5). 


You can confirm that the inverse permutation found in Worked 
Exercise B35 is correct by checking that f o f7! = e = f~! o f, that is, 


(1 3 4)(2 5) o (1 4 3)(2 5) = e = (1 4 3)(2 5) o (1 3 4)(2 5). 


Exercise B89 


Write down the inverse of each of the following permutations of 
{1,2,3,4,5,6,7,8}. 
(a) (16425837) (b) (1547)(2 6 8) (c) (1 8)(2 7)(3 5) 


Exercise B90 


Let f and g be the following permutations of {1, 2, 3,4,5,6}: 
f=(12645), g= (13 6)(25 4). 

(a) Write down the following permutations in cycle form. 
(i) gof G) f i) g (iv) (gof)! 

(b) Verify that (go f)"' = f7! o g7}. 


2 Permutation groups 


Permutations have been an object of study for many centuries. For 
example, they appear in India as early as 1150 in the work of 
Bhaskara IT (1114-1185). However, from the point of view of group 
theory, the starting point for their study is a paper 

by Joseph-Louis Lagrange (1736-1813) of 1770/71 on the theory of 
algebraic equations. 


2 Permutation groups 


We now go on to look at some groups whose elements are permutations, 
and some properties of the permutations in these groups. 


2.1 The symmetric group Sn 


We denote the set of all permutations of the set {1,2,3,...,n} by Sn. The 
set Sn forms a group under function composition, as stated and proved 
below. 


Joseph-Louis Lagrange 


Theorem B52 


The set Sn of all permutations of the set {1,2,3,...,n} is a group 
under function composition. 


Proof We check that the four group axioms hold. (The group axioms 
were given in Subsection 3.1 of Unit B1.) 


Let S =41, 2.33 e0cg Tp 
G1 Closure 


We have seen that the composite go f of any two permutations f 
and g of S is itself a permutation of S. That is, for all f, g € Sn, we 
have go f € Sp. 


G2 Associativity 
Function composition is an associative binary operation. 
G3 Identity 


The identity permutation e, which fixes every symbol of S, is an 
identity element in Sn. 

G4 Inverses 
We have seen that each permutation f of the set S has an inverse 
permutation f~t, which is also a permutation of S. (The 
permutations f and f~! satisfy the equation fo f-'=e=f-lof 
by the definition of an inverse function: see the discussion at the end 
of Section 3.4 in Unit Al Sets, functions and vectors.) That is, each 
permutation f € Sp has an inverse fT} € Sp. 


Hence Sp is a group. E 
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In Unit B2 you met the convention that if the binary operation of a group 
(G,o) is clear from the context, then we often refer to the group simply as 
the group G, rather than the group (G,o). We use this convention for the 
group (Sn, °): we usually refer to it simply as the group Sn, with the 
understanding that the binary operation is function composition. 


Definition 
The group Sn of all permutations of the set {1,2,3,...,n} is called 
the symmetric group of degree n. 


Although the symmetric group Sn is defined to be the group of all 
permutations of the set {1,2,3,...,n}, notice that the actual symbols 
being permuted do not matter in the proof of Theorem B52 above, so the 
proof shows that the set of permutations of any set of n symbols forms a 
group under function composition. Sometimes it is useful to take the set of 
n symbols being permuted to be a set other than the usual 

set {1,2,3,...,}, as you will see later. 


The term symmetric group first appeared in English in 1897 in Theory 
of Groups of Finite Order, the classic work of William Burnside 
(1852-1927) and the first treatise on group theory in English. 
Burnside, who began his career at the University of Cambridge, was 
professor of mathematics at the Royal Naval College at Greenwich 
from 1885 until 1919. He was one of the leading group theorists of his 
generation. 


Be careful not to confuse a symmetric group with a symmetry group: 
a symmetry group is a group of symmetries of a figure. 


Also, be careful not to confuse the degree and the order of a symmetric 
group. Its degree is the number of symbols that its elements permute, 
whereas, just as for any group, its order is the number of elements that it 
has. In the next exercise you are asked to find the orders of the symmetric 
groups S3 and S4. 


Exercise B91 


(a) Write down all the elements of the group S3 in two-line form and also 
in cycle form. What is the order of the group $3? 


(b) What is the order of the group $4? 
Hint: Do not attempt to write down all the elements of S4. Instead, 


try to count how many different ways there are to complete the 
bottom row of the two-line form of a permutation of the set {1, 2,3, 4}: 


~ 


The solution to Exercise B91 can be generalised to prove the theorem 
below. Remember that for any positive integer n, we write 


n!=nx(n-1)x.-x2x1. 


This number is called the factorial of n. The notation n! is read as 
‘n factorial’ or ‘factorial m’. 


Theorem B53 


The symmetric group Sn has order n!. 


Proof We count how many different ways there are to complete the 
bottom row of the two-line form of a permutation of the set {1,2,3,...,n}: 


Gaia! 


There are n choices for the symbol to be placed in the first position in the 
bottom row. 


Once we have chosen this symbol, there are only n — 1 symbols still to be 
placed, so there are n — 1 choices for the symbol to be placed in the second 
position. 


Once we have chosen the first two symbols, there are only n — 2 symbols 
still to be placed, so there are n — 2 choices for the symbol to be placed in 
the third position. 


We continue in this way, until, finally, there are 2 choices for the symbol to 
be placed in the (n — 1)th position, and then just 1 choice for the symbol 
to be placed in the nth position. 


The total number of ways to fill in the bottom row is therefore 
nx (n—1)x (n—-2)x---x2x1l=nl. 


That is, the group Sn has order n!. | 


The order of the group Sn grows very quickly as n increases. For example, 


S3| = 3! = 6, 

Sal = 4! = 24, 

Ss| = 5! = 120, 
S¢| = 6! = 720, 
S7| = 7! = 5040, 
Sg| = 8! = 40320. 


(Remember that the order of a group G is denoted by |G|.) 


Even for quite small values of n, the group Sn has many subgroups. 
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Definition 
A permutation group (or group of permutations) is a subgroup 
of the group Sn, for some positive integer n. 


For example, the subset 


{e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} 


of the group 54 is a permutation group, since it is a subgroup of S4, as you 
will see in Subsection 2.4. 


We will find more subgroups of symmetric groups in the next two 
subsections, and we will find all the subgroups of the particular symmetric 
group S4 in Section 5. 


2.2 Cycle structure 


In this subsection we look at the different possible structures of the cycle 
form of a permutation. 


The simplest type of structure is a single cycle, as defined below. 


Definitions 


A permutation whose cycle form consists of a single cycle permuting r 
symbols (with all other symbols fixed) is called an r-cycle or a cycle 
of length r. 


A 2-cycle is also called a transposition. 


For example, in S5, 
the permutation (1 5 2 4 3) is a 5-cycle 
the permutation (1 2 5 3) is a 4-cycle 
the permutation (2 4 5) is a 3-cycle 
the permutations (1 5) and (2 3) are transpositions. 


The following two permutations in S5 have a cycle form that consists of 
more than one cycle: 


the permutation (1 2 5)(3 4) consists of a 2-cycle and a 3-cycle 
the permutation (1 3)(2 4 5) also consists of a 2-cycle and a 3-cycle. 


We say that these two permutations have the same cycle structure in Ss. 


Definition 
Two permutations in S, have the same cycle structure if their 


cycle forms contain the same number of disjoint r-cycles for each 
natural number r. 
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For example, in Sg, the permutations 
(1 2 4)(3 8)(56) and (1 7)(2 8 3)(4 5) 


have the same cycle structure, since each consists of a 3-cycle, two 2-cycles 
and a 1-cycle (the 1-cycle is for the fixed symbol that does not appear in 
the cycle form). On the other hand, the permutations 


(263)(48) and (18)(23)(467) 


in Sg have different cycle structures, since, for example, the first 
permutation has just one 2-cycle whereas the second has two. 


The concept of cycle structure is useful when we want to determine all the 
permutations in S, in cycle form for a particular value of n. We can start 
by working out which cycle structures are possible. 


Worked Exercise B36 


Write down all the possible cycle structures in $3, and list all the 
permutations in S3 with each cycle structure. 


In Worked Exercise B36 we could have written the cycle structure of the 
identity permutation e as (—)(—)(—), but it is more convenient just to 
write e. 


Exercise B92 


Write down all the possible cycle structures in $4, and give one 
permutation with each cycle structure. 


Exercise B93 


Find as many cycle structures as you can in $5, and write down one 
permutation with each cycle structure you find. 
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Figure 5 Mapping each 
symbol round a cycle (a) by 


two places (b) by three places 


(c) by four places 
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2.3 Order of a permutation 


In Unit B2 you saw that the order of an element x of a group (G,0°) is the 
smallest positive integer n such that x” = e. In this subsection we will look 
at how we can determine the order of a permutation in Sn. 


Let us start by investigating the order of a permutation that consists of a 
single cycle. Consider, for example, the following 5-cycle in S¢: 


f=(13246). 


We can find the order of f by evaluating f°, f°, ..., until we reach the 
identity permutation e. (Remember that f? denotes f o f, and f? denotes 
fofof, and so on.) These powers of f can be found by using the usual 
method for composing permutations, but there is a quicker way: they can 
be read from the cycle form of f. 


For example, the permutation f? is obtained by applying f twice to each 
symbol, which amounts to mapping each symbol to the symbol two places 
around the cycle, as shown in Figure 5(a). 


Therefore 
fP =(12634). 
(The symbol 5 is fixed by f and by any power of f.) 


Similarly, f maps each symbol to the symbol three places around the 
cycle, as shown in Figure 5(b). 


Therefore 

f= 1436 2). 
Applying f four times maps each symbol to the symbol four places around 
the cycle (or, equivalently, one place backwards), as shown in Figure 5(c). 
Therefore 


f° =(16 423). 


Applying f five times maps each symbol to the symbol five places around 
the cycle; that is, f° maps each symbol to itself, so 


Pee 
Hence f has order 5. 


In general, for any cycle in any symmetric group Sn, we have the following 
result. 


Theorem B54 


An r-cycle has order r. 


Proof Consider an r-cycle f = (a, a2 ... ap). To prove that f has 
order r, we need to show that f” = e and also that f* Æ e for any positive 
integer k <r. 


The permutation f” (r applications of f) takes each symbol r places 
around the cycle; that is, back to itself. Thus f” fixes each symbol, 
so f" =e. 

Also, for each positive integer k < r, the kth power of f takes each 
symbol k places around the cycle to a different symbol. Thus f* Æ e. 


It follows that the order of f is r. E 


Exercise B94 


Verify Theorem B54 when f is the 6-cycle (1 6 3 7 5 2) in S7, by finding 
powers f* of f for k = 1,2,3... until you reach the identity permutation. 


Now let us look at the question of how to determine the order of a 
permutation that consists of more than one disjoint cycle. Consider, for 
example, the following permutation f in So: 


f = (1 2)(3 45 6)(7 8 9). 


Since, for any positive integer k, the kth power f* of f moves each symbol 
k places around the cycle of f in which it lies, we can deduce which 
symbols are fixed by the various powers of f, as follows: 

1 and 2 are fixed by the 2nd, 4th, 6th, 8th, 10th, 12th, ... powers of f 

3, 4, 5 and 6 are fixed by the 4th, 8th, 12th, ... powers of f 

7, 8 and 9 are fixed by the 3rd, 6th, 9th, 12th, ... powers of f. 


The smallest positive power of f that fixes all nine symbols is the 12th 
power, so f has order 12. 


The answer 12 here is the least common multiple of the lengths 2, 3 and 4 
of the cycles of f. Remember that the least common multiple of a set 
of non-zero integers is the smallest positive integer that is divisible by each 
number in the set. 


The order of any permutation can be worked out in a similar way. So we 
have the following general result. 


Theorem B55 


The order of a permutation is the least common multiple of the 
lengths of its cycles. 
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Write down the order of the permutation 


(148569)(23 7). 


Write down the order of each of the following permutations. 
(a) (3 5 4 9)(1 6)(2 7) (b) (15 9)(2 837 4) 


(c) (12)(39)(48)(567) (d) (159)(2 46) 


As you saw in Unit B2, an element f of order n in a group G generates a 
cyclic subgroup (f) of order n, given by 


ene e 


Find the elements of the cyclic subgroup ((1 2 3)) of S4. 


Find the elements of each of the following cyclic subgroups of Ss. 
(a) (1523) Œ) ((1 4 2)(3 5) 
eet 
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Exercise B97 


Show that the set S = {e, (1 5 6), (1 6 5)} is a subgroup of S6. 


2.4 Representing symmetries as 
permutations 


In Unit B1 you saw that the symmetries of any figure F in R? or R? form 
a group under function composition, called the symmetry group of F and 
denoted by S(F’). You saw that if F is a polygon or polyhedron then by 
labelling its vertex locations we can represent its symmetries as two-line 
symbols. 


For example, consider the square with its vertex locations labelled with the 
symbols 1, 2, 3 and 4 in the usual way, as shown in Figure 6. With this 
labelling we can represent the symmetries a and s, for instance, of the 
square by 


_f1 234 a (1234 
OAS aay! M Ne Ae O° 
Since the two-line symbols that represent the symmetries of the square are 
permutations of the set {1,2,3,4} in two-line form, they are elements of 


the symmetric group S4. So we can also write them in cycle form. For 
instance, for the two symmetries above we have 


Figure 6 S( 
a=(1234) and s= (24). 
Cycle form is usually more convenient than two-line symbols for 
representing the symmetries of a figure. For example, the cycle forms 
above for the symmetries a and s of the square make it obvious that a 
maps the four vertices of the square round in a cycle, and that s 
interchanges the vertices at locations 2 and 4 and fixes the vertices at 
locations 1 and 3. So we will use cycle form rather than two-line symbols 
to represent elements of symmetry groups from now on. 


When we want to write down the cycle form of a symmetry of a figure we 
can do so directly, rather than first writing it as a two-line symbol and 
then converting it. For example, we can see from Figure 6 that the 
symmetry r of the square interchanges the vertices at locations 1 and 4 
and also interchanges the vertices at locations 2 and 3, so 


r= (1 4)(2 3). 
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All the symmetries of the square are listed in cycle form in Table 1, along 
with their orders. The orders of these symmetries were found in Unit B1, 
but notice that we can also find them directly from the cycle forms using 
Theorem B55. For example, the symmetry r consists of two 2-cycles, so its 
order is the least common multiple of 2 and 2, which is 2. 


Table 1 The symmetries in S(O) in cycle form 


Symmetry Order 
e 1 
l a= (1 23 4) 4 
Rotations 
b = (1 3)(2 4) 2 
c= (1432) 4 
f=(1 423) 2 
: s = (24) 2 
Reflections 
t= (1 2)(3 4) 2 
u = (1 3) 2 


As you saw in Unit B1 (with two-line symbols), we can compose 
symmetries of the square by composing the permutations that represent 
them. Since the symmetries of the square form a group, it follows that the 
eight permutations in Table 1 form a subgroup of the group S4. So S(O) 
can be regarded as a subgroup of S4. 


Similarly, if we label the vertex locations of the equilateral triangle with 
the symbols 1, 2 and 3, then the permutations of these symbols that 
represent the symmetries of the triangle form a subgroup of the group 53. 
So S(A) can be regarded as a subgroup of S3. (In fact, since also S(A) and 
S3 have the same order, S(A) can be regarded as being equal to S3.) 


The same is true in general: if a figure has n vertices and we label the 
locations of these vertices with the symbols 1,2,...,n, then the 
permutations of these symbols that represent the symmetries of the figure 
form a subgroup of the group Sn. 


Exercise B98 


Write down in cycle form all the symmetries of the equilateral triangle, 
when the triangle is labelled in the usual way, as shown in Figure 7. State 
the order of each symmetry. 
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r 
Exercise B99 cre 
4 
Write down in cycle form all the symmetries of the rectangle, when the s 7 
rectangle is labelled in the usual way, as shown in Figure 8. State the ii Ç 
order of each symmetry. 
2 3 


Exercise B100 


Figure 8 S(5) 


Write down in cycle form all the symmetries of the labelled regular 
hexagon shown below, and state the order of each symmetry. You do not 
need to use letters to denote the symmetries. 


1 6 


We can often use permutations to represent the symmetries of a plane 
figure even if it is not a polygon, as illustrated by the following exercise. 


Exercise B101 


Write down the permutations in S3 that represent the symmetries of the 
following labelled figure. 


1 


Now consider Exercise B99 again, in which the vertex locations of the 
rectangle were labelled with the symbols 1, 2, 3, 4 in the usual way, and 
the symmetries of the rectangle were represented as permutations of these 
symbols. These permutations form a subgroup of the symmetric group S4. 
Suppose now that we introduce a fifth symbol, 5, but do not use it to label 
anything. Then we can regard the permutations representing the 
symmetries of the rectangle as permutations of the symbols 1, 2, 3, 4, 5, 
with all of the permutations fixing the symbol 5. So the permutations then 
form a subgroup of the symmetric group S5. 


In the same way, we can choose any four symbols from the five symbols 1, 
2, 3, 4, 5, use them to label the vertex locations of the rectangle, and hence 
obtain a subgroup of the symmetric group S5. Each permutation in this 
subgroup fixes the symbol not used as a label. This is illustrated in the 
next exercise. 
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Find a subgroup of the symmetric group S5 by writing down in cycle form 
all the symmetries of the rectangle when it is labelled as shown below. 


1 5 


We can use the same idea to obtain a subgroup of the symmetric group Se. 
We label the vertices of the rectangle with four symbols from the 
set {1,2,3,4,5,6} and regard the other two symbols as fixed. 


In general, if we label the vertex locations of a figure with some or all of 
the symbols from the set {1,2,...,n}, then the permutations of these 
symbols that represent the symmetries of the figure form a subgroup of the 
symmetric group Sn. Any symbols in {1,2,...,n} that are not used to 
label the figure are taken to be fixed. Later in the unit we will use this 
idea to find some of the subgroups of the symmetric group S4. 


So far we have represented the symmetries of a figure as permutations by 
labelling the vertex locations of the figure. However, we can represent the 
symmetries of a figure as permutations in other ways, by labelling the 
locations of other features of the figure, such as its edges. 


Exercise B103 


The edge locations of a rectangle are labelled 1, 2, 3 and 4 as shown below. 

P Write down, in cycle form, the four elements of the group S(q) when they 
@ are expressed as permutations of these four symbols. (The non-identity 

| C elements of S(-) are shown in Figure 9.) 


1 


Figure 9 S(-) 3 4 


We can represent the symmetries of a figure in R? by permutations in cycle 
form in the same way as the symmetries of a plane figure. As with plane 
figures, the symmetries of a figure in R? form a group, so when they are 
represented by permutations they form a subgroup of a symmetric group. 


The next worked exercise involves the symmetries of the double 
tetrahedron, which is the solid formed by sticking together two regular 
tetrahedrons of the same size, as illustrated in the worked exercise. 
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Remember from Unit B1 that the direct symmetries of a figure in R? are 
those that can be demonstrated physically with a model of the figure; for a 
bounded figure these are the rotations. The symmetries that cannot be 
demonstrated physically with a model are the indirect symmetries. By 
Theorem B22 in Unit B1, if a figure in R? has a finite number of 
symmetries, then either all the symmetries are direct, or half of the 
symmetries are direct and half are indirect. If there are indirect 
symmetries, then they can all be found by composing any fixed indirect 
symmetry with all of the direct symmetries. 


Worked Exercise B39 


Write down the permutations in Ss that represent the symmetries of the 
labelled double tetrahedron illustrated below. 


4 


Solution 


®. First we determine how many symmetries the double tetrahedron 
has. There are six ways to pick it up and replace it to occupy its 
original space: we can rotate it about the vertical line through the 
vertices at locations 4 and 5, as shown on the left below, through 
angles of 0, 27/3 or 47/3, and we can turn it upside down and then 
do the same three rotations. Thus the double tetrahedron has six 
direct symmetries. It also has at least one indirect symmetry, such as 
reflection in the plane through the vertices at locations 1, 2 and 3, as 
shown on the right below. Since any figure with at least one indirect 
symmetry has the same number of indirect symmetries as direct 
symmetries, the double tetrahedron has 6 indirect symmetries and 
hence it has 12 symmetries altogether. 


<D <> 


5 5 
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To find these symmetries we could first find all the direct symmetries, 
and then compose them all in turn with the indirect symmetry 
mentioned above. However, there is a slightly simpler way to proceed 
for this particular solid. We can observe that each symmetry of the 
equilateral triangle with vertices labelled 1, 2 and 3 in the middle of 
the solid gives a symmetry of the whole solid, and that each of these 
symmetries, when composed with the reflection in the plane in which 
this triangle lies, gives another symmetry of the whole solid. 


The symmetries of the first type are represented by the permutations 
in the first column below. To obtain the permutations that represent 
the symmetries of the second type, we compose each of the 
symmetries in the first column with the transposition (4 5), which 
represents the reflection in the horizontal plane containing the 
triangle. This gives the symmetries in the second column below. Since 
we have found 12 different symmetries, these are all the symmetries of 
the double tetrahedron. © 


The symmetries of the double tetrahedron are represented by the 
following permutations in S5. 


In the next exercise you are asked to find the symmetries of the double 
tetrahedron when its face locations are labelled. 


Exercise B104 


Write down the permutations in Sg that represent the symmetries of the 
double tetrahedron when its face locations are labelled as shown below. 


3 


6 


Hint: You can proceed as in Worked Exercise B39, though finding the 
composites involves a little more work. 
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In Worked Exercise B39 we represented the symmetry group of the double 
tetrahedron as a subgroup of S5, by labelling the vertex locations, and 
then in Exercise B104 we represented the same symmetry group as a 
subgroup of S6, by labelling the face locations. We could also represent the 
same symmetry group as a subgroup of Sy by labelling the edge locations, 
as shown in Figure 10. 


This illustrates that different permutation groups representing the same 


symmetry group may involve different numbers of symbols being Figure 10 The double 
permuted. The orders of these different permutation groups (that is, the tetrahedron with its edges 
number of elements that they contain) must be the same, of course. labelled 


The material in the blue box below is rather more complicated than in 
most of them, but you may find it interesting. Remember that the 
material in all the blue boxes is optional. 


Permutations and bell ringing 


The bells of a church ring with different pitches. Each bell is rung by 
pulling a rope to swing it, but there is a minimum time interval 
between successive strokes of the same bell, so bell ringers cannot play 
tunes. Instead, they often aim to ring a sequence in which each bell 
rings exactly once, then another such sequence with the bells in a 
different order, then another, and so on, until they have rung a 
number of such sequences, all different, in some sort of pattern. 
Ideally the pattern should be one that is not too hard for the bell Church bells 
ringers to remember. The order of the sequences in the pattern must 
be such that each bell changes by at most one place from each 
sequence to the next, to avoid the interval between successive rings of 
the same bell being less than the minimum possible. 


For example, suppose there are three bells, A, B and C. Then there 
are six possible sequences of bells (since 3! = 6), as follows: 


ABC, ACB, BAC, BCA, CAB, CBA. 


Here is a suitable order for ringing the three bells, which includes all 
six possible sequences; such an order is known as an extent. The 
coloured lines trace the changes in place of each bell. You can see that 
each bell changes by at most one place from each sequence to the next. Bell ringers 
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For larger numbers of bells it becomes harder to find an extent, but 
we can use group theory to help us do it. 


Here is how we can think of the extent for three bells above in terms 
of group theory. To get from the first sequence to the second, we swap 
the bells in places 1 and 2; that is, we apply the transposition of 
places (1 2). In fact, the only permutations of places allowed from one 
sequence to the next in the extent are the transpositions (1 2) and 

(2 3), since anything else involves a bell changing by more than one 
place. In the extent these two transpositions are applied alternately, 
as shown below. 


Sequence of Transposition 


bells applied 
A B C 
>X< | 
B A C (12) 
| DG 
B C A (2 2) 
Pa | 
CB A (12) 
| x< 
a z (2 3) 
A © IB (E2) 


The second sequence of the extent is obtained from the first sequence 
by applying the transposition (1 2), but we can also determine how 
each of the other sequences is obtained from the first sequence, as 
follows. 


The third sequence is obtained by applying the transposition (1 2) 
followed by the transposition (2 3); that is, by applying the 
permutation 


(2 3) o (1 2) = (1 3 2). 


Similarly, the fourth sequence is obtained by applying (1 2) followed 
by (2 3) followed by (1 2); that is, by applying 


(1 2)0(23)0(1 2) =(13). 


The table below shows the permutation of places obtained in this way 
corresponding to each sequence in the extent. The six permutations of 
places are all different, corresponding to the fact that the sequences 
they give are all different. Thus the six permutations of places are the 
six elements of the symmetric group S3. 


Sequence of Transposition Permutation 


bells applied from start 
ABRE e 
a (12) (12) 
r A (2 3) (32) 

a Po (12) (aes) 
Nes B (2 3) (122) 

A C B (12) (2 3) 


For four bells, the only permutations of places allowed from one 
sequence to the next are (1 2), (2 3), (3 4) and (1 2)(3 4). The table 
below shows a partial extent for four bells, in which the permutations 
(2 3) and (1 2)(3 4) are applied alternately. Its pattern is similar to 
that of the extent for three bells above, as you can see from the 
coloured lines. However, it includes only eight of the 4! = 24 possible 
sequences of four bells. (Applying (2 3) to the final sequence gives the 
first sequence again.) The corresponding eight permutations of places 
are in fact the elements of the group S(O), when the square is labelled 
as shown on the right below. 


Sequence of Permutation Permutation 


bells applied from start 
nee Cee e 
B A JD C (1 2)(3 4) (G DS 4A) 
| FS | 1 3 
B DATO (25) (1 34 2) 
>< S 
1 E (1 2)(3 4) (1 4) 
D CG IB A (2 3) (1 (2 2) 2 4 
E aS 
T a (1 2)(3 4) (G D2 4) 
C TAT DPI B (2 3) (1243) 
L >< 
Al CIB ID. (1 2)(3 4) (2 3) 


In Book E you can see how the idea of cosets can be used to extend 
the partial extent above to give a full extent for four bells, that is, one 
that includes all 24 sequences. 


For larger numbers of bells — churches commonly have six bells or 
eight bells — it would take a long time to ring a full extent: about 25 
minutes for six bells, and about 24 hours for eight bells! So bell 
ringers usually ring partial extents. However, a full extent on eight 
bells was rung by a single team at Loughborough Bell Foundry in 
1963, taking about 18 hours. 
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(Note that usually numbers are used to represent bells and letters to 
represent places, but in the discussion above these notations have 
been swapped to fit more naturally with the theory in this unit.) 


3 Even and odd permutations 


In this section you will see that, for any integer n > 2, the set Sn of all 
permutations of the set {1,2,3,...,n} splits naturally into two classes of 
permutations, known as even permutations and odd permutations. Before 
you can see why, you need to learn how to express every permutation in a 
particular way — namely as a composite of transpositions. 


3.1 Expressing a permutation as a 
composite of transpositions 


As you saw in the previous section, a transposition is a 2-cycle, that is, a 
permutation that interchanges two symbols and leaves all the others fixed. 
For example, in the symmetric group S4, which consists of all 
permutations of the set {1,2,3,4}, the transposition (2 4) interchanges the 
symbols 2 and 4 and leaves the symbols 1 and 3 fixed. 


In the next exercise you are asked to find some composites of 
transpositions. You saw how to compose permutations in Subsection 1.2. 
Remember that when you compose permutations (and transpositions in 
particular), the order of composition is important. For example, 


(1 3)o(1 2) = (123), 
whereas 
(1 2)6 (13) =(1 32). 


(In contrast, the order of the cycles in the cycle form of a permutation 
does not matter, but this is because those cycles are disjoint.) Remember, 
too, that we compose permutations starting with the right-most 
permutation. For example, the composite permutation 


(1 4) 0 (1 3) o (1 2) 


(1 2) followed by (1 3) followed by (1 4). 


3 Even and odd permutations 


Exercise B105 
(a) Determine the following composites of transpositions in S4. 
(i) (1 4)o(1 2) (ii) (1 3)0(1 2) 0(1 4) (iii) (3 1)0(3 4)0 (3 2) 


(b) Can you see a pattern in the solution to part (a)? If so, express each 
of the cycles (1 4 3) and (1 4 3 2) as a composite of transpositions. 


The pattern discovered in the solution to Exercise B105 is generalised in 
the following strategy. A justification of why the strategy works is given at 
the end of this subsection. 


Strategy B10 


To express a cycle (a) a2 a3 ... ap) as a composite of transpositions, 
do the following. 


Write the transpositions 


(a1 a2), (a1 as), (@1 a4), ---, (@1 ar) 
in reverse order and form their composite. That is, 


(© G2 a3.-- Gp) = (a1 a,) o (a a=) 0--- 0 (ay a3) (n ag). 


Worked Exercise B40 


Express the following cycles in S5 as composites of transpositions. 
(a) (2435) (b) (1325 4) 


Exercise B106 


Use Strategy B10 to express the following cycles in $7 as composites of 
transpositions. 


(a) (15273) (b) (237546) (c) (1234567) 
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Notice that Strategy B10 does not produce a unique expression for a cycle 
as a composite of transpositions. For instance, (2 4 3 5) and (4 3 5 2) are 
the same 4-cycle, but with a different symbol in the first position. The 
strategy gives the following alternative expressions as composites of 
transpositions: 


(243 5) = (2 5) o (2 3) o (2 4) 
= (4 3 5 2) = (4 2) o (4 5) o (4 3). 
However, for any particular cycle, the strategy always produces an 


expression with the same number of transpositions, as illustrated in the 
next exercise. 


Exercise B107 


How many transpositions do you obtain if you use Strategy B10 to express 
each of the following as a composite of transpositions? 


(a) A 4-cycle. (b) A 5-cycle. (c) An r-cycle (for r > 2). 


Although Strategy B10 is a method for expressing any cycle as a 
composite of transpositions, we can use it to express any permutation as a 
composite of transpositions, as demonstrated next. 


Worked Exercise B41 


Express the permutation (1 9)(2 3 6 7)(4 8 5) as a composite of 
transpositions. 


Thus we have the following theorem. 


Theorem B56 


Every permutation can be expressed as a composite of transpositions. 


Proof A permutation in cycle form can be expressed as a composite of 
transpositions by applying Strategy B10 to each of its cycles. E 


Exercise B108 


Express each of the following permutations in Sg as a composite of 
transpositions. 


(a) (183)(2657) (b) (17)(268)(3 45) 


To end this subsection, here is a proof that Strategy B10 works. 


Theorem B57 
If a1, a2,...,a@, are symbols (where r > 2), then the composite of 
transpositions 

(ai Te) O (ai Gr—1) ONO (ay a3) (6) (ay a2) 


is equal to the cycle 


(ay ao a3.. Gp) 


Proof We can check this by finding the cycle form of the composite of 
transpositions in the usual way. 


First we consider the symbol a1. The first transposition (a; a2) maps a1 
to a2 and the remaining transpositions map ag to itself, so the composite 
maps a1 to ao. 


Now we consider any symbol a, where 2 < s < r—1 (we consider a, later). 
We see that 


e each of the transpositions 


(ai a2), (a1 a3), «+25 (a1 as—1) 
maps a, to itself 
e the next transposition (a, as) maps as to a 
e then the next transposition (a; as41) maps a1 to as+1 


e and each of the remaining transpositions 


(ai as+2), ae (a1 ar) 
maps a;+1 to itself. 
Hence the composite maps a, to as+1. 


It remains to find the image of ap. The symbol a, is mapped to itself by all 
the transpositions except the final one (a; ar), which maps a, to a1. Hence 
the composite maps ar to a1. 


Thus the cycle form of the composite of transpositions is the cycle 
(a1 a2 a3 ... ar), as required. | 
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3.2 Parity of a permutation 


A permutation can be expressed as a composite of transpositions in many 
different ways, not all of which arise from the method that you saw in the 
previous subsection. The different ways do not all contain the same 
number of transpositions. For example, here are a few ways of expressing 
the 3-cycle (1 2 3) in S3 as a composite of transpositions: 


(123)=(1 2) 

3) 

3) 

2) o (2 3) o (1 2) 

2) o (2 3) o (3 1) o (3 2) o (2 1) o (2 3). 


You can check that each of these expressions is equal to (1 2 3) by 
composing the transpositions. Notice that each of the expressions involves 
an even number of transpositions. 


O 


O 


3)o (1 
2) o (2 
3)o (1 
3)o (1 


O 


(1 
= (2 
= (2 
=l 


It turns out that if a permutation can be expressed in one way as a 
composite of an even number of transpositions, then every way of 
expressing it as a composite of transpositions involves an even number of 
transpositions. Similarly, if a permutation can be expressed in one way as 
a composite of an odd number of transpositions, then every way of 
expressing it as a composite of transpositions involves an odd number of 
transpositions. In other words, we have the following result. 


Theorem B58 Parity Theorem 


A permutation cannot be expressed both as a composite of an even 
number of transpositions and as a composite of an odd number of 
transpositions. 


A proof of this theorem is given at the end of this section, in 
Subsection 3.4. 


The theorem tells us that permutations can be classified into two kinds, 
which we call odd permutations and even permutations, as defined below. 


Definitions 


A permutation is even if it can be expressed as a composite of an 
even number of transpositions. 


A permutation is odd if it can be expressed as a composite of an odd 
number of transpositions. 


The evenness/oddness of a permutation is called its parity. 


For example, the permutation (1 2 3 4) in the group S4 is odd, since 
(1234) =(14)0(13)0(1 2). 

This equation shows that (1 2 3 4) can be expressed in one way (and 

therefore in every way) as a composite of an odd number of transpositions. 

On the other hand, the permutation (1 3 5 4 2) in S5 is even, since 
(13542) =(12)0(14)0(15)0(13). 

This equation shows that (1 3 5 4 2) can be expressed in one way (and 

therefore in every way) as a composite of an even number of transpositions. 


Note that a transposition is an odd permutation, since it is a composite of 
one transposition, namely itself. 


The identity permutation e is an even permutation, because it can be 
expressed as a composite of two transpositions, such as 


e= (1 2)o (1 2). 


(Alternatively, you may regard e as a composite of no transpositions; and 0 
is even.) 


Also, an r-cycle is a composite of r — 1 transpositions, as found in the 
solution to Exercise B107(c), so an r-cycle is an even permutation when r 
is odd and an odd permutation when r is even. 


These facts are collected together in the following theorem. 


Theorem B59 
In the group Sn, 


an even permutation, ifr is odd, 


an r-cycle is i ree 
an odd permutation, ifr is even. 


In particular, a transposition is an odd permutation and the identity 
permutation is an even permutation. 


Exercise B109 


(a) Determine whether each of the following permutations in S¢ is even or 
odd: 


(1253), (16254). 


(b) Use the solution to Exercise B108 to classify each of the following 
permutations in Sg as even or odd: 


(183)(2657), (17)(268)(345). 
(c) Determine the parity of the permutation (1 8 2 7 6)(3 5 9 4). 


3 Even and odd permutations 
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Notice that if f and g are permutations in Sn, then the parity of go f can 
be deduced directly from the parities of f and g. For example, if f and g 
are both even, then we can replace each of the permutations f and g in 
go f by a composite of an even number of transpositions: this gives an 
expression for go f as an even number of transpositions, so g o f is even. 


In general, for any permutations f and g in Sn, we can deduce the parity 
of go f from the parities of f and g by using the fact that the addition of 
even and odd integers has the pattern in the table below. 


+ even odd 


even | even odd 
odd | odd even 


Thus if f and g are both even or both odd, then go f is even, whereas if f 
and g have different parities, then go f is odd. 


These observations enable us to find the parity of a permutation without 
having to write out any transpositions. 


Worked Exercise B42 


Determine the parity of the following permutation in Sg: 


(1 23 4)(5 6)(7 8 9). 


In Worked Exercise B42 we worked out the parity of a composite of 
disjoint cycles by finding the parity of each cycle and deducing the overall 
parity. We can use the same method to work out the parity of any 
composite of permutations — it does not matter whether the cycles that 
form the composite are disjoint or not. 


3 Even and odd permutations 


Determine the parity of the following composite in S¢: 


(1 2 4)(3 5) 0 (1 3)(2465)0(152634). 


The ideas illustrated in Worked Exercises B42 and B43 are collected in the 
following general strategy. 


Use Strategy B11 to determine the parity of each of the following 
composite permutations in Ss. 


(a) (124)(35)0(152) (b) (12.4) 0(1.3)(25 4)0 (1 23 4) 
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You may have noticed from Worked Exercise B43 and Exercise B110 that 
steps 2 and 3 of Strategy B11 together amount to the following rule: if the 
number of cycles of even length (that is, the number of cycles that are odd 
permutations) is 


even, then the permutation is even, 


odd, then the permutation is odd. 


However, it is probably more helpful to remember the steps of 
Strategy B11 rather than this rule. 


In the discussion above you saw how to deduce the parity of a composite 
permutation go f from the parity of the individual permutations f and g. 
We can also deduce the parity of an inverse permutation f—! from the 
parity of the original permutation f, using the following simple result. 


Theorem B60 


A permutation and its inverse have the same parity. 


Proof A permutation and its inverse have the same cycle structure, 
because we obtain the inverse by writing each cycle of the permutation in 
reverse order. Since it is the cycle structure alone that determines the 
parity of a permutation, it follows that a permutation and its inverse have 
the same parity. | 


An alternative way to prove Theorem B60 is to consider the parities of the 
permutations in the equation f o f~! = e. We know that e is even, so f 
and f~! must have the same parity, because otherwise f o f~! would be 
the composite of an even permutation and an odd permutation and hence 
would be odd. 


3.3 The alternating group A,, 


We denote the set of all even permutations of the set of symbols 
{1,2,3,...,n} by An. Thus A, is a subset of Sn. 


In fact, A, is a subgroup of Sn, as shown below. 


Theorem B61 


The set An of all even permutations of the set {1,2,3,...,n} isa 
subgroup of the symmetric group Sy. 


3 Even and odd permutations 


Proof We check that the three subgroup properties SG1, SG2 and SG3 
hold. (These are given in Theorem B24 of Unit B2.) 


SG1 Closure We have seen that the composite of two even 
permutations is an even permutation. That is, for all f, g € An, the 
composite go f is in An. 


SG2 Identity The identity permutation e is even, so e is in An. 


SG3 Inverses We have seen that a permutation and its inverse have the 
same parity. In particular, the inverse of an even permutation is itself 
an even permutation. That is, for each f € An, its inverse f—! is 
in Ap. 


Thus A, satisfies the three subgroup properties, and so is a subgroup 
of Sn. E 


Definition 
The group Án of all even permutations of {1,2,...,n} is called the 
alternating group of degree n. 


The term alternating group was introduced in 1873 by Camille Jordan 
(1838-1922), whose contribution to group theory has already been 
mentioned in Unit B2. Jordan, who studied mathematics at the Ecole 
Polytechnique in Paris, trained as an engineer and continued in that 
profession, at least by name, until 1885. It was while working as an 
engineer that he did most of his mathematical research, publishing 
papers on a wide variety of topics ranging from topology to 
mechanics, as well as in group theory, the subject in which he was 
seen as the undisputed master for forty years. 


Exercise B111 


List the elements of the alternating group A3, and hence state the order of 
this group. (The elements of the symmetric group S3 were found in 
Worked Exercise B36.) 


Camille Jordan 
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Now let us find the elements of the alternating group Ay. The cycle 
structures in the symmetric group S4 (found in the solution to 
Exercise B92) are 


e, (—-), ( b ( js Jae =) 


Their corresponding parities are, respectively, 


even, odd, even, odd, odd + odd = even. 
So the possible cycle structures in A, are 


e ( ye eS) 


The symbols in the cycles are from the set {1,2,3, 4}. 


For the cycle structure (— — —), there are four choices for the three 
symbols that appear in the 3-cycle, namely {1,2,3}, {1,2,4}, {1,3,4} and 
{2,3,4}. For each of these four choices of symbols, there are two 3-cycles 
containing the three symbols. For example, the two 3-cycles containing the 
symbols 1, 2 and 3 are (1 2 3) and (1 3 2), because we can assume that the 
smallest symbol, 1, is placed first in each cycle, and there are then two 
different ways to place the other two symbols in the other two places. 


There are three elements of A4 with the cycle structure (— —)(— —), 
namely (1 2)(3 4), (1 3)(2 4) and (1 4)(2 3), because there are three 
choices for the symbol that is in the same transposition as the symbol 1, 
and the other two symbols must then be in the other transposition. 


Thus the elements of A, are as listed in Table 2. 
Table 2 The elements of the alternating group A4 


Cycle structure Number of permutations Elements of A4 


e 1 e 


= 8 123), 
124), (142 
134), (143 


(123), (13 2), 
(124), ( 
(134), ( 
(234), (243 
(1 2)(3 4) 
(1 3)(2 4) 
(1 4)(2 3) 


, 


) 
), 
) 
) 


ks 


, 


Table 2 shows that the order of the alternating group Aq is 1 +8 +3 = 12. 
This is exactly half of the order of the symmetric group S4, which is 

4! = 24. Similarly, as you saw in Exercise B111, the order of the alternating 
group Ag3 is 3, and this is exactly half of the order of the symmetric 

group S3, which is 3! = 6. In fact, for every integer n > 2 the order of the 
alternating group An is half of the order of the symmetric group Sn. In 
other words, since the symmetric group Sn has order n! (by Theorem B53), 
the alternating group An has order 3(n!). This is stated and proved below. 


3 Even and odd permutations 


Theorem B62 


For each integer n > 2, the alternating group An has order $(n!). 


Proof Suppose that S;, has r even permutations and s odd permutations. 
We will establish that r = s by showing that both r < s andr > s. 


To prove that r < s, suppose that the r even permutations in Sn are 
fi, fo, f3,..., fr, and consider the r permutations 


(l2)ofi, (2)ofo, (L2)ofs, ..., (L2)ofr. 


These permutations are all odd, since each is the composite of a 
transposition with an even permutation. 


Moreover, these r permutations are distinct, because if 
(1 2)0 fi= (1 2)0 fj, 

then, by the Left Cancellation Law in the group Sn, 
fi = fj. 


So we have found r odd permutations in Sn. It follows that s, the total 
number of odd permutations, is greater than or equal to r; that is, r < s. 


A similar argument shows that if the s odd permutations in S} are 
915 92, 93,- --, gs, then the s permutations 


(12)og, (12)ogə, (12)0g3, ..., (12)ogs 
are distinct even permutations in Sn, SO r > s. 
It follows that r = s, so exactly half the permutations in Sn are even. 


Since S,, has order n!, it follows that A, has order 4(n!). El 


3.4 Proof of the Parity Theorem (optional) 


This subsection provides a proof of the Parity Theorem. The material in 
this subsection will not be assessed. 


Theorem B58 Parity Theorem 


A permutation cannot be expressed both as a composite of an even 
number of transpositions and as a composite of an odd number of 
transpositions. 
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The proof of the Parity Theorem depends on considering the number of 
cycles in the cycle form of a permutation, including any 1-cycles, which are 
usually omitted from the cycle form. We will refer to this number as the 
cycle number of the permutation. For example, the permutation 


(1 4 3)(2 5)(6 7 8 9) 

in Sg has cycle number 3, and the permutation 
(1 4 3)(2 5)(6 7) 

in Sg has cycle number 5, since 
(1 4 3)(2 5)(6 7) = (1 4 3)(2 5)(6 7)(8)(9). 


The main fact needed for the proof is as follows. Suppose that f is a 
permutation in Sn and t = (a b) is a transposition in Sn. Then the cycle 
numbers of f and to f always differ by 1. If the symbols a and b lie in the 
same cycle in the cycle form of f, then composing with t = (a b) cuts this 
cycle into two cycles; whereas if they lie in different cycles (possibly 
1-cycles), then composing with t = (a b) joins these two cycles into one 
cycle. This is illustrated in the following exercise. 


Exercise B112 


For each of the following permutations f in $7, write down the cycle 
number of f. Then find to f in cycle form, where t is the transposition 
(1 2), and write down the cycle number of to f. 


(a) (1452367) (b) (143)(2657) (ce) (1273)(46) 
(da) (15 3)(2 4)(6 7) 


Here is a proof that the fact illustrated by Exercise B112 is true in general. 
(We refer to the result below as a lemma because it is an intermediate step 
in the proof of our main result, the Parity Theorem.) 


Lemma B63 


If f is a permutation in S, and t is a transposition in Sn, then the 
cycle numbers of f and to f differ by 1. 


Proof Let f be a permutation in Sn and let t = (a b) be a transposition 
in Sp: 


First suppose that the symbols a and 6 lie in the same cycle in the cycle 
form of f. Then we may write 
f = (a z1 £2 ... Er by yo... Ys) fife: fms 


where £1, £2,..., 2r and Y1, y2,---,Ys are symbols from {1,2,...,n}, and 
fi, fo,..-; fm are cycles in Sn that are disjoint from the cycle containing 


3 Even and odd permutations 


a and b. If we use the usual method for composing permutations (starting 
with the symbol a), we obtain 


to f = (a b) o (a x1 x... Er by yo... Ys) fif2 fm 
= (a LI LQ ses ee CD Yi Ya... Ys) fife xe 2 Fins 
So the cycle number of to f is 1 greater than that of f. This happens even 


if the cycle containing a and b is of the form (a b yi y2 ... Ys) or 
(a x1 £2 ... £y b) or simply (a b). (Also, there may be no cycles 
fi, fo,---; fm other than the cycle containing a and b in the cycle form 


of f, but this is of no consequence in the argument.) 


Next suppose that a and b lie in different cycles of f. Then we may write 


f = (a z1 £2 ... £r)(b y1 Y2 ..- Ys) fifo--- fm: 


where £1, £2,..., 8r and y1, y2,---, Ys are symbols from {1,2,...,n} and 
fi, f2,- --, fm are cycles in Sn that are disjoint from the cycles containing a 
and b. We now use the usual method for composing permutations (starting 
with the symbol a) to obtain 
to f= (a b)o (a z1 z2 ... £r)(b y1 Y2 «sx Ys) fisar* fm 
= (a z1 £2 ... Er bd Y Yo acs Ys) fifz: fm: 
So the cycle number of to f is 1 less than that of f. This happens even if 


the cycles containing a and b are of the forms (a)(b y1 yo ... Ys) Or 
(a 21 £2 ... £r)(b) or simply (a)(b). (Again, there may be no cycles 
fi, fo,---; fm other than the cycles containing a and b in the cycle form 


of f; and again this is of no consequence in the argument.) 


Thus in both cases the cycle numbers of f and to f differ by 1, as 
claimed. | 


We can now prove the Parity Theorem. 


Theorem B58 Parity Theorem 


A permutation cannot be expressed both as a composite of an even 
number of transpositions and as a composite of an odd number of 
transpositions. 
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Proof Let f be a permutation in Sn. Suppose that f can be expressed as 
a composite of r transpositions as follows: 


f =tpOtp_10--+-otgoty. 


The cycle form of f can be found by first composing tg with t1, then t3 
with the resulting permutation, and so on. There are r — 1 such 
compositions to be performed and, at each of these, the cycle number 
either increases by 1 or decreases by 1, by Lemma B63. Suppose that it 
increases 7 times and therefore decreases r — 1 — i times. The cycle number 
of tı is n — 1 (since tı has n — 1 cycles: it has one 2-cycle and all its other 
cycles are 1-cycles), so it follows that the cycle number c of f is given by 


c=(n—-1)+i-(r—-1-2), 
that is, 
c=n+2—r. 
Rearranging this equation, we obtain 
r=n—c+ 21. 


It follows that if n — c is odd, then the number r of transpositions is odd; 
whereas if n — c is even, then r is even. Since the numbers n and c are fixed 
for the permutation f (they are the number of symbols being permuted, 
and the cycle number of f, respectively), this proves the result. a 


Notice that the proof above gives us an alternative way of determining the 
parity of a permutation in cycle form: the parity is even if n — c is even, 
and odd if n — c is odd, where n is the number of symbols being permuted, 
and c is the cycle number of the permutation. 


4 Conjugacy in S,, 


In this section you will learn about the important idea of conjugacy in 
symmetric groups. In Book E Group theory 2 you will see that this idea 
can be extended to all groups. 


4.1 Conjugate permutations in S,, 


To illustrate the idea of conjugacy we will start by considering 
permutations that represent the symmetries of the square. You saw in 
Subsection 2.4 that when the vertex locations of the square are labelled in 
the usual way, as shown in Figure 11, we can represent the eight 
symmetries of the square by the following eight permutations in cycle form. 
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Rotations Reflections 1 4 
e (1 4)(2 3) 
(1 234) (2 4) 2 3 
(1 3)(2 4) (1 2)(3 4) 


Figure 11 The square with 


(1432) (1 3) its usual vertex labelling 


Of course, the permutations that represent the symmetries of the square 
depend on the way that we label the vertex locations. If we relabel the 
vextex locations, then we obtain different permutations representing the 
symmetries. 


For example, suppose that we use the same four labels 1, 2, 3 and 4, but 
relabel the vertex locations by interchanging the symbols 2 and 3, as 
shown in Figure 12. That is, we rearrange the labels using the 
transposition (2 3). 


1 4 ii 4 


2 3 3 2 
Figure 12 Relabelling the square by interchanging the labels 2 and 3 


A quick way to obtain the permutations that represent the symmetries of 
the square with this new labelling is to take the list of permutations above 
and replace every occurrence of the symbol 2 with the symbol 3 and vice 
versa; that is, we ‘rename’ the symbols using the transposition (2 3). So, 
for example, the rotation (1 2 3 4) becomes the rotation (1 3 2 4), and the 
reflection (1 4)(2 3) becomes the reflection (1 4)(3 2), and so on. With the 
new labelling, the full list of permutations that represent the eight 
symmetries of the square is as follows. 


Rotations Reflections 
e (1 4)(3 2) 
(1 3 2 4) (3 4) 

(1 2)(3 4) (1 3)(2 4) 
(1 4 2 3) (1 2) 


The first reflection in the list above, (1 4)(3 2), is not written in the usual 
way (that is, with the smallest symbol first in each cycle, and with the 
cycles arranged so that their smallest symbols are in increasing order). If 
we wish to write it in the usual way, then we obtain the following list of 
permutations representing the symmetries of the square. 


Rotations Reflections 
e (1 4)(2 3) 
(1324) (3 4) 

(1 2)(3 4) (1 3)(2 4) 
(1 4 2 3) (1 2) 
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In the next exercise you are asked to write down the permutations that 
represent the symmetries of the square when the vertices are relabelled 
with the symbols 1, 2, 3 and 4 in two other ways. 


Exercise B113 


The permutations that represent the symmetries of the square when it is 
labelled in the usual way, as shown in Figure 11, are repeated below. 


Rotations Reflections 
e (1 4)(2 3) 
(1 2 3 4) (2 4) 
(1.3)(2 4) (1.2)(3 4) 
(143 2) (1 3) 


(a) By starting with the list of permutations above and replacing symbols 
as required, find the permutations that represent the symmetries of 
the square when it is relabelled by interchanging the labels 3 and 4, 
that is, by using the transposition (3 4), as shown below. 


1 4 1 3 


_ 


2 3 2 4 


(b) Repeat part (a) for when the vertex locations of the square are 
relabelled using the permutation (2 3 4), as shown below. 


1 4 1 2 


_ 


We have now found various different ways to represent S(O) as a subgroup 
of the symmetric group S4, by relabelling the vertices of the square with 
the symbols 1, 2, 3 and 4 in different ways. In doing so, we have found 
three different, but related, subgroups of S4 (the two subgroups found in 
Exercise B113 are actually the same subgroup). We will return to these 
ideas of related subgroups in the next subsection, but first we need to look 
more closely at the ‘symbol renaming’ process that we used to obtain new 
representations of S(O) from the original representation. We will consider 
the effect of this process on a single permutation. 


The process, which you carried out several times in Exercise B113, can be 
described as follows. We take a permutation, say x, and we rename its 
symbols using another permutation, say g, to obtain a third permutation, 
say y. We carried out this process with permutations of the set {1,2,3,4}, 
but we can carry it out in the same way with permutations of any set of 
symbols. 


You might expect that when this process is carried out there will be some 
sort of algebraic relationship between the permutations x, g and y, and 
indeed there is. We will now work out what it is. 


Let us look at an example of the process being carried out with 
permutations of the set of symbols {1, 2,3,4,5}; that is, permutations 
in S5. Suppose that we start with the permutation x = (1 2 5)(3 4) and 
rename its symbols using the permutation g = (1 3 5 4), as illustrated 


below: 

g=(1 2 5)(3 4) 

g4 44} 4}  whereg=(1354). (1) 

y = (3 2 4)(5 1) 
That is, we replace the symbol 1 in æ by the image of 1 under g, which 
is 3, and we replace the symbol 2 in x by the image of 2 under g, which 
is 2, and so on. The result is the permutation y = (3 2 4)(5 1), as shown 
above. (Of course, after we have carried out these manipulations we could 
rewrite y in the usual way as (1 5)(2 4 3), if we wished.) 


To investigate the relationship between x, g and y, let us choose any 
symbol, say 4, and find the image of this symbol under the permutation y 
that results from the renaming. One way to find the image of 4 is simply 
to use the cycle form of y that was found above. This tells us that the 
image of 4 is 3, as illustrated below: 


4 3. 
However, another way to find the image of 4 under y is to use the fact 
that y is just the permutation x with the symbols renamed, and use the 
cycle form of x to find the image. We proceed as follows. We first find the 
symbol that was renamed as 4. To do this, we need to go backwards along 
the arrow that points to the symbol 4 in diagram (1) above. That is, we 
need to find the image of 4 under the permutation g~!. This gives the 
symbol 5. Then we use the cycle form of x to find the image of 5 under z. 
This gives 1. Finally, we find the symbol that is the new name of the 
symbol 1. That is, we find the image of 1 under the permutation g. This 
gives 3. So the image of 4 is 3. This process can be illustrated as follows. 


5-51 
gt lg 
4 3 


As expected, this process gives the same final image, 3. Thus the effect of 
applying the permutation y to the symbol 4 is the same as the effect of 
applying the permutation g~!, then the permutation z, then the 
permutation g, to the symbol 4. That is, the two permutations y and 
goxog' have the same effect on the symbol 4. There is nothing special 
about the symbol 4 here, of course: the same will be true for any symbol in 
the set {1,2,3,4,5}. In other words, we can say that the two permutations 
y and goxo g`} are equal. 
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y AEn j The ideas above hold whenever we use a permutation g to rename the 
i symbols in a permutation x to obtain another permutation y, as illustrated 

gt gt y +9 in Figure 13. In the figure, the symbol 7 is mapped to the symbol j by the 

y gli) = g(j) permutation x, and the effect of the renaming is that the symbol g(i) is 
mapped to the symbol g(j) by the permutation y. By following the arrows 
in the figure, you can see that g(i) is also mapped to g(j) by the 
permutation go xo g7t. So, since g(i) can be any symbol, the algebraic 
relationship between the three permutations x, g and y is 


Figure 13 The effect of using 
a permutation g to rename the 
symbols in a permutation x to 


obtain a permutation y 


y=gorog". 


You may find this relationship rather surprising at first, but the next 
exercise should help to convince you that it is correct. 


Exercise B114 


This exercise is about permutations in S5. Let x = (1 2 3 5). 


(a) Let g = (1 4)(2 5 3). Calculate g o xo g7! by finding g7™t and 
composing the three permutations. Compare your answer with the 
permutation obtained by using g to rename the symbols in z. 


(b) Repeat part (a) for g = (1 34 25). 


Because of the algebraic relationship found above, we make the following 
definition. 


Definitions 
The permutation y is a conjugate of the permutation x in Sn if there 
is a permutation g in Sn such that 
Y= G One op. 
We say that: 
e g conjugates x to y 
e y is the conjugate of x by g 


e g is a conjugating permutation. 


Notice that the equation 
y=gonrog! 
in the definition above can be rearranged as 


g toyog=u 


1 


(by composing both sides of the original equation on the left by g~* and 


on the right by g). The rearranged equation can be written as 


1 


z=g aye(g 
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Thus if g conjugates x to y, then g~! conjugates y to x. This makes sense, 


because if renaming the symbols in x using g gives y, then of course 
renaming the symbols in y using g~! gives x. So if y is a conjugate of x, 
then x is a conjugate of y, and we say that x and y are conjugates, or 
conjugate permutations. 

Since renaming the symbols in a permutation does not change its cycle 
structure, conjugate permutations always have the same cycle structure. 
In fact, it is also true that any two permutations with the same cycle 
structure are conjugate permutations. This is because, given any two 
permutations x and y with the same cycle structure, we can always find a 
permutation g that conjugates x to y, as demonstrated in the next worked 
exercise. 


Worked Exercise B44 


Let x = (1 2 4)(3 5) and y = (1 4)(2 5 3) in Ss. 
(a) Find a permutation g in S5 that conjugates x to y. 


(b) Find two more permutations g in S; that conjugate x to y. 


Solution 


(a) ®. Write the cycle form of y underneath the cycle form of x, 
matching up cycles of the same length. Include any 1-cycles in 
the cycle forms if there are any — here there are none. .©& 

We can write 
g = (i 2 A5 5) 
ee ees Ie 
v = (2 5 S A). 


®. This diagram is essentially the two-line form of a suitable 
conjugating permutation g. Write this permutation g in cycle 
form (using Strategy B7). & 


A conjugating permutation g is 
g=(12543). 
(b) ©. There are several alternative ways to match up the cycles in x 
and y, because the 3-cycle (2 5 3) in y can alternatively be 


written as (3 2 5) or (5 3 2), and the 2-cycle (1 4) in y can 
alternatively be written as (41). ©@ 


Another conjugating permutation g is given by 
g = (i 2 A3 5) 


a 
y =(325)(1 4). 


This gives g = (1 3)(4 5). 
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A third conjugating permutation g is given by 


x = (124)(3 5) 
ie ae 
y = (53 2)(4 1). 


This gives g = (1 5)(2 3 4). 


Exercise B115 


For the permutations x and y given in Worked Exercise B44, find three 
more permutations g in S5 that conjugate x to y. 


Here is a summary of the strategy used in Worked Exercise B44. 


Strategy B12 


To find a permutation g such that y = go x o g~~, where x and y are 
permutations with the same cycle structure, do the following. 


1 


Use the fact that g renames x to y, as follows. 


1. Match up the cycles of x and y (including 1-cycles) so that cycles 
of equal lengths correspond. 


at ppd ppd o L A 
y= (ee aOR ew) C) 
2. Read off the two-line form of the renaming permutation g from this 
diagram. Usually, write g in cycle form. 


Worked Exercise B44 and Exercise B115 illustrate the fact that if two 
permutations x and y are conjugate, then there can be many different 
permutations g that conjugate x to y. 


You have now seen that if two permutations x and y have the same cycle 
structure, then it is always possible to find a permutation g that 
conjugates x to y, and hence x and y are conjugate. As mentioned earlier, 
it is also true that if two permutations are conjugate, then they have the 
same cycle structure (since renaming the symbols in a permutation does 
not change its cycle structure). Thus the following theorem holds. 


Theorem B64 


Two permutations in the symmetric group Sn are conjugate in Sn if 
and only if they have the same cycle structure. 
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(a) Find all permutations g in S5 such that 
go(1234)og™! = (1 5 23). 

(b) Find all permutations g in S4 such that 
go (1 QDEdog* = (1 2)(3 4). 


4.2 Conjugate subgroups in S,, 


In this subsection we will return to looking at what happens when we use 
a permutation to rename the symbols in not just a single permutation, but 
in every permutation in a subgroup. 


For example, consider again the subgroup of S4 obtained by labelling the 
vertex locations of the square in the usual way, as shown in Figure 14. 
With this labelling, the set of symmetries of the square is represented by 
the following set of permutations in S4. 


fe, (1234), (13)(24), (1432), 
(1 4)(2 3), (2.4), (1 2)(3 4), (1 3)} 


This set is a subgroup of S4, because it is a subset of S4 and its elements 
represent all the symmetries of a figure. 


At the start of the previous subsection we renamed the symbols in every 
permutation in this subgroup using the permutation g = (2 3), which 
corresponds to relabelling the square as shown in Figure 15. We obtained 
the following set of permutations. 


fe, (1324), (1 2)(3 4), (1423), 
(1 4)(3 2), (3 4), (1 3)(2 4), (1 2)} 


This set is also a subgroup of $4, again because it is a subset of S4 and its 
elements represent all the symmetries of a figure. 


We will now look in general at what happens when we start with some 
subgroup of Sn, say H, and use a particular permutation g to rename the 
symbols in all the permutations in H. 


As you saw in the previous subsection, when we rename the symbols in a 
single permutation x using a permutation g, the result is the conjugate 
permutation go 2og-'. In view of this, we use the following notation. 


4 Conjugacy in Sn 


2 3 


Figure 14 The square with 
its usual vertex labelling 


1 4 1 4 
2 3 3 2 
Figure 15 Relabelling the 


square using the permutation 
g = (23) 
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Notation 
Let H be a subgroup of Sn, and let g € Sn. Then we denote the set 
{gohog!:he H} 


by go Hog7!. That is, go H o g7! is the set obtained by conjugating 
every element of H by the permutation g. 


Thus if H is a subgroup of Sn, then go Hog! is the subset of Sn 
obtained by renaming the symbols in all the elements of H using g. 


This definition is illustrated in the worked exercise below. 


Worked Exercise B45 


Let H be the cyclic subgroup of S5 generated by the 4-cycle (1 2 4 5); that 
is, 


H =((1245)) 
= {e, (1245), (1245)?, (1 2 4 5)°} 
= {e, (1 2 4 5), (1 4)(2 5), (1 5 4 2)}. 
Find the set go H o g™t where g = (3 5). 


Notice that the set go H o g~! found in Worked Exercise B45 is another 
subgroup of S5. You can see this because it is the cyclic subgroup 
generated by the 4-cycle (1 2 4 3). (This 4-cycle is obtained by using g to 
rename the 4-cycle (1 2 4 5) that generates the original subgroup H.) 


In the next exercise you are asked to use a particular permutation g to 
rename the symbols in all the permutations in another cyclic subgroup 
of S5. 


Exercise B117 


Let H be the cyclic subgroup of S5 generated by the 3-cycle (1 3 5); that is, 
H = ((1 3 5)) 
= {e, (1 3 5), (1 3 5)°} 
=e. (13 5) (153)} 


(a) Find the set go Hog! where g = (1 4)(2 5). 
(b) Show that go Hog! is a subgroup of Ss. 


You have now seen several examples where we took a subgroup H of a 
symmetric group Sn, and renamed the symbols in all its elements using a 
permutation g in Sn. In each case the set go H og™! that we obtained was 
not just a subset of Sn but actually a subgroup of Sn. In fact, this is not 
surprising, as all we did in each case was to rename the symbols being 
permuted. The general result is stated below, with a proof that uses the 


formal definition of the set go Ho gt. 


Theorem B65 


Let H be a subgroup of Sn, and let g € Sn. Then go Hog7! is also a 
subgroup of Sn. 


Proof We check the three subgroup properties. 


SG1 Closure Consider any two elements of g o H o g~!; we can write 


them as go ho g7™t and go ko g7! where h,k € H. We have 
(gohog')o(gokog")=goho(g 'og)okog* 
=gohoeokog } 
=gohoko a. 
This is an element of g o H o g7}, because ho k is an element of H 
(since H is a subgroup of S» and therefore closed under o). Thus 


go Hog is closed under o. 


SG2 Identity The identity permutation e is in go Ho g7} since 
e=goeog tandec H. 


1 


SG3 Inverses Consider any element of go H o g~*; we can write it as 


gohog' where h € H. We have 
(gohog")*=(g') toh og™ 
(by Proposition B14 in Unit B1, applied twice) 
=goh ‘tog! (by Proposition B13 in Unit B1). 


This is an element of go H o g7}, because h~! is an element of H 
(since H is a subgroup of S» and therefore contains the inverse of 
each of its elements). Thus g o H o g~' contains the inverse of each 
of its elements. 


Since go H o g`! satisfies the three subgroup properties, it is a subgroup 
of Sn: E 


Because of Theorem B65, if H is a subgroup of S, and g is an element 
of Sn, then we say that g o H o g7™t is the conjuate subgroup of H by g, 
and that it is a conjugate subgroup of H in Sh. 
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When you are dealing with conjugate subgroups in Sn, keep in mind that if 
you want to find the elements of a conjugate subgroup g o H o g™!, then 
you do not need to calculate composites of the form go ho g~! by 
composing permutations. That would give you the right answer, but it 
would entail a lot of unnecessary calculation. Instead all you need to do is 
rename the symbols in each permutation h in H using g, as set out in the 
following strategy. 


Strategy B13 


To find the subgroup go Hog, given a subgroup H and an 
element g of Sn, do the following. 


il 


For each h € H, find go ho g`! by using g to ‘rename’ the symbols 
inh. 
gt Lhat (eee Peake ee PMc 


gohog l =( e oe o) e e s) os (Hee) 


Exercise B118 


Let H be the following subgroup of S5: 
H = {e, (1 2 5 3), (1 5)(2 3), (1 3 5 2)}. 
(H is the subgroup generated by the cycle (1 2 5 3).) 


Determine the following conjugate subgroups. 
(a) (13)o Ho (13)! (b) (13)(24)0 H o ((1 3)(2 4))"! 


Here are three more exercises that use the ideas that you have met in this 
subsection and the previous subsection. 


Exercise B119 


(a) Find all the permutations g in S3 such that 
go(123)og™! = (1 2 3). 
Show that they form a subgroup of S3. 
(b) Find all the permutations g in S4 such that 
go(1234)og + = (1234). 


Show that they form a subgroup of S4. 


Exercise B120 


Let (G,o) be a group and let f be a particular element of G. Prove that 
the set 


C={geG:gofog*=f} 
is a subgroup of G. 


(The facts that the two sets in Exercise B119 are subgroups of $3 and S4, 
respectively, are special cases of this result.) 


Exercise B121 


Let H be the following subgroup of S4: 
H = {e, (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. 


(We know that this subset of S4 is a subgroup because its elements 
represent the symmetries of the rectangle, as you saw in Exercise B99.) 


Prove that, for each element g € S4, 


goHog =H. 


Having now reached the end of this section, you may be wondering why we 
have bothered with all the theory about the algebraic relationship 

y =goxog!, when it seems simpler just to use the idea of renaming the 
symbols in a permutation! However, the relationship y = go x o g7! is 
helpful when we want to prove results involving conjugacy, because it can 
be used in algebraic manipulations. Also, expressing the idea of conjugacy 
in terms of this algebraic relationship rather than in terms of renaming 
symbols allows us to apply it to groups other than the symmetric 

groups Sn. This is a topic that you will learn much more about in Book E. 


5 Subgroups of S, 


In this section we will find subgroups of 54, the symmetric group of 
degree 4, which is the group of all permutations of the set {1,2,3,4}. We 
will start by finding all the cyclic subgroups of S4. Then we will find some 
non-cyclic subgroups. By the end of the section we will have found all the 
subgroups of S4, though we are not in a position to prove this fact at this 
stage. You should finish this section with some idea of the structure of S4. 
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Cyclic subgroups of S4 


In seeking the subgroups of any group, it is usually easiest to start with 
the cyclic subgroups. Remember that each element f of a group generates 
a cyclic subgroup (f) = {e, f, f?,...,f" +} of order n, where n is the order 
of the element f. For example, the permutation (1 2 3) in S4, which has 
order 3, generates the following cyclic subgroup of S4: 


(1 2 3)) = {e, (1 2 3), (1 2 3)°} 
= {e, (1 2 3), (1 3 2)}. 


It is important to remember that different elements of a group can 
generate the same cyclic subgroup. For example, the cyclic subgroup 
{e, (1 2 3), (1 3 2)} of S4 is also generated by the permutation (1 3 2), 
since 


(1 3 2)) = {e, (13 2), (1 3 2°} 
= {e, (1 3 2), (1 2 3)}. 


In general, as you saw in Unit B2 Groups and subgroups, any element of 
order n in a cyclic subgroup of order n generates that subgroup. 


A helpful first step towards finding all the cyclic subgroups of S4 is to find 
the orders of all the elements of S4. You saw in Theorem B55 that the 
order of a permutation is the least common multiple of the lengths of its 
cycles. Table 3 gives the five different cycle structures in S4; you were 
asked to find these in Exercise B92. For each cycle structure, the table also 
shows the order of the elements with that cycle structure, and lists those 
elements. 


Table 3 The cycle structures and orders of the elements of S4 


Cycle structure Order Elements of S4 Description 

e 1 e identity 

(—-) 2 1 2), (1 3), (1 4), transpositions 
2 3), (2 4), (3 4) 

(———) 3 123) 132). 3-cycles 
124), (142), 
134), (143), 
23 4), (243) 


1 23 4), (1243), 4cycles 
1324), (1342), 
1423), (1432) 


N 
ar ea 
n GA n | 
N N O 


products of 2-cycles 


ee E E Oe ee OT aie oe E E E ee ee T E ee eS 
pi j j 

Aa w 

ae 

a 

w Aa Ae 

S=~" W Maa 


From Table 3 we see that each element in S4 has order 1, 2, 3 or 4, so each 
cyclic subgroup of S4 has order 1, 2, 3 or 4. 


Let us begin by finding the cyclic subgroups of order 3 (you are asked to 
find the cyclic subgroups of orders 1, 2 and 4 in the next exercise). In 
Subsection 4.4 of Unit B2 you saw that all cyclic groups of a particular 
order are isomorphic (structurally identical) to each other. They therefore 
contain the same number of elements of each order. In particular, each 
cyclic group of order 3 contains one element of order 1 (the identity) and 
two elements of order 3. 


As shown in Table 3, the only elements of order 3 in S4 are the 3-cycles. 
You saw above that the 3-cycles (1 2 3) and (1 3 2) each generate the 
subgroup {e, (1 2 3), (1 3 2)}. The remaining six 3-cycles in S4 ‘pair off’ in 
a similar way to generate the following cyclic subgroups: 

(1 4 2)) = fe, (14 2), (12 4)} = ((1 2 4), 

((1 3 4)) = fe, (1 3 4), Q 4 3)} = ((1 4 3)), 

((2 3 4)) = fe, (2 3 4), (2 4 3)} = ((2 4 3)). 
So in total there are four cyclic subgroups of order 3. In the next exercise 
you are asked to find all the other cyclic subgroups of S4. 


Exercise B122 


Use Table 3 to help you do the following. 
(a) Find all the cyclic subgroups of S4 of orders 1, 2 and 4. 


(b) Make a table showing the number of cyclic subgroups of S4 of each 
possible order. 


We have now found all the cyclic subgroups of S4. 


Non-cyclic subgroups of S4 


To find more subgroups of $4 we need a method for finding non-cyclic 
subgroups. 


We can use a method that you met in Subsection 2.4. To find a subgroup 
of any symmetric group Sn, we can draw a figure, labelled at suitable 
locations with some or all of the symbols 1,2,...,n, such that the 
symmetries of the figure can be represented by permutations of the labels. 
The symmetry group of the figure is then a subgroup of Sn. (Any symbols 
in {1,2,...,} that are not used to label the figure are taken to be fixed.) 


This method can yield both cyclic and non-cyclic subgroups, as illustrated 
for subgroups of S4 in the next worked exercise. 
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Worked Exercise B46 


Each of the two figures below is labelled with some or all of the symbols 1, 
2, 3 and 4. 


© 1 (i) 1 4 


3 2 3 


(a) Use each figure to find a subgroup of S4. 


(b) State whether each of the subgroups in part (a) is cyclic, justifying 
your answers. 


Exercise B123 
(a) Use the labelled figures below to find four subgroups of $4. 
(i) 1 (ii) i (iii) 4 (iv) 1 


2 2 3 4 


(b) Which of the subgroups in part (a) are cyclic? Justify your answers. 


Once we have found a subgroup of a symmetric group that is the 
symmetry group of a figure, we can often find another subgroup of the 
same symmetric group, isomorphic to the first subgroup, by relabelling the 
locations on the figure. Since the new subgroup is found from the old 
subgroup by relabelling in this way, it is conjugate to the first subgroup. 


Exercise B124 


(a) The figure below is the same as the one in Exercise B123(a)(i), except 
that it has been relabelled. Use this figure to find a further subgroup 
of Si. 


3 


(b) Find a third labelling of the same figure that yields a subgroup of S4 
different from the two subgroups found in part (a) and in 
Exercise B123(a)(i). 


We have now found four different non-cyclic subgroups of S4 of order 4, 
namely the one found in Worked Exercise B46, the one found in 

Exercise B123(a)(i) and the two found in Exercise B124. These are all 
isomorphic to the Klein four-group since, as you saw in Subsection 4.2 of 
Unit B2, the Klein four-group structure is the only possible structure for a 
non-cyclic group of order 4. Altogether we have now found seven 
subgroups of S4 of order 4: the four non-cyclic ones, and the three cyclic 
ones from Exercise B122. 


In the next two exercises you are asked to find subgroups of S4 of orders 6 
and 8, respectively. 


Exercise B125 


In Exercise B123(a)(iv) you found a subgroup of S4 of order 6 that 
represents the symmetries of an equilateral triangle. By labelling the 
vertices of the triangle in three other ways, find three further subgroups of 
S4 of order 6. 


Exercise B126 


(a) Use a plane figure that has a symmetry group of order 8, with 
appropriate labels, to find a subgroup of S4 of order 8. 


(b) By relabelling the figure in part (a) in two other ways, find two other 
subgroups of S4 of order 8. 
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You have already met a subgroup of S4 of order 12, namely A4, the 
subgroup of even permutations in S4. Taking this subgroup together with 
all the subgroups that we have found in this subsection so far, we now have 
all the subgroups of S4, although a proof that there are no more subgroups 
is beyond the scope of this module. Table 4 gives a summary of the 
number of subgroups of S4 of each order. 


Table 4 The subgroups of the symmetric group S4 


Order Number of subgroups Description 


1 1 {e} 

2 9 all cyclic 

3 4 all cyclic 

4 7 3 cyclic; 4 Klein 

6 4 all isomorphic to S(A) 

8 3 all isomorphic to S(O) 
12 1 A4 
24 1 S4 


Exercise B127 


(a) Are all subgroups of order 2 conjugate to each other in S4? Justify 
your answer. 


(b) Are all subgroups of order 3 conjugate to each other in S4? Justify 
your answer. 


You have now seen and used two methods that give subgroups of the 
group Sy. A third simple way to find a subgroup of a symmetric group Sn 
is to find all the permutations in Sn that fix a particular symbol. For 
example, all the permutations in S4 that fix the symbol 2 form a subgroup 
of S4. This is because the Cayley table for these permutations looks 
exactly the same as the group table for the group of all permutations of the 
set of symbols {1,3,4} (provided that we use cycle form and omit 1-cycles). 


In fact, the subgroup found in Exercise B123(a)(iv) is the set of all 
permutations in S4 that fix the symbol 2, and the three subgroups found in 
Exercise B125 are the sets of all permutations in S4 that fix the symbols 4, 
3 and 1, respectively. 


More generally, we can find a subgroup of a symmetric group Sn by finding 
all the permutations in S, that fix each symbol in some subset of symbols; 
this follows from the same argument involving Cayley tables as used above. 
For example, {e, (1 2)} is the subgroup of S4 that consists of all 
permutations in S4 that fix each element in the subset {3,4}; its Cayley 
table looks exactly the same as the group table for the group of all 
permutations of the set of symbols {1, 2}. 


Finding subgroups of groups in general 
In this section you have seen three methods for finding subgroups of S4. 


The first method, for finding cyclic subgroups, can be applied to any other 
group of reasonably small order. That is, you can find the cyclic subgroups 
of such a group by listing the elements of the group according to their 
orders and then systematically finding the subgroups generated by these 
elements. 


The other two methods — namely, finding symmetry groups whose elements 
can be represented by permutations in $4, and finding all permutations 
that fix one or more symbols — are not useful for finding subgroups of 
groups in general, but can be used to find subgroups of any other 
symmetric group Sn. However, it is usually difficult to find all the 
non-cyclic subgroups of a symmetric group S, using these methods. 


To find subgroups of a symmetry group, both cyclic and non-cyclic, you 
can use the methods that you saw in Subsection 1.3 of Unit B2. For 
example, you can modify a figure to restrict its symmetry, or find the 
symmetries that fix a particular vertex of the figure. 


S4 as the symmetry group of a regular tetrahedron 


The symmetric group S4 can itself be thought of as a symmetry group, 
namely the symmetry group of a regular tetrahedron, S(tet). Remember 
from Unit B1 that there are 24 symmetries of the tetrahedron, and if the 
vertex locations are labelled 1, 2, 3 and 4 as shown in Figure 16, then each 
such symmetry can be represented by a permutation of the symbols 1, 2, 3 
and 4; that is, as an element of S4. Moreover, since S4 has order 24, every 
element of S4 represents some symmetry of the tetrahedron. It follows that 
S4 and S(tet) are isomorphic groups. 


1 


3 
Figure 16 The regular tetrahedron 


It can sometimes be enlightening to think of S4 in this way. For example, 
it tells us that each of the subgroups of S4 that we have found can be 
interpreted as a subgroup of S(tet). 


For instance, with this interpretation, A4 is the subgroup of direct 
symmetries of the tetrahedron. You can confirm this by checking that the 
twelve elements of A4, listed in Table 2 in Subsection 3.3, are the same 
permutations as the twelve direct symmetries of the tetrahedron with 
vertex locations labelled 1, 2, 3 and 4, found in Worked Exercise B14 in 
Subsection 5.3 of Unit B1. (Remember that for a bounded figure in R° 
such as the tetrahedron, the direct symmetries are the rotational 
symmetries.) 
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In the next exercise you are asked to interpret some other subgroups of S4 
as subgroups of S(tet). It is interesting, but rather more difficult, to do 
this for some of the subgroups of S4 other than the ones considered here. 


Exercise B128 


Describe in words each of the following subgroups of S4 as subgroups of 
S(tet). 


(a) fe, (134), (143)} Œ) fe, (84)} 
(c) {e, (2 3), (2 4), (3 4), (234), (243)} (d) fe, a 2)(8 4)} 


(The subgroup in part (c) was found in Exercise B125. The other three 
subgroups are cyclic subgroups.) 


You saw earlier, in Subsection 2.4, that the symmetric group 53 is also 
isomorphic to a symmetry group, namely S(A), the symmetry group of the 
equilateral triangle. 


6 Cayley’s Theorem 


You have seen that the symmetry groups of many figures can be 
represented as permutation groups. What we mean by this is that these 
symmetry groups are isomorphic (structurally identical) to permutation 
groups. In this section you will see that, perhaps rather surprisingly, every 
finite group is isomorphic to a permutation group. 


Remember from Unit B2 that for finite groups we can define the idea of 
isomorphism as follows: two finite groups are isomorphic if there is a 
one-to-one and onto mapping from the first group to the second group that 
transforms the group table of the first group into a group table for the 
second group. Such a mapping is called an isomorphism. 


For example, consider the symmetry group of the rectangle. You have seen 
that when the vertices of the rectangle are labelled in the usual way, as 
shown in Figure 17, the symmetries of the rectangle can be represented as 
permutations as follows: 


a = (13)(24), 
r=(14)2 3), 
s = (1 2)(3 4). 


The symmetry group of the rectangle can then be represented by the 
permutation group (H, o), where 


H = {e, (13)(2 4), (1 4)(2 3), (1 2)(3 4)}. 


6 Cayley’s Theorem 


What we mean by this is that the two groups (S(-),0) and (H, o) are 
isomorphic, and the mapping 
ọ : So) — H 
ere 
at—> (1 3)(2 4) 
r> (1 4)(2 3) 
— (1 2)(3 4) 


is an isomorphism. It transforms the group table of (S(©),o) into a group 
table of (H,°), as shown below. 


oje ar s o e 1 3)( (1 4)(2 3) (1 2)(3 4) 
elear s e e 1 3)(2 1 4)(2 3) (1 2)(3 4) 
aja esr _, (18)(24)/(13)(224 e 1 2)(3 4) (1 4)(2 3) 
rirsea @ 14231048423 A264 e (1 3)(2 4) 
s|s rae (1 2)(3 4) | (1 2)(3 4) (1 4)(2 3) (1 3)(2 4) e 


(S(0), 0) (H, o) 


The way in which we represent the symmetry group of a figure as a 
permutation group is fairly intuitive: as you have seen, we label suitable 
locations on the figure and represent each symmetry of the figure by the 
corresponding permutation of the labels. It is much less obvious how we 
might go about representing other types of finite groups as permutation 
groups. However, it can be done: for example, here is how we can do it for 
the group (Ze, +6). 


Representing the group (Ze, +6) as a permutation 


group 
Consider the group table of (Ze, +6), as follows. 


+610 1 2 3 4 5 
0 12 3 4 5 
1 |1 2 3 4 5 0 
2/2 3 45 0 1 
313 4 5 0 1 2 
4/4 5 01 2 8 
5/5 0 1 2 3 4 


With each element x of Zg we associate the permutation py whose two-line 
form has as its first line the column headings of the group table and as its 
second line the row labelled x. For example, the element 2 of Zg has 
associated permutation 


(012345 
P2= 5 3 Ab 1) 
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This gives us six permutations po, p1, P2, P3, P4, ps, each permuting the set 
of symbols Ze = {0,1, 2,3, 4, 5}. 


We can write the six permutations po, p1, p2, P3, p4, ps, in cycle form. For 
example, for the permutation p2, given above, we have 
=(02 4)(1 3 5). 
Doing this for all six permutations we obtain 
po = (0)(1)(2)(3)(4) (5) = e, 
= (012345), 
=(02 4) (1 3 5), 
= (0 3)(1 4)(2 5), 
ps = (04 2)(1 5 3), 
=(054321). 
Let us denote the set {po, p1, p2, P3, pa, ps} by P. Then P is a subset of the 
group of all permutations of the set of symbols {0, 1, 2,3, 4,5}. 
We can construct a Cayley table for P by working out all the possible 
composites of two elements of P. For example, 
pı ops = (0123 45)0 02 4)135)=(3)14)25)= 
If we do this, then we obtain the following Cayley table for (P, 0). 


Oo | Po Pı P2 P3 P4 P5 


Po | Po Pi P2 P3 Pa P5 
Pı | Pı P2 P3 Pa Ps Po 
P2 | P2 P3 P4 P5 Po Pı 
P3 | P3 P4 P5 Po Pi P2 
P4 | P4 P5 Po Pi P2 P3 
P5 | P5 Po Pı P2 P3 Pa 


Notice that this Cayley table is exactly the same as the Cayley table for 
(Ze, +6), except that 0 has been replaced by po, and 1 has been replaced 
by pı, and so on. In general, each element x of Ze has been replaced by pz. 
We know that the Cayley table for (Zg,+¢) is a group table, so it follows 
that the Cayley table for (P,o) is also a group table (the two tables have 
exactly the same pattern: it is just that the symbols have different names). 
It also follows that the following mapping is an isomorphism: 


¢:Z5—P 
Lt De. 


So the group (P,°) is a representation of the group (Ze, +6) as a 
permutation group. 


Representing any finite group as a permutation group 


It turns out that we can use a method similar to that used above for 

(Ze, +6) to represent any finite group as a permutation group. That is, the 
theorem below holds. Here the symbol * is used instead of our usual 
symbol o to denote the binary operation of a general group G, because the 
symbol o is needed to represent function composition, the binary operation 
of every permutation group. 


Theorem B66 


Let (G,*) be a finite group. For each element x of G, let py be the 
permutation whose two-line form has as its first line the column 
headings of the group table of (G,*) and as its second line the row 
labelled x in the group table. Let 


P= Ip: tE Gh 


Then (P,0) is a permutation group isomorphic to (G, *). 


Note that the two-line form for py described in Theorem B66 is definitely 
the two-line form of a permutation, as claimed in the statement of the 
theorem, because each element of G occurs exactly once in the column 
headings of the group table and, by Proposition B18 in Unit B1, each 
element of G also occurs exactly once in the row labelled zx. 


Notice also that the set of symbols being permuted by the permutations 
specified in Theorem B66 is the set G. So the symbols being permuted 
may not be numbers. 


The following theorem follows immediately from Theorem B66: it is 
Theorem B66 without the details. 


Theorem B67 Cayley’s Theorem 


Every finite group is isomorphic to a permutation group. 


A proof of Theorem B66 (that is, essentially a proof of Cayley’s Theorem) 
is provided at the end of this section for those who are interested. 


Theorem B66 is illustrated in the next worked exercise and in the two 
exercises that follow it. 
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Worked Exercise B47 


Construct a permutation group that is isomorphic to the group (G,*) that 
has the following group table. Give the permutations in cycle form. 


* € u VU w Tr z 
E €e u v w T z 
u U U e z w xv 
Y U (A U T FA w 
wWIwW T z E u U 
T T z wW VU (A U 
Z z& WwW & U Vv e 
Solution 


®. For each element of (G, x), we find, in cycle form, the permutation 
whose two-line form has as its first line the column headings of the 
group table and as its second line the row of the group table labelled 
with that element. 


Ae w o np 
ele u v w zx z —+ i (identity) 
uļu v e z w x —> (euv)(wzrzr) 
oo eux zw — (evu)(w zz) 
wlw nx zeu v — (ew)(ux)(v z) 
xl|e z wv e u — (ex)(u z)(v w) 
2\2 ws a e e — >) (ez wie) 


We do not use e to denote the identity permutation here, as e is 
already an element of the given group. © 


A permutation group that is isomorphic to the given group is 


10, (eu ow 2a), (eu uw r z) 
(e w)(u x)(v z), (e x)(u z)(v w), (e z)(u w)(v x)}, 


where i is the identity permutation. 


6 Cayley’s Theorem 


Exercise B129 


Construct a permutation group that is isomorphic to the group that has 
the following group table. Give the permutations in cycle form. 


oj/e abepgqynr s 
elea bcepqar s 
ala e c bqapsr 
blb caersq4ayp 
cle b e a $ rt pyg 
pip qs raeobe 
qiq prs eacb 
rir s pqebae 
s/s rqpbeea 


Exercise B130 


Construct a permutation group that is isomorphic to the group (Us, xs), 
that is, ({1,3,5, 7}, xg). Give the permutations in cycle form. 


Cayley’s Theorem (in its detailed form in Theorem B66), tells us that 
every finite group of order n is isomorphic to a subgroup of the symmetric 
group Sn. This is interesting because it suggests that to study finite 
groups it is sufficient to study only the symmetric groups and their 
subgroups. However, Cayley’s Theorem is not very useful in practice; for 
example, to study groups of order 8 we would need to consider the 
subgroups of the symmetric group Sg, which has order 8! = 40320. 


Cayley’s Theorem can be generalised to infinite groups, but this is beyond 
the scope of this module. 


Cayley’s Theorem is named for the British mathematician 

Arthur Cayley (1821-1895) who in 1854 made the first advance 
towards the abstract notion of a finite group. Although he implicitly 
made the connection between group elements and permutations, he 
did not explicitly prove the theorem, which led to it later being 
ascribed to Jordan (who proved it in 1870). However, since Cayley 
communicated the result to the mathematical community at the time, 
credit for the theorem was soon restored to him. 


Arthur Cayley 
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Proof of Cayley’s Theorem (optional) 


Here is a proof of Cayley’s Theorem. It will not be assessed: read it if you 
are interested, and skip it if you are not. 


To prove Cayley’s Theorem we prove Theorem B66, which is as follows. 


Theorem B66 


Let (G,*) be a finite group. For each element x of G, let py be the 
permutation whose two-line form has as its first line the column 
headings of the group table of (G,*) and as its second line the row 
labelled x in the group table. Let 


Pepe Gs 


Then (P,0) is a permutation group isomorphic to (G, x). 


Proof Let G = {91, 92, 93,---;9n}. For each element x of G, the row 
labelled x in the group table of G is as shown below. 


* gı 92 93 e Jn 
gı 

xr U*GQ, L*GQ L*GZ ... L*Gn 
Gn 


Thus, for each element x of G, we have 


= gı 92 ee In 
Pe = EA CEOS swi eA 
(As mentioned earlier, the two-line form here is definitely a permutation, 
because each element of G occurs exactly once in the column headings of 
the group table and exactly once in the row labelled x, by Proposition B18 
in Unit B1.) 


If x and y are different elements of G, then py and py are different 
permutations, since, for example, py maps the identity element of G to x 
whereas py maps it to y. Thus the set P = {pz : £ E€ G} contains the same 
number of elements as the original group G. 


Now let py and py be any elements of P (not necessarily distinct). We will 
find a formula for their composite pz o py (that is, py followed by pz). We 
have 


peopy=(,% Oe, a eee go tax A 
a Y D*GQY L*OQ ... LU*EQn Y* GQ) Y*ROGQ ... Y*In 


To compose the two two-line forms here, we start by finding the image of 
the symbol gı under pz o py. First, py maps gı to y* gı. The element y * g1 
of G appears somewhere in the top line of the two-line form of py and is 
mapped by pz to x * y * gi. SO py © py Maps gı to x * y * gı. Similarly, 

Px © Py Maps g2 to £ * y * g2, and it maps g3 to x * y* g3, and so on. That is, 


= gı 92 tee In 
mE Ce E*Y* GD ... ae) 


But this is the two-line form of the permutation pz,, associated with the 
element x x y of G. Thus we have the formula 


Px O Py = Paxy- 
We can use this formula to construct a Cayley table for the set P under 
function composition. It tells us that for each pair of permutations py and 
py in P, the entry in the row labelled pẹ and column labelled py is Prxy, as 
shown on the right below. We also know that in the Cayley table for the 
group (G, x), the entry in the row labelled x and column labelled y is x * y, 
as shown on the left below. 


(G, x) (P, o) 


So the Cayley table for the set P under function composition is exactly the 
same as the Cayley table of (G, x), except that each element x of G has 
been replaced by the permutation py. We know that the Cayley table for 
(G,*) is a group table, so it follows that the Cayley table for (P, o) is also 
a group table (the two tables have exactly the same pattern; it is just that 
the symbols have different names). It also follows that the two groups 
(G,*) and (P,o) are isomorphic, and that the following mapping is an 
isomorphism: 


ġ:G — P 
T > Pr. 


This completes the proof. E 


6 Cayley’s Theorem 
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Summary 


In this unit you have met the symmetric groups, each of which is a group 
whose elements are all the permutations of a set of symbols {1,2,...,n}. 
The importance of these groups is highlighted by Cayley’s Theorem, which 
states that every group is isomorphic to a subgroup of a symmetric group. 
You saw that we have been representing the symmetry groups of figures as 
subgroups of symmetric groups since early in Book B, even though we did 
not use the terms ‘permutation’ and ‘symmetric group’ until this unit. In 
this unit you have also met the idea of conjugacy. Symmetric groups 
provide a good illustration of this idea, and conjugacy in symmetric groups 
is important in its own right, but conjugacy is a powerful concept that can 
usefully be extended to all groups, as you will see in Book E. 


Learning outcomes 


After working through this unit, you should be able to: 
e explain what is meant by a permutation 
e convert a permutation from two-line form to cycle form 


e find a composite of two or more permutations and the inverse of a 
permutation 


e find the order of a permutation 


e define the symmetric group Sn, and write down the elements of S3 
and S4 


e distinguish between even and odd permutations 


e express a permutation as a composite of transpositions and understand 
the Parity Theorem 


e define the alternating group An, and write down the elements of A3 
and A4 


e explain the meanings of the terms conjugate elements and conjugate 
subgroups in the context of the group Sn 


e given any two permutations x and y in Sn with the same cycle structure, 
find all permutations in S» that conjugate x to y 


e determine subgroups of Sn» that are conjugate to a given subgroup 


e find all the cyclic subgroups of a particular order in a small symmetric 
group Sn, given all the elements of that order 


e find some non-cyclic subgroups of a symmetric group Sn by finding 
symmetry groups whose elements can be represented by permutations 
in Sn 

e know Cayley’s Theorem 


e represent a small finite group as a permutation group by using its group 
table. 


Solutions to exercises 


Solution to Exercise B81 


(a) We trace the images of the symbols in the 
order in which they are encountered, starting at 
the symbol 1. 


(i) For the permutation 
f 23 4 
3.14 2 
we get 
1— 3 > 4—2 
so the cycle form is 
(1342). 
(ii) For the permutation 
(5 23456 1) 
5376214 
we get 
1 — 5 — 25 3 — 7 4 — 6 
so the cycle form is 
(1523746). 


(b) Here we carry out the process in part (a) in 
reverse. 


(i) For the cycle (1 3 2), we get 
Le > 3, 


ae 


>1, 


352, 2+>1, 


so the two-line form is 


123 
3127 
(ii) For the cycle (1 6 2 4 3 5) we get 


1 — 6, 
3 — 5, 


6432, 2-54, 4m 3, 
54> 1, 


so the two-line form is 


123456 
(e 4531 ) ` 
(c) Starting at the symbol 1 (or 4, 3, 8 or 5) and 
following the same procedure as in part (a) we get 
the cycle (1 4 3 8 5), which completes after only 
five symbols. Had we started at the symbol 2, 6 
or 7, we would have obtained the cycle (2 6) or (7). 


So, no matter which symbol we start at, we cannot 
find a single cycle that contains all eight symbols. 


Solutions to exercises 


Solution to Exercise B82 


(a) Starting the cycle (1 4 3 8 5) at 8 we get 
(8 51 43), and (2 6) is the same as (6 2), so the 
cycle form of g may be written as 


(7)(8 5 1 4 3)(6 2). 


(b) Similarly, starting the cycle (1 4 3 8 5) at 5 we 
get (5 1 4 3 8), so the cycle form of g may be 
written as 


(5 1 4 3 8)(2 6)(7). 


Solution to Exercise B83 


(The solution to this exercise contains the details 
of the process of obtaining the answers, but you 
need only give the final answers.) 


(a) We trace the images of the symbols in the 
order in which they are encountered, starting at 
the symbol 1. 


(i) For the permutation 
123456 
26415 3)’ 

we get 


1 — 2— 6— 3—4 


that is, the cycle (1 2 6 3 4). 
The remaining symbol 5 is mapped to itself. So the 
cycle form of this permutation is 


(1263 4)(5). 
(ii) For the permutation 


123456789 
bY O13 8.2 64)" 


we get 
15 5 > 3— 9—4 


that is, the cycle (1 5 3 9 4). 
The symbol 2 has not yet been placed in a cycle. 
Starting at 2 we get 


> l; 


> 1; 


2— 7 — 2; 
that is, the cycle (2 7). 
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The symbol 6 has not yet been placed in a cycle. 
Starting at 6 we get 


6 — 8 — 6; 
that is, the cycle (6 8). 


All the symbols have now been placed in cycles, so 
the cycle form of this permutation is 


(1 53 9 4)(2 7)(6 8). 


(b) (i) For the permutation (1 6)(2 3 7 5)(4), the 
cycle form tells us that 


1 — 6, 6— l; 
2=— 3, 3—17, 7—5, 5—2; 
4+ 4. 


We have now found the image of each symbol, so 
the two-line form for this permutation is 


1234567 

637421 5)° 
(ii) For the permutation (1 6 4 2)(3 5 8)(7), the 
cycle form tells us that 


1+>6, 6-44, 4-452, 2+ |l; 
3-55, 5+ 8, 8+ 3; 
7T— 7. 


We have now found the image of each symbol, so 
the two-line form for this permutation is 


12345678 
61528473)" 
Solution to Exercise B84 

678 
615 

has cycle form 
(1 7)(2)(3 4 8 5)(6), 


that is, 
(1 7)(3 48 5). 


The permutation 


12345 
72483 


Solution to Exercise B85 


We follow the convention of assuming that symbols 
in the set {1,2,3,4,5} that are omitted from a 
cycle form are fixed by the permutation. 
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(a) The two-line form of the permutation 
(1 4)(2 5) is 


12345 
4531 2)° 

(b) The two-line form of the permutation (1 2) is 
12345 
21345) 

(c) The two-line form of the permutation (1 5 4) is 
123465 
52314 

(d) The two-line form of the permutation e is 
12345 
12 aa by 

Solution to Exercise B86 


(The solution to this exercise contains the details 
of the process of obtaining the answers, but you 
need only give the final answers.) 


We use Strategy B8. In each case we start with the 
symbol 1 and find the cycle containing 1. 


As in Worked Exercise B33, the set of symbols is 
{1,2,3,4,5,6}, and 


f = (1 4 3)(2 6), so f fixes 5, 
g = (14625), so g fixes 3. 
(a) Remember that fog means ‘g first, then f’, so 


(fo g)(x) = f(g(x)). 

For the composite f o g we have 
1—5 4 and 4 5 3, so 1 £243, 
3-253 and 341, s03 241. 

So the composite contains the cycle (1 3). 


Next we consider the symbol 2: 
2255 and 5 +5, so 22°45, 
ENE ta a so 5224 4, 
42,6 and 6 42, so 4424 2, 


So the composite contains the cycle (2 5 4). 
Finally, 


6-24 2 and 2 -5 6, so 6 23 6. 


Thus, omitting the 1-cycle (6), we have 
feg=(13)(2 5 4). 

(b) For the composite f o f we have 
i234 gud 4 2 9 so 1224 3, 
3 +1 and1—~>4, so 3224 4, 
AT ead ss gpd? 4 1, 

So the composite contains the cycle (1 3 4). 


The permutation f contains the cycle (2 6), so 
fof fixes both 2 and 6 (since it interchanges them 
twice). 


Finally, f fixes 5, so f o f also fixes 5. 


Thus 
fof=(134). 
(c) For the composite g o g we have 


so 1 8 6, 
so 6 8 5, 
so 5 8 4, 
4 +6 and 6 = 2, so 4 %8 2, 
5 and 5 = 1, so 2 %8], 


145 4 and 4-46, 
6 = 2 and 2 = 5, 


5-5 1 and 1-5 4, 


2—5 
So the composite contains the cycle (1 6 5 4 2). 


Finally, g fixes 3, so g o g also fixes 3. 
Thus 


gog=(16542). 


Solution to Exercise B87 


We use Strategy B8. Notice that the set is 
{1,2,3,4,5,6}, and 


oo so f fixes 5, 


= (1 4)(3 5), so g fixes 2 and 6. 
on = (14)(3 5) 0(132.46) 
= (153 2)(4 6), 
(b) fog=(13246)0(14)(35) 
= (1 6)(2 43 5). 
(c) fof=(13246)0(13246) 
= (12634). 


Solutions to exercises 


(d) The permutation g consists of cycles each of 
which interchanges two symbols. Performing such 
a cycle twice interchanges the two symbols twice, 
so gog=e. 


Solution to Exercise B88 


We use Strategy B8, adapted to apply to three or 
more permutations. 


(a) We have 
(1 3)(2 4)(5 7 6) 0 (1 7 6)(2 3)0(1 746) 
= (1 5 7 2)(3 4)(6) = (1 5 7 2)(3 4). 

(b) Here 


(17346)o(1 2)o 
= (1274 6)(3 5): 


(3 7)o (53) 


Solution to Exercise B89 


Following Strategy B9 we obtain the inverse by 
writing each cycle in reverse order. 


(a) (16425837) t=(7385246 1) 
=(17385246) 

(b) ((1 54 7)(2 6 8))=t = (7 4 5 1)(8 6 2) 
= (1 7 4 5)(2 8 6) 

(c) ((1 8)(2 7)(3 5))~* = (8 1)(7 2)(5 3) 
= (1 8)(2 7)(3 5). 


Notice that the permutation (1 8)(2 7)(3 5) is its 
own inverse. This is because each of its cycles 
interchanges two symbols. 


Solution to Exercise B90 


(a) In part (i) we use Strategy B8 and in 
parts (ii)-(iv) we use Strategy B9. 


(i) gof=(15362) 

(ii) f~t = (54621) 
=(1546 2) 

(iii) g7! = (6 3 1)(4 5 2) 


= (1 6 3)(2 4 5) 
(iv) (go f)! = (1 53 6 2)7t = (26 3 5 1) 
= (1263 5) 
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(b) Strategy B8 gives (The number of ways to fill in the bottom row is 
-j =i the number of permutations of 4 symbols from 4, 
PO SO AE in the sense in which the word ‘permutation’ is 
=(1 2635), used in combinatorics. You may know that this is 
which is the expression for (g o f)~! that was written as P4, and is equal to 4! = 24.) 
found in part (a)(iv). . Í 
(Remember that the equation Solution to Exercise B92 
it Aoi There are five possible cycle structures in S4. 
af =f eg A representative permutation for each cycle 
holds for any two one-to-one functions f and g, as structure is given in the following table. 
mentioned immediately after the proof of 


Proposition B14 in Unit B1.) Cycle structure Element of S4 Description 
Solution to Exercise B91 e e am l 
(a) In two-line form, the elements of S3 are 3 = 4 a e 
B Ge Gay oS ae (1234) 4-cycle 
(— —)(— —) (1 2)(3 4) two 2-cycles 


ce ee ao 
132)’ \231/’ \312 Solution to Exercise B93 


Te eyele Harm, Cheam There are seven possible cycle structures in S5. 


e, (1 2), (13), (2 3), (1 23), 132). A representative permutation for each cycle 
Thus 93 has order 6 structure is given in the following table. 


(b) We count how many different ways there are 


; Cycle structure Element of Ss Description 
to complete the bottom row of the two-line form of 


a permutation of the set {1,2,3,4}: e e identity 
1234 (— —) (1 2) transposition 
( ) f (— — -) (1 23) 3-cycle 
There are 4 choices for the symbol to be placedin (= — --) (1234) 4-cycle 
the first position in the bottom row. (----- ) (12345) 5-cycle 
Once we have chosen this symbol, there are only 3. (— —)(— —) (1 2)(3 4) two 2-cycles 
symbols still to be placed, so there are 3 choices for (--)(— — -) (12)(345) 2-cycle and 3-cycle 


the symbol to be placed in the second position. 


Once we have chosen the first two symbols, there Solution to Exercise B94 
are only 2 symbols still to be placed, so there are 2 : 

For th tat =(163752 
choices for the symbol to be placed in the third CL ne pernu On d=) ) 
position. f? =(13 5X267, 


Finally, there is just 1 choice left for the symbol to f= 72 3)(5 6), 


be placed in the fourth position. 4 
f = (153) 2T 6); 
The total number of ways to complete the bottom 


5 
row is therefore fP =(125736), 
4x3x2x1=4! = 24. Pae 
That is, the group S4 has order 24. So the 6-cycle f has order 6. 
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Solution to Exercise B95 Symmetry Order 
By Theorem B55, the order of a permutation is the 1 
least common multiple of the lengths of its cycles. 
Rotations a= (123) 
(a) The cycle lengths are 4, 2 and 2, so the order 
b= (13 2) 
is 4. 
(b) The cycle lengths are 3 and 5, so the order r=(2 3) 2 
is 15. Reflections s=(13) 2 
(c) The cycle lengths are 2, 2, 2 and 3, so the t=(12) 2 
order is 6. 
(d) The cycle lengths are 3 and 3, so the order Solution to Exercise B99 
is 3. 
The symmetries in S(©) and their orders are 

Solution to Exercise B96 shower Below: 
(a) The permutation (1 5 2 3) has order 4, so Symmetry Order 

(15 2 3)) ae e 1 

= fe, (15 23), (1523, (15 23)3} rene a=(13)(24) 2 


= {e, (15 2 3), (1 2)(3 5), (1 3 25)}. 


r=(14)(23) 2 
(b) The permutation (1 4 2)(3 5) has order 6, so Reflections 


s = (1 2)(3 4) 2 


(1 42)(3 5) 
2 s s 
= te, (1 4 2)(3 5), (aa 5 Solution to Exercise B100 
ULAR Bee ((1 4 2)(3 5)", The symmetries of the hexagon and their orders 
((1 4 2)(3 5))°} are shown below. 
B = {e, (1 4 2)(3 5), (1 2 4), (3 5), (1 4 2), Symmetry Order 
(1 2 4)(3 5)}. 
1 
Solution to Exercise B97 A 23456) 6 
The set S is a subset of Se, since its elements i (1 3 5)(2 4 6) 3 
permute the symbols 1, 2, 3, 4, 5 and 6 (fixing 2, 3 Rotations (1 4)(2 5)(3 6) 2 
and 4). Also, the permutation (1 5 6) has order 3, 
s (1 5 3)(2 6 4) 3 
(1 5 6)) = {e, (1 5 6), (1 5 6)?} ORe 
= fe, (1 5 6), (1 6 5)} (1 6)(2 5)(3 4) 2 
_g (12)(3.6)(45) 2 
Hence S is the cyclic subgroup of Sg generated by Reflections (1 4)(2 3)(5 6) 2 
(1 5 6); in particular, it is a subgroup of S¢. (2 6)(3 5) 2 
. ; (1 3)(4 6) 2 
Solution to Exercise B98 (1 5)(2 4) A 


The symmetries in S(A) and their orders are 
shown below. 
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Solution to Exercise B101 


The symmetries of the figure are represented by 


equilateral triangle in the middle of the double 
tetrahedron. The first symmetry in the second 


column is the reflection in the horizontal plane 
through the middle of the double tetrahedron. The 
remaining symmetries in the second column are 
obtained by composing each of the permutations in 
the first column with the first permutation in the 
second column, in that order.) 


the following permutations in $3: 
e, (1 23), (13 2). 


(Since the symmetries form a group, these three 
symmetries form a subgroup of S3.) 


Solution to Exercise B102 
A subgroup of Ss is 
{e, (1 4)(2 5), (1 5)(2 4), (1 2)(4 5)}. 


Solution to Exercise B103 
The identity symmetry e fixes all four edges. 


Solution to Exercise B105 


(a) (The solution to this exercise contains the 
details of the process of obtaining the answers, but 
you need only give the final answers.) 


In each case we find the image of each symbol in 
turn, starting with the symbol 1. 


(i) For the composite (1 4) o (1 
1 — 2, then 2 — 2, so 1 — 2; 


The rotation through a half turn transposes 
opposite pairs of edges, namely 1, 2 and 3, 4, so 


a = (1 2)(3 4). 


Reflection in the vertical axis of symmetry maps 4> 4, then 4> 1, so 4> 1. 
the edges 1 and 2 to themselves and transposes the Thus 


edges 3 and 4, so 
i (1 4)o (12) = (124). 
B (ii) For the composite (1 3) o (1 2) o (1 4) we have 
1 — 4, then 4+ > 4, then 4 — 4, so 1 —> 4; 


2) we have 


2+—+ 1, then 1 — 4, so 2 — 4; 


Reflection in the horizontal axis of symmetry maps 
the edges 3 and 4 to themselves and transposes the 
edges 1 and 2, so 


s{i2: 


4 —> 1, then 1 — 2, then 2+> 2, so 4+ > 2; 
2+— 2, then 2 —> 1, then 1+ > 3, so 2 — 3; 
3 — 3, then 3 — 3, then 3 — 1, so 3—1. 
Thus 
(1 3)0(12)0(14)=(14 23). 
(iii) For the composite (3 1) o (3 4) o (3 2) we have 
1+ > 1, then 1 — 1, then 1+ > 3, sol+ > 3; 


So, with this labelling of the rectangle, the 
symmetry group is 


{e, (1 2)(3 4), (3 4), (1 2)}. 
Solution to Exercise B104 


The symmetries of the double tetrahedron are 
represented by the following permutations in S6. 


3+ > 2, then 2> 2, then 2 — 2, so 3+ > 2; 


2+— 3, then 3 — 4, then 4 — 4, so 2 — 4; 


e (1 4)(2 5)(3 6) 4 —> 4, then 4 3, then 3 —> 1, so 4 1. 
(1 2 3)(4 5 6) (153426) Thus 
(13 2)(4 6 5) (he 2235) (3 1)0(3 4)0(3 2) =(13 24). 
(1 2)(4 5) Ee aan) (b) In part (a) we found that 
CDUO (1.6)(25)(8.4) ie 
(2.356) — (1.4)(26)(85) Sine ora 
(The permutations in the first column are the (1 B) © C1 o (1 BD = (Ea, 
symmetries obtained from the symmetries of the (3 1) o (3 4) o (3 2) = (3 2 4 1). 
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(The last cycle has been reordered to make the 
pattern obvious.) 


In each case the composite is a cycle in which the 
symbol common to all the transpositions is followed 
by the other symbols from the transpositions in 
their order of appearance from right to left. 


Using this pattern we obtain the following, which 
can be checked by composing the transpositions: 


(143) =(13)0(14), 
(143 2) =(12)0(13)0(14). 


Solution to Exercise B106 
Following Strategy B10 we obtain the following. 
(a) (15273) =(13)0(1 7)o(1 2)0(15) 
(b) (237546) = (2 6)0(2 4) o (2 5)0(2 7) 0 (2 3) 
(c) (1234567) 

= (1 7)0(16)0(15)0(1 4) 0(1 3) 0(1 2) 


Solution to Exercise B107 
(a) A 4-cycle is a composite of 
three transpositions: 
(a1 a2 a3 a4) = (a1 a4) © (a1 az) o (ay a2). 
(b) A 5-cycle is a composite of four transpositions: 
(ay ag a3 a4 a5) 
= (a1 a5) o (a; a4) o (a1 az) o (a; a2). 
(c) An r-cycle is a composite of r — 1 
transpositions: 
(ay aQ ... Qr—1 Gy) 


= (a; Gp) o (a1 ar—1) 0 +++ 0 (ay a2). 


Solution to Exercise B108 
We use the method of Worked Exercise B41. 
(a) (18 3)(265 7) 

= (183)0(2657) 

= (1 3) o (1 8) o (2 7) o (2 5) o (26). 
(b) (1 7)(2 6 8)(3 4 5) 

= (1 7) o (2 6 8) o (3 4 5) 

= (1 7yo (28) o (2 6)o(8.5)e(3 4): 


Solutions to exercises 


Solution to Exercise B109 
(a) We apply Theorem B59. 


The permutation (1 2 5 3) is a 4-cycle and so is 
odd. 


The permutation (1 6 2 5 4) is a 5-cycle and so is 
even. 


(b) The solution to Exercise B108 shows that the 
permutation (1 8 3)(2 6 5 7) can be expressed as a 
composite of five transpositions and so is an odd 
permutation. 


It also shows that the permutation 
(1 7)(2 6 8)(3 4 5) can be expressed as a composite 
of five transpositions and so is an odd permutation. 


(c) We use Strategy B10 to express the two cycles 
as composites of transpositions. This gives 


(18276)(35 9 4) 
= (1 8 2 7 6)o (3 5 9 4) 
= (1 6) o (1 7) o (1 2) 0 (1 8) 0 (3 4) o (3 9) o (3 5). 
So (1 8 2 7 6)(3 5 9 4) can be expressed as a 
composite of seven transpositions and so is an odd 
permutation. 
Solution to Exercise B110 
(a) Here 

(1 2 4)(3 5)0 (1 5 2) = (1 2 4) o (3 5)o (1 5 2). 


The cycles of the expression on the right-hand side 
of this equation are respectively even, odd and 
even. Combining parities we obtain 


even + odd + even = odd. 
Thus (1 2 4)(3 5) o (1 5 2) is an odd permutation. 
(b) Here 

(1 2 4)0(13)(25 4)0(1234) 

= (1 2 4)o (1 3)o (2 5 4)o (1 2 3 4). 


The cycles of the expression on the right-hand side 
of this equation are respectively even, odd, even 
and odd, so we obtain 


even + odd + even + odd = even. 


Thus (1 2 4) 0 (1 3)(2 5 4) o (1 2 3 4) is an even 
permutation. 
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Solution to Exercise B111 
Az = {e, (1 2 3), (1 3 2)}. 


(The other three elements of S3 are the 
transpositions, which are odd permutations.) 


Thus A; has order 3. 


Solution to Exercise B112 


(a) The cycle number of f is 1 
to f=(12)0(1452367) 
= (1 4 5)(2 3 6 7) 
So the cycle number of to f is 2 
(b) The cycle number of f is 2 
to f = (1 2)o (1 4 3)(2 6 5 7) 
=(1432657) 
So the cycle number of to f is 1. 
(c) The cycle number of f is 3. (Since f is 
(1 2 7 3)(4 6)(5) with 1-cycles included.) 
to f =(12)0(1273)(46) 
= (1)(2 7 3)(4 6) 
= (2 7 3)(4 6) 


So the cycle number of to f is 4. (It has a 3-cycle, 


a 2-cycle and two 1-cycles.) 
(d) The cycle number of f is 3. 


to f =(12)0(15 3)(2 4)(6 7) 
=(15.32 4)(6 7) 
So the cycle number of to f is 2 


Solution to Exercise B113 


The original permutations are as follows. 


Rotations Reflections 
e (1 4)(2 3) 
(1 2 3 4) (2 4) 
(1.3)(2 4) (1.2)(3 4) 
(1 4 3 2) (13) 
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(a) The permutations obtained by relabelling the 
vertex locations using the transposition (3 4), that 
is, by interchanging 3 and 4, are as follows. 


Rotations Reflections 
e (1 3)(2 4) 
(1 2 4 3) (2 3) 

(1 4)(2 3) (1 2)(43) 
(1342) (1 4) 


(b) The permutations obtained by relabelling the 
vertex locations using the permutation (2 3 4), 
that is, by keeping 1 fixed and replacing 2 by 3, 3 
by 4 and 4 by 2, are as follows. 


Rotations Reflections 
e (1 2)(3 4) 
(1 3 4 2) (3 2) 

(1 4)(3 2) (1 3)(4 2) 
(1 2 4 3) (1 4) 


Here one of the reflections, (3 2), is not written in 
the usual way. If we write it in the usual way, then 
we obtain the following list of permutations. 


Rotations Reflections 
e (1 2)(3 4) 
(1 3 4 2) (2 3) 

(1 4)(3 2) (1 3)(4 2) 
(1 2 4 3) (1 4) 


(Notice that the list of permutations found in 
part (b) is in fact exactly the same as the list 
found in part (a).) 


Solution to Exercise B114 


(a) Here g = (1 4)(2 5 3), so g™t = (4 1)(3 5 2) 
which, when rewritten in the usual way, is 


(1 4)(2 3 5). Thus 


jeneg” 


= (1 4)(2 5 3) o 

= (1)(2 3 4 5) 

= (2345). 
Using g = (1 4)(2 5 3) to rename x = (1 2 3 5), we 


obtain (4 5 2 3), which is the same 4-cycle as 
above. 


(1235)0(1 4)(235) 


(b) Here g = (1 3 4 2 5), so g7! = (5 2 4 3 1) 
which, when rewritten in the usual way, is 
(15243). Thus 
gosoy” 
= (1342 5)o (123 5)o (15243) 
= (1 3 5 4)(2) 
s(a: 
Using g = (1 3 4 2 5) to rename z = (1 2 3 5), we 
obtain (3 5 4 1), which is the same 4-cycle as 
above. 


Solution to Exercise B115 


We obtain three more answers by writing y in the 
following three ways: 


(25 3)(41), (325)(41), 63214). 
With the first way above we obtain 
x = (1 2 4)(3 5) 


g4 dit dl, 
y = (2 5 3)(4 1) 


which gives g = (1 2 5)(3 4). 
With the second way we obtain 


x = (1 2 4)(3 5) 
gt thd dd, 
y = (3 2 5)(4 1) 


which gives g = (1 3 4 5). 
Finally, with the third way we obtain 


x = (1 2 4)(3 5) 
gd dkt tt -g 
y = (5 3 2)(1 4) 


which gives g = (1 5 4 2 3). 


Solution to Exercise B116 


(a) Here x = (1 2 3 4)(5) and y = (1 5 2 3)(4). We 


can write the cycle in (1 5 2 3) in y in four ways: 
(1523), (5231), (2315), (3152). 
Writing y as (1 5 2 3)(4) and matching up the 


cycles we obtain 
x = (1 2 3 4)(5) 
gt 4444 4b. 4 which gives g = (2 5 4 3). 
y = (1 5 2 3)(4) 


Solutions to exercises 


Similarly, for the other three ways of writing y we 
obtain 


p= (3A) 

g} 4444 4, which gives g= (15 4); 

y = (523 1)(4) 

g= (123 4)(5) 

g} L44} |, which gives g = (1 2 3)(4 5); 
y = (2 3 1 5)(4) 

s=023 4)(5) 

gt +4114 4 , which gives g = (135 4 2). 
y = (3 1 5 2)(4) 


(b) There are eight different ways of writing the 
permutation (1 2)(3 4) underneath itself with the 
cycles matched up. (There are 2 ways to write 
each of the two cycles, and 2 ways to order the two 
cycles, so the number of suitable ways to write the 
permutation is 2 x 2 x 2 = 8.) 


Writing it in these eight possible ways we obtain 


(1 2)(3 4) 

g 44 44 , which gives g = e; 
(1 2)(3 4) 
(1 2)(3 4) 

g ++ J44 , which gives g = (1 2); 
(2 1)(3 4) 
(1 2)(3 4) 

g ++ +4, which gives g = (3 4); 
(1 2)(4 3) 
(1 2)(3 4) 

g ++ J44 , which gives g = (1 2)(3 4); 
(2 1)(4 3) 
(1 2)(3 4) 

g ++ 44 , which gives g = (1 3)(2 4); 
(3 4)(1 2) 
(1 2)(3 4) 

g ++ J44 , which gives g = (1 4 2 3); 
(4 3)(1 2) 
(1 2)(3 4) 

g ++ 44 , which gives g = (1 3 2 4); 
(3 4)(2 1) 
(1 2)(3 4) 

g ++ J44 , which gives g = (1 4)(2 3). 
(4 3)(2 1) 
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Solution to Exercise B117 
(a) Renaming the symbols in each permutation 
in H using the permutation g = (1 4)(2 5) gives 
go Hog" = fe, (43 2), (42 3)} 
= {e, (243), (23 4)}. 
(b) The set go Hog! is a subgroup of S5 
because it is the cyclic subgroup of S5 generated 
by the 3-cycle (2 4 3): 
((2 4 3)) = {e, (2 4 3), (2 4 3)7} 
= fe, (2 4 3), (23 4)} 
=GoH og”: 
(There are other ways to show that go Hog 'isa 
subgroup of S5. For example, you could construct 
a Cayley table for this set and use the usual 
subgroup test (Theorem B24 in Unit B2). 
Alternatively, you could argue that the elements of 
the set go Hog! represent the symmetries of the 


labelled figure below, with the symbols 1 and 5 
being fixed.) 


2 


3 


Solution to Exercise B118 
Here H = {e, (1 2 5 3), (15)(2 3), (1 3 5 2)}. 
(a) To find (1 3) o Ho (1 3)~! we interchange the 
symbols 1 and 3 in the elements of H, which gives 
(1 3)0Ho(13)7! 
= {e, (3 2 5 1), (3 5)(2 1), (3 15 2)} 
= {e, (1 3 2 5), (1 2)(3 5), (1 5 2 3)}. 
(b) To find (1 3)(2 4) o H o ((1 3)(2 4))~! we 
replace 1 by 3, 3 by 1, 2 by 4 and 4 by 2 in the 
elements of H, which gives 
(1 3)(2 4) o Ho((1 3)(2 4))7! 
= {e, (3 4 5 1), (3 5)(4 1), (3 15 4)} 
= {e, (1 3 4 5), (1 4)(3 5), (1 5 4 3)}. 
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Solution to Exercise B119 

(a) There are three permutations g that conjugate 
(1 2 3) to itself, corresponding to the three ways of 
writing (1 2 3), as shown in the following table. 


Form of (1 2 3) Conjugating permutation 


(1 23) e 
(231) (1 2 3) 
(3 1 2) (1 3 2) 


These three conjugating permutations are the 
elements of the subgroup A3 of $3. 


(An alternative way to show that the three 
conjugating permutations above form a subgroup 
of S3 is to show that they are the elements of the 
cyclic subgroup of S3 generated by the 
permutation (1 2 3).) 


(b) There are four permutations g that conjugate 
(1 2 3 4) to itself, corresponding to the four ways of 
writing (1 2 3 4), as shown in the following table. 


Form of (1 2 3 4) Conjugating permutation 


(1234) e 

(2341) (1234) 
(3412) (1 3)(2 4) 
(41 23) (1432) 


Now (1 2 3 4) has order 4 and 
(12347 = (123 4)0(1 234), 
= (1 3)(2 4), 
(1 234)’ = (1 23 4) o (1 2 3 4) 
= (1 2 3 4) o (1 3)(2 4) 
= (1432). 
So the four conjugating permutations form the 
cyclic subgroup of S4 generated by (1 2 3 4): 


{e, (123 4), (1 3)(2 4), (143 2)} 
= ((1234)). 


Solution to Exercise B120 


We show that C satisfies the three subgroup 
properties SG1, SG2 and SG3. 


SG1 Let gı and g2 be any two elements of C'; then 


gofog =f 


and 


ofog =f. 
Substituting the second of these equations into the 
first gives 

n°gofog og =f; 
that is (by Proposition B14 in Unit B1), 


(g1°g2)° f o (g0 g9) =f. 


This shows that gı © gg is in C, so C is closed 
under o. 


SG2 We have eo f oe! = f, so e € C. 


SG3 Let g be any element of C; then 
gofog"=f 
Composing both sides of this equation on the left 


by g7} and on the right by g gives 


1 


g'ogofog'og=g of ox: 


This equation simplifies to give 
fag 'ofog, 
which can be written as 
gofa(g*)* =f. 
This shows that g~! is in C, so C contains the 
inverse of each of its elements. 


Hence C satisfies the three subgroup properties 
and so is a subgroup of G. 


(The condition go f o g7} = f is equivalent to the 
condition go f = f o g, so C is the set of all 
elements of G that commute with the fixed 
element f. If x and y are elements of a group 
(G,o), then we say that x commutes with y if 
roy =yox) 


Solutions to exercises 


Solution to Exercise B121 


Here 
H = {e, (1 2)(3 4), (1 3)2 4), 14) 3)}. 


Let g € S4. Then 


goHog`' 


= {goeo gt, go (1 2)(3 4) o gt, 
go(13)(24)og7t, go (1 4)(2 3) o g7}. 


J 


Now goeog =e. 


Also, we know that 
go (1 2)(3 4) og`! 


is a permutation in $4 with the same cycle 
structure as (1 2)(3 4), so it must be one of the 
permutations (1 2)(3 4), (1 3)(2 4), (1 4)(2 3); that 
is, it must be one of the three non-identity 
permutations in H. The same argument holds for 


each of the remaining two conjugates in go Hog™!. 


To complete the proof we have to show that no two 
of the three permutations 


go (1 2)(3 4)og™, 
go (13)(24)og™, 
go (1 4)(23) og 
are equal to the same non-identity permutation 
in H. 
This is the case because, by the Cancellation Laws, 
if x and y are any two elements of Sn, then 


1 


gorog |=goyog 


gives © = y. 


1 


So the four elements of go H og™ are precisely 


the four elements of H. That is, 
goHog !=H. 
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Solution to Exercise B122 
(a) The only cyclic subgroup of order 1 is {e}. 


Each cyclic subgroup of order 2 consists of the 
identity permutation together with one 
permutation of order 2. Thus the cyclic subgroups 
of S4 of order 2 are: 


{e,(12)}, {e,13)}, {e0 4)}, 
{e,(23)}, {e,(24)},  {e,(3 4)}, 
{e,(1 2)(3 4)},  {e,(1 3)(2 4)}, {e (1 4)(2 3)}- 


We now find the cyclic subgroups of S4 of order 4. 
The cyclic subgroup generated by the permutation 
(1234) is 
((1234)) ={e, (123 4),(1234)0(123 4), 
(123 4)0(1234)0(1234)} 
={e, (1 2 3 4), (1 3)(2 4), 143 2)}. 


This subgroup contains two permutations of 
order 4. 


We now choose a permutation of order 4 that is 
not one of these two and find, in the same way as 
above, the cyclic subgroup that it generates: 


(1243) = {e, (124 3), (1423), (13 42)}. 
Next we choose a permutation of order 4 that is 
not one of the four such permutations appearing in 
the two subgroups of order 4 found already and 
find the cyclic subgroup that it generates: 


((1324)) = {e, (1 3 2 4), (1 2)(3 4), (1 42 3)}. 


We have now dealt with all six permutations of 
order 4 in $4, so we have found all the cyclic 
subgroups of S4 of order 4. 


(b) The numbers of cyclic subgroups of S4 of each 
order can be summarised as follows. 


Order Number of cyclic subgroups 
1 1 
2 9 
3 4 
4 3 


Solution to Exercise B123 


(a) Using the labelling on the figures in the usual 
way, we obtain the following symmetry groups. 
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(i) fe, (1 2), (3 4), Q 2)(3 4)} 

(ii) {e, (123 4), (1 3)(2 4), (143 2)} 
(iii) {e, (1 2)} 

(iv) {e, (1 3), (14), (34), (134), (14 3)} 


(b) The subgroups in parts (a)(ii) and (iii) are 
cyclic, because they are generated by the 
permutations (1 2 3 4) and (1 2), respectively. The 
other two subgroups are non-cyclic. The subgroup 
in part (a)(i) has order 4, but contains no element 
of order 4. The subgroup in part (a)(iv) has 

order 6, but contains no element of order 6. 


Solution to Exercise B124 
(a) We obtain the following subgroup of S4: 
{e, (1 3), (2 4), (1 3)(2 4)}. 


(You can find the elements of this subgroup either 
directly from the figure or by renaming the symbols 
in the permutations in the subgroup found in 
Exercise B123(a)(i) using the transposition (2 3).) 


(b) We can relabel the figure as follows. 
1 


4 


We obtain the following subgroup of S4: 
{e, (1 4), (2 3), (1 4)(2 3)}. 
Solution to Exercise B125 


We can relabel the triangle in the following three 
ways. 


2 3 2 4 3 


We obtain the following three subgroups of S4: 


{e, (1 2), (1 3), (2 3), 123) 3 2)}, 
{e, (1 2), (1 4), (2 4), (1 2 4), (1 4 2)}, 
{e, (2 3), (2 4), (3 4), (2 3 4), (2 4 3)} 


Solution to Exercise B126 


(a) We can use the symmetry group of the square. 
One way to label the square is as follows. 


1 4 


2 3 


This gives the following subgroup of S4: 
{e, (1 23 4), (1 3)(2 4), (1 43 2), 
(1 4)(2 3), (2 4), (1 2)(3 4), (1 3)}. 


(b) We can relabel the square in the two other 
ways shown below. In the first we interchange the 
symbols 2 and 3; in the second we interchange 3 
and 4. 


1 4 1 3 


2 3 2 4 


We obtain the following two subgroups of S4: 
{e, (1 3 2 4), (1 2)(3 4), (1423), 
(1 4)(2 3), (3 4), (1 3)(2 4), (1 2)}, 
{e, (1 2 4 3), (1 4)(2 3), (1 3 4 2), 


(1 3)(2 4), (2 3), (1 2)(3 4), (1 4)}. 


(Notice that although there are other ways of 
relabelling the vertices of the square, these do not 
give any more subgroups. For example, 
interchanging the symbols 1 and 4 leads to the 
same subgroup as interchanging 2 and 3. In fact 
we have already found the three subgroups above, 
at the start of Subsection 4.1.) 


Solution to Exercise B127 


(a) Not all subgroups of 54 of order 2 are 
conjugate to each other. 


For example, the subgroups {e, (1 2)} and 
{e, (1 2)(3 4)} are not conjugate because the cycle 
structures of their elements do not match. 


Solutions to exercises 


(b) All subgroups of S4 of order 3 are conjugate to 
each other. 


We have seen that the subgroups of S4 of order 3 
are 


{e, (1 2 3), (1 3 2)}, 
{e, (1 2 4), (1 4 2)}, 
{e, (1 3 4), (1 43)} 
{e, (2 3 4), (2 4 3)} 


rs 


The first of these subgroups is conjugated to the 
other three by, for example, the permutations 

(3 4), (2 4) and (1 4), respectively. (There are 
other conjugating permutations, of course.) 


Solution to Exercise B128 


(a) The subgroup {e, (1 3 4), (1 4 3)} is the group 
of direct symmetries of the tetrahedron that fix the 
vertex at location 2; that is, the group of rotations 
about an axis passing through the vertex at 
location 2 and the middle of the opposite face. 


(b) The subgroup {e, (3 4)} is the subgroup 
generated by the reflection of the tetrahedron in 
the plane through the edge joining the vertices at 
locations 1 and 2 and the midpoint of the edge 
joining the vertices at locations 3 and 4. 


(c) The subgroup 
{e, (2 3), (2 4), (3 4), (2 3 4), (2 4 3)} 


is the group of all symmetries of the tetrahedron 
fixing the vertex at location 1; that is, the group of 
symmetries of the equilateral triangle with vertices 
at locations 2, 3 and 4. 


(d) The subgroup {e, (1 2)(3 4)} is the subgroup 
generated by the rotation through m about the line 
that passes through the midpoint of the edge 
joining the vertices at locations 1 and 2 and the 
midpoint of the edge joining the vertices at 
locations 3 and 4. 


289 


Unit B3 Permutations 


Solution to Exercise B129 


Using the method of Worked Exercise B47 we 
obtain the following permutations. 


ole a bcpgqrnr s 

ele abcpaqr s — i (identity) 
alae cbap sr —+ Calboypalrs) 
bib caer sq p — (ebac\(prgqs) 
cle beasrpq-— (ecab)(psqr) 
plipq sr ae b c — (epag(bscr) 
qlq pr seac b — (eqap)(brces) 
rir spq cba e —  (eras)(bpcq) 
ssr q pbc e a — (esar)(bqcp) 


Hence a permutation group isomorphic to the 
given group is 
{i, (e a)(b c)(p q)(r s), (e ba c)(p r qs), 
(ecab)(psqr), (epaq)(bser), 
(eqap)(br cs), (eras)(bpceq), 
(e s a r)(b q c p)}, 


where i is the identity permutation. 


Solution to Exercise B130 
We have Us = {1,3,5,7}. 


We construct the group table for (Ug, xg), then 
from each row we determine, in cycle form, the 
corresponding permutation of the column headings. 


Xg EE E ei 

1 35 7 —> (1)(3)(5)\(7) =e 
313 1 7 5 — 1367) 
5/5 7 1 3 — (15)(37) 
7/7 53 1 — (17(35) 


Hence a permutation group isomorphic to the 
group (Us, Xs) is 


{e, (1 3)(5 7), (1 5)(3 7), (1 763 5)}. 


(The group table for (Ug, xg) above shows that 
(Ug, xg) has four elements all of which are 
self-inverse, and hence is isomorphic to the Klein 
four-group V. So in fact any permutation group 
isomorphic to V will do as the solution to this 
exercise, such as the symmetry group of the 
rectangle when the symmetries are represented as 
permutations. ) 
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Unit B4 
Lagrange's I heorem and small groups 


1 Lagrange’s Theorem 


Introduction 


This unit rounds off this book with three separate topics. 


In Section 1 you will meet Lagrange’s Theorem, a powerful result that 
relates the orders of the subgroups of a group to the order of the group. 
You will see some simple but important corollaries of this result. 


In Section 2 you will see how we can use Lagrange’s Theorem, its 
corollaries and some other results proved earlier in this book to determine 
all the possible structures — that is, all the isomorphism classes — for 
groups of orders 1 to 7. The isomorphism classes for groups of order 8 are 
also described, without proof. 


Section 3 is a little different from the rest of this book. It does not cover 
any significant new group theory, but instead gives you a chance, within 
the topic of group theory, to improve your skills in understanding theorems 
and proofs, and in producing your own proofs. These are skills that are 
extremely important in pure mathematics and will be needed in the rest of 
the module, particularly in Book E Group theory 2 and in the analysis 
books (Books D and F). You will practise these skills by revisiting some of 
the results in group theory you have already met, and proving a few more. 


1 Lagrange’s Theorem 


In this section you will meet one of the most important results in group 
theory — Lagrange’s Theorem. 


1.1 Orders of subgroups of a group 


In Unit B2 Subgroups and isomorphisms we found various subgroups of the 
group S(O), whose non-identity elements are shown in Figure 1. In fact, 
we found all the subgroups of S(O), though we are not in a position to 
prove this at the moment. They are listed in Table 1. Remember that the 
order of a group or subgroup is the number of elements that it contains. 


Table 1 The subgroups of the symmetry group S(O) 


Order Number of subgroups Subgroups 
{e} 

{e, b}, {e;r}, fe, 5}, {e,t}, fe, u} Figure t S0) 
{e, Q, b, ch {e, b, T, t}, {e, b, S, u} 

S(O) 


=. w oO e 


1 
2 
4 
8 
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The subgroups in Table 1 are S(O) itself, all its cyclic subgroups, and two 

non-cyclic subgroups of order 4 that we found by modifying the square (see 
Subsection 1.3 of Unit B2). Notice that each of the subgroups of S(O) has 
an order that divides 8, the order of S(O). (An integer a is said to divide 

an integer b if a is a factor of b.) We did not find any subgroups of S(O) of 
orders 3, 5, 6 or 7. 


Also, in Section 5 of Unit B3 Permutations we found all the subgroups of 
the symmetric group S4. Our findings are summarised in Table 2, which is 
repeated from Unit B3. 


Table 2 The subgroups of the symmetric group S4 


Order Number of subgroups Description 


1 1 {e} 

2 9 all cyclic 

3 4 all cyclic 

4 7 3 cyclic; 4 Klein 

6 4 all isomorphic to S(A) 

8 3 all isomorphic to S(O) 
12 1 A4 
24 1 S4 


You can see from Table 2 that each subgroup of S4 has an order that 
divides 24, the order of S4. 


So, for both S(O) and $4, the order of each subgroup divides the order of 
the group. Lagrange’s Theorem states that this is true for finite groups in 
general. 


Theorem B68 Lagrange’s Theorem 


Let G be a finite group and let H be any subgroup of G. Then the 
order of H divides the order of G. 


For example, if G is a group of order 12, then any subgroup of G has order 
1, 2, 3, 4, 6 or 12. These numbers are the positive factors, also called the 
positive divisors, of 12. This group G cannot have a subgroup of order 5, 
7, 8, 9, 10 or 11. 


Exercise B131 


Let G be a group of order n and let H be a subgroup of G. List all the 
possible orders of H in each of the following cases. 


(a) n= 20 (b) m= 25 (c) n=29 


1 Lagrange’s Theorem 


Notice that the group in the statement of Lagrange’s Theorem above is 
referred to simply as G, without mention of its binary operation, rather 
than as (G,o). It is often convenient to use this more concise notation in 
theorems or discussions about abstract groups, and we will do so 
throughout this section. This is part of a commonly used convention for 
notation for abstract groups that is explained more fully in the next 
section. (By an abstract group we mean one that is not a specific, concrete 
group such as S(O) or S4.) 


A proof of Lagrange’s Theorem follows shortly. It proves the theorem by Moments Ot G 


showing that if G is any finite group and H is any subgroup of G, then it Elements of H 

is always possible to arrange the elements of G in the form of a rectangular 

array with the elements of H as the first row, as illustrated in Figure 2. i? 

The order of G is then the number of elements in the array, which is equal epee eats a i 

to the number of rows of the array times the number of columns of the ee @ onno 

array. Since the number of columns of the array is the order of H, it 

follows immediately that the order of H divides the order of G. eo o o `. o 

The proof describes a method for arranging the elements of the group G in 

such an array. It is helpful for you to see the method in action before you e o o `. o 

read the proof, so here is how it is carried out for the group S(O) and its 

2-element subgroup H = (r) = {e,r}. We start by writing the elements Figure 2 An arrangement of 
of H as the first row of the array, as follows. the elements of a group G with 


a subgroup H as the first row 
e r 


Then we take any element of S(O) that does not appear in this row: we 
can choose a, for example. We compose each of the elements of H on the 


left with this new element to form the composite elements a o e = a and Table 3 S(O) 
aor = s (see Table 3), and write these composites below the elements cole aberstw 
of H to form a second row of the array, as follows. Poe a oS 
r aja bcestur 
s bjbceaturs 
cle eaburst 
Next we take any element of S(O) that is not already in the array: we can: plputsecba 
choose b, for example. Again we compose each of the elements of H on the sls rutaecb 
left with this new element to form the composite elements b o e = b and EVE ee gt ap o a e 
bor = t, and write down these composites to form a third row of the array, ulu ts rcbae 
as follows. 
e r 
a s 
b t 
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aja b e e $ tu r 
blb c eatur s 
cle ea bur s t 
rilrut=secoba 
sis ru taeecb 
tlt s rubaee 
uju t s rcbae 
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We continue in this way until every element of S(O) appears in the array. 
So next we take any element of S(O) that is not already in the array: we 
can choose c, for example. We compose each of the elements of H on the 
left with this new element to form the composite elements coe = c and 
cor =u, and write down these composites to form a fourth row of the 
array, as follows. 


a wea Oo 
2 >u 3 


Now every element of S(O) appears in the array, so the array is complete. 
It has the properties that we wanted: it is an arrangement of the elements 
of S(Q), and it has the subgroup H as its first row. 


The method that we used above must certainly produce a rectangular 
array of elements of S(O) with the elements of the subgroup H as the first 
row. However, it was not clear from the start that the array would 
definitely turn out to be an arrangement of the elements of S(O) — perhaps 
it was just luck that no elements of S(O) appear more than once in the 
array? In the proof of Lagrange’s Theorem you will see that it was not just 
luck: the method never gives repeated elements. 


You can try the method for yourself in the next exercise. 


Exercise B132 


For each of the following subgroups of S(O), use the method demonstrated 
above to arrange the elements of S(O) in the form of a rectangular array 
whose first row consists of the elements of the subgroup. To find the 
necessary composites of elements of S(O), use the Cayley table of $(Q), 
given as Table 4. 


(a) {e,b} (b) fe, 4,6, e} 


As mentioned earlier, it is not immediately obvious that the method 
demonstrated above always produces an array in which the elements are 
all distinct — and we certainly need them to be distinct so that the number 
of elements in the array is the order of the group that we started with. 
How do we know that the elements in each row will always turn out to be 
all different from each other, for example? And how do we know that an 
element obtained in one row is never repeated in another row? 


The proof of Lagrange’s Theorem given below describes the method 
demonstrated above for arranging the elements of a group G given a 
subgroup H, and shows that the elements of G in the resulting array are 
indeed always distinct. You may think the proof looks rather long, but this 
should not deter you from reading it: the first half of it is just the 
description of the method demonstrated above. 


Proof of Lagrange’s Theorem Let G be a finite group with binary 
operation o, and let H be any subgroup of G. 


Let the order of H be r, and let H = {hi,ho,..., hr}. We form an array of 
elements of G by using the following procedure. 


We start by writing the elements of H as the first row of the array: 
hy hg aoe hy. 


If there are no elements of G not yet placed in the array (that is, if 

H = G), then the array is complete. Otherwise, we choose any element 
of G that is not yet in the array, say g2 (the subscript 2 has been chosen 
for convenience, to correspond to row 2), compose each of the elements 
of H on the left with this new element, and write down the resulting r 
composites to form the second row of the array: 


hi ho me hy 
g2 0 hy g2 0 he — g2 0 hr. 


If there are no elements of G not yet placed in the array, then the array is 
complete. Otherwise, we choose any element of G that is not yet in the 
array, say g3, compose each of the elements of H on the left with this new 
element, and write down the resulting r composites to form the third row 
of the array: 


hy ho piai hy 
gohi goh? ... 92 © hy 
gohi gaoh ...  ga3ohr. 


We continue appending new rows in this way until all the elements of G 
appear in the array. This must happen, because each new row 
gkohi gkohz ...  gkohr 


contains the element gg (because one of hj, h2, ..., hy is the identity 
element), and gẹ does not appear in any previous row. So each new row 
includes at least one element that does not appear in any previous row. 


We now show that the elements of G in the array are all distinct. 


First we show that in each row of the array the r elements are all distinct. 
Certainly the r elements in the first row are all distinct, because they are 
the r elements of H. Also, the r elements in each subsequent row are all 
distinct, because if 


gk © hi = gk © hj 
for some gk € G and hi, hj € H, then, by the Left Cancellation Law, 
hi = hy, 


that is, h; and hj are the same element of H. 


1 Lagrange’s Theorem 
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Next we show that none of the elements in each new row of the array is a 
repeat of an element that appeared in a previous row. We use a 
contradiction argument. Suppose that in some row, say row l, there is an 
element g; oh; that is a repeat of an element gg 0h; that appeared in 
row k, a previous row. Then 


gı © ħi = gk © hj. 
Composing each side of this equation on the right by i gives 
gH =9RojOh,". 


Now hj © ie € H, since H is a subgroup, so the equation above implies 
that the element gı appears in row k of the array. This is a contradiction, 
because we chose g; to be an element that does not appear in a previous 
row. Thus none of the elements in each new row of the array is a repeat of 
an element that appeared in a previous row. The argument here applies 
even if row k is the first row, since we can write the first row as 


goh goh sss Gi hr 


where gı = e. 


Thus all the elements of G in the array are distinct, and hence the order 

of G is equal to the number of elements in the array, which is equal to the 
number of rows of the array times the number of columns of the array. But 
the number of columns of the array is r, the order of H, so the order of H 
divides the order of G. E 


In Book E you will see that the elements in each row of the array described 
in the proof above form a set known as a left coset of the subgroup H in 
the group G. Left cosets, and also right cosets, which are obtained in 
exactly the same way but by composing with the new elements on the 
right instead of the left, are hugely important in group theory, and you will 
learn about them, and many of their properties and uses, in Book E. 


Lagrange’s Theorem allows us to write down all the possible orders for 
subgroups of a finite group G — these are all the positive divisors of the 
order of G. Thus, if the natural number m does not divide the order of G, 
then G does not have a subgroup of order m. 


Warning 
The converse of Lagrange’s Theorem is false. 


Lagrange’s Theorem does not assert that if m is a positive divisor of 
the order of a group G, then G has a subgroup of order m. 


1 Lagrange’s Theorem 


For example, the alternating group A, comprises the twelve even 
permutations in S4: 


Aa = {e, (1 23), (1 2 4), (134), (234), (13 2), (1 4 2), 
(1 43), (243), A 2)6 4), (1 3)(2 4), (1 4)(2 3)}. 


The group A4 has order 12, and the positive divisors of 12 are 1, 2, 3, 4, 6 
and 12, so any subgroup of A4 must have order 1, 2, 3, 4, 6 or 12. In fact, 
A4 has subgroups of each of the orders 1, 2, 3, 4 and 12, as you are asked 
to show in the next exercise, but it has no subgroup of order 6. You are 
asked to show this later in this unit, in Exercise B144 in Subsection 2.6. 


Exercise B133 


Write down a subgroup of A4 of each of the orders 1, 2, 3, 4 and 12. 


Joseph-Louis Lagrange (1736-1813) was an Italian mathematician 
who spent his working life in Turin, Berlin and Paris. He made major 
contributions to mechanics, number theory and algebra. Today he is 
best known for his contributions to mechanics, where he transformed 
Newtonian mechanics into a branch of analysis, and won French 
Academy prizes for his work on celestial mechanics, with his memoir 
on the three-body problem being considered one of his most important 
works. (The three-body problem challenged mathematicians to develop 
a means of predicting how three neighbouring bodies in space, such as 
a star, a planet and a satellite, will move relative to each other.) 


Lagrange’s Theorem, which in modern mathematics is stated in terms 
of abstract groups, was obtained in the context of the theory of 
equations by Lagrange in 1771, a time when the concept of an 
abstract group had not yet been formulated. More specifically, 
Lagrange was trying to find an algebraic formula for the roots of a 
fifth degree polynomial equation and although he was unsuccessful (as 
Abel later showed he was bound to be), he was led to a theorem 
concerning the permutations of the roots of equations which, in 
essence, can be stated as follows: If a function of n variables is acted 
on by all n! possible permutations of the variables and these permuted 
functions take only r distinct values, then r divides n!. 


Joseph-Louis Lagrange 


Lagrange’s Theorem entered group theory with the work of both (grateful acknowledgement is 
Gauss and Cauchy, each of whom proved it in particular cases. It was made to the Royal College of 
finally proved for any permutation group by Camille Jordan in 1861. Physicians for the image) 
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1.2 Corollaries of Lagrange’s Theorem 


Lagrange’s Theorem is a cornerstone in the theory of finite groups. We 
now look at some of its useful corollaries. 


Orders of group elements 


Remember that the order of an element of a finite group G is the smallest 
positive integer n such that z” = e. From Lagrange’s Theorem we can 
deduce the following result. 


Corollary B69 to Lagrange’s Theorem 


Let g be an element of a finite group G. Then the order of g divides 
the order of G. 


Proof The order of g is the same as the order of the cyclic subgroup (g) 
generated by g, which divides the order of G by Lagrange’s Theorem. E 


For example, in the group S(O), the element a (a quarter turn 
anticlockwise) has order 4, which is the same as the order of the cyclic 
subgroup generated by a: 


(a) = {e,a, a”, a°} = {e,a, b,c}. 


This order is a divisor of 8, the order of S(O), as guaranteed by Lagrange’s 
Theorem. 


Exercise B134 


Verify that the order of the group element divides the order of the group in 
each of the following cases. 


(a) The element (1 2 3 4) of the group S4. 
(b) The element (1 3 4) of the group S4. 
(c) The element 5 of the group (Zo, +9). 
(d) The element 6 of the group (Zo, +9). 


Groups of prime order 


We look next at groups of prime order. Lagrange’s Theorem has the 
following corollary. 


Corollary B70 to Lagrange’s Theorem 


Let G be a group of prime order. Then G is cyclic, and every element 
of G other than the identity element is a generator of G. 


Proof Let the order of the group G be the prime number p, and let x be 
an element of G other than the identity element. Since p is prime, it 
follows from Lagrange’s Theorem that the cyclic subgroup (x) generated 
by x has order 1 or p. However, only the identity element generates a 
cyclic subgroup of order 1, so the order of (x) is p, and hence (sx) is the 
whole of G. Thus G is cyclic, and x is a generator of G. E 


Note that Corollary B70 tells us in particular that if a subgroup H of a 
group G has prime order, then H is a cyclic subgroup of G. This is 
because any subgroup of a group is itself a group. 


Corollary B70 also gives us the following result. 


Corollary B71 to Lagrange’s Theorem 


If G is a group of prime order p, then G is isomorphic to the cyclic 
SET (Zioa p): 


Proof Let G be a group of prime order p. Then G is a cyclic group of 
order p, by Corollary B70. The group (Zp, +p) is also a cyclic group of 
order p (since (Zn, +n) is a cyclic group of order n for any integer n > 2, 
by Theorem B37 in Unit B2). Any two cyclic groups of the same order are 
isomorphic (by Theorem B49 in Unit B2), so G is isomorphic 

to (Zp, +p). a 


The following corollary of Lagrange’s Theorem tells us more about the 
structure of groups of prime order. 


Corollary B72 to Lagrange’s Theorem 


If G is a group of prime order, then the only subgroups of G are the 
trivial subgroup and G itself. 


Proof Let the order of G be the prime number p. Since p is prime, it 

follows from Lagrange’s Theorem that any subgroup of G has order 1 or p. 
But the only subgroup of G of order 1 is the trivial subgroup {e}, and the 
only subgroup of G of order p is G itself. | 


An alternative way to prove Corollary B72 is to use Theorem B41 in 
Unit B2. This states that for any integer n > 2 the group (Zn, +n) has 
exactly one cyclic subgroup of order q for each positive factor q of n, and 
no other subgroups. It follows that if p is prime, then the only subgroups 
of (Zp, +p) are the trivial subgroup and the whole group. By 

Corollary B71 (and Theorem B47 in Unit B2), the same must be true of 
any group of order p. 


1 Lagrange’s Theorem 
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Exercise B135 


Consider the group (GŒ, o0) of order 5 that is defined by the following Cayley 
table. 


olv w nex y z 
viw z yu gz 
wlz @2@ vw y 
|y v z z w 
ylv w z y z 
zizt yw zv 


(a) Explain how you know that G is a cyclic group. 


(b) Find the identity element of G and use the Cayley table to verify that 
all the other elements have order 5. 


(c) Find an isomorphism ¢ that maps G to (Zs, +5). 


Hint: Write down a generator of G and a generator of (Z5, +5), and 
then find an isomorphism by matching powers of generators (as in 
Strategy B6, near the end of Unit B2). 


Exercise B136 


(a) Let G be a group of order 14. Show that all the proper subgroups 
of G are cyclic. (Recall that a proper subgroup of a group G is a 
subgroup that is different from G itself.) 


(b) More generally, let G be a group of order pq, where p and q are both 
prime. Show that all the proper subgroups of G are cyclic. 


Corollaries B70 and B71 to Lagrange’s Theorem can sometimes help us to 
determine how many isomorphism classes there are for groups of a given 
order. 


In particular, Corollary B71 tells us that for each prime number p there is 
just one isomorphism class for groups of order p. In other words, all groups 
of a particular prime order p are isomorphic to each other. 


The number of isomorphism classes for groups of order n for non-prime 
values of n is known for small values of n. For example, there are five 
isomorphism classes for groups of order 8 and fourteen isomorphism classes 
for groups of order 16. The isomorphism classes for groups of orders 1 to 8 
are described in the next section. The problem of finding the isomorphism 
classes for groups of order n, and how many classes there are, becomes 
more difficult as n increases. 


2 Groups of small order 


2 Groups of small order 


In this section we will determine how many isomorphism classes there are 
for groups of orders 1 to 7. That is, we will determine how many different 
possible structures there are for groups of these orders. We will also look 
at the natures of these different structures. The isomorphism classes for 
groups of order 8 are also described here, without proof. 


2.1 Some useful results 


To enable us to determine isomorphism classes for small groups, we will 
use several theorems that you have met in this book, together with three 
further, more specialised, theorems that are stated and proved in this 
subsection. 


Before you meet these three theorems it is useful for you to be introduced 
to a commonly used convention for notation in group theory. You met part 
of this convention in the last section: you saw that we often refer to an 
abstract group simply as G, without mentioning its binary operation. So 
far, however, we have continued to denote a composite of two elements x 
and y of an abstract group by xo y (as we did, for example, in the proof of 
Lagrange’s Theorem). This notation can become unwieldy when we deal 
with manipulations that involve a lot of composites of group elements, so 
for abstract groups we often drop the use of the symbol o in composites 
too. The complete convention is described below. 


Notation convention for abstract groups 


In discussions about abstract groups, we use the following notation 
and terminology where it will not cause confusion. 


e We denote an abstract group simply by a single symbol such as G, 
without specifying a symbol for its binary operation. 


e We denote a composite of two elements x and y of G simply by xy. 


Warning: Unless the group is abelian, the composites xy and yx are 
not necessarily equal. 


This convention makes the multiplicative notation that we have been using 
for abstract groups a little more concise. The features of multiplicative 
notation not mentioned in the box remain the same: for example, we 
continue to denote the inverse of an element x by x~!, the composite of an 
element x with itself by x7, the identity element by e, and so on. 
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The notation described in the box above, which we will refer to as concise 
multiplicative notation, will be used in discussions and proofs involving 
abstract groups throughout the rest of this unit, and throughout Book E, 
except in some circumstances where it is clearer to revert to the notation 
that we used previously. It is usually quicker and easier to work with, once 
you are used to it. When you see results stated using this notation, you 
need to be able to convert them into notation that involves a symbol for 
the binary operation, and into additive notation, so you can apply them to 
particular groups. The next exercise should help you become familiar with 
the concise multiplicative notation. 


Exercise B137 


(a) The following statements about elements x, y and z of a group G with 
identity element e are expressed using concise multiplicative notation, 
as described in the convention above. Write each of these statements 
using our previous standard notation for abstract groups, with the 
binary operation of G denoted by o. (One of the statements does not 
need to be changed.) 


(G) 2S a Gi) a2? = rë (üi) (yz) = pe 


(iv) a? =e Vay =e = j= 


(b) Write each of the statements in part (a) in additive notation, for a 
group (G, +). 


Now here is the first of the three new theorems that we will be using to 
help us determine isomorphism classes in this section. Its proof is written 
using concise multiplicative notation. 


Theorem B73 


Let G be a group in which each element except the identity has 
order 2. Then G is abelian. 


Proof Let x and y be any elements of G. We have to show that ry = yz. 
Since zy is an element of G, it is either the identity element or has order 2, 


and hence 
(zy) =e, 
that is, 
e = ryry. 


Composing both sides of this equation on the left with x and on the right 
with y gives 


zey =a yay, 


and hence, since x and y are either the identity element or have order 2, 


xey = eyre, 


that is, 
TY = YT. 
Thus G is abelian. E 


Exercise B138 


Construct an alternative proof of Theorem B73 by using the fact that if a 
group element g is either the identity element or has order 2 then it must 
be self-inverse, that is, it must have the property g = g~!. Express your 
proof using concise multiplicative notation. 


Hint: Let x and y be elements of the group G. Start by applying the fact 
mentioned above to the element xy. 


Now here is the second of the three theorems that we will be using to help 
us determine isomorphism classes. 


Theorem B74 


Let G be a group of order greater than 2 in which each element except 
the identity has order 2. Then the order of G is a multiple of 4. 


Proof 


®. We show that G has a subgroup of order 4, then apply 
Lagrange’s Theorem. .& 


Since G has at least three elements, we can choose two distinct 
non-identity elements of G, say x and y. Since x and y have order 2, we 


have x? = e and 4? = e, and hence x = x7! and y= yr. 


Let z = xy. Then z is distinct from e, x and y, because every other 
possibility leads to a contradiction: 


z = e would imply zy = e, and hence y = 2! =a; 


z = x would imply ry = x, and hence y = e; 
z = y would imply ry = y, and hence x = e. 


We now show that {e, x,y,z} is a subgroup of G. We start by determining 


the entries in the Cayley table for {e, x,y,z}. We already know that 


x? =e, y? =e and 2? =e, since x,y,z € G. Also, by Theorem B73, the 


group G is abelian. Thus 
YL = LY = z, 
az =a(xy)=2*y=ey=y, so zz=y also, 


yz = y(zy) = y(yx) = yr = ex =z, so zy == also. 
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Hence the Cayley table is as follows. 


rR © R O 
& IS 
ao x ele 
o R © R 


We now check the three subgroup properties. 


SG1 Closure Every element in the body of the table is in {e, £, y, z}, so 
{e, x,y,z} is closed under the binary operation of G. 


SG2 Identity The identity element e of G is in {e, x,y,z}. 


SG3 Inverses All the elements of {e, x,y,z} are self-inverse, so 
{e, x,y,z} contains the inverse of each of its elements. 


Thus {e,z,y,z} is a subgroup of G. By Lagrange’s Theorem, the order of 
this subgroup divides the order of G, so the order of G is a multiple 
of 4. Oo 


An example of a group that satisfies the conditions in Theorem B74 
is S(©), the symmetry group of the rectangle, which has order 4. 


The third of the three theorems in this subsection is as follows. 


Theorem B75 


Let G be a group of even order. Then G contains an element of 
order 2. 


Proof The elements of G that are not self-inverse can be paired up with 
their inverses, so G has an even number of elements that are not 
self-inverse. Since G has even order, it follows that G also has an even 
number of elements that are self-inverse. The identity element is a 
self-inverse element, so there must be at least one further self-inverse 
element, say x. Since x = x~! it follows that z? = e, so x has order 1 or 2. 
But x is not the identity element, so it has order 2. | 


In fact, you can see from the proof of Theorem B75 that every group of 
even order has an odd number of elements of order 2. 


In the remaining subsections of this section we will use the three theorems 
above to help us determine the isomorphism classes for groups of orders 1 
to 7. (The classes for groups of order 8 are also described, without proof.) 
We will also use Lagrange’s Theorem and some of its corollaries from 
Section 1, and the three theorems listed below, which you met earlier in 
this book. 


2 Groups of small order 


e If two finite groups are isomorphic, then they have the same order. 
(Theorem B43 in Unit B2.) 


e All finite cyclic groups of the same order are isomorphic. (Theorem B49 
in Unit B2.) 


e A group of order n that contains an element of order n is a cyclic group. 
(Theorem B34 in Unit B2.) 


2.2 Groups of orders 1, 2, 3, 5 and 7 


We now make a start on determining the isomorphism classes for groups of 
orders 1 to 7. It is straightforward to deal with the orders 1, 2, 3, 5 and 7. 


Since every group contains an identity element, a group of order 1 consists 
of this element alone, and hence its Cayley table is simply the following, 
where e is the identity element. 


e 
e;e 


So we can make the following observation. 


Proposition B76 Isomorphism classes: order 1 


There is only one isomorphism class for groups of order 1. 


Examples of particular members of this isomorphism class are the groups 


({O},+), ({U},x) and S(F), 


where F is any figure whose only symmetry is the identity symmetry. 


Now let us consider groups of orders 2, 3, 5 and 7. All these orders are 
prime, so we can deal with them very easily by using Corollary B71 to 
Lagrange’s Theorem, which states that a group of prime order p is 
isomorphic to the cyclic group (Zp, +p). 


Proposition B77 lIsomorphism classes: orders 2, 3, 5 and 7 


For each prime p, there is only one isomorphism class for groups of 
order p. All the groups in this class are cyclic. 


For example, all groups of order 2, such as (Z2, +2), (Ug, x6) and the group 
of direct symmetries of the rectangle, S+ (0), lie in the single isomorphism 
class for groups of order 2. That is, they are all isomorphic to each other. 


Similarly, all groups of order 3, such as (Z3, +3), ({1,4,7}, x9) and the 
group of direct symmetries of the triangle, S*(A), lie in the single 
isomorphism class for groups of order 3. 


Similar statements can be made for groups of orders 5 and 7. 
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Figure 4 The pattern of the 
Cayley table of the Klein 
four-group 
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Remember that we use the notation Cn to denote a general, abstract cyclic 
group of order n. So we can say that for any prime p, every group of 
order p is isomorphic to Cp. Remember also that every cyclic group is 
abelian. 


2.3 Groups of order 4 


In Subsection 4.2 of Unit B2 it was stated, without proof, that there are 
exactly two isomorphism classes for groups of order 4. We can now prove 
this fact. 


Suppose that G is a group of order 4. By Corollary B69 to Lagrange’s 
Theorem, the order of each element of G divides 4, so each element of G 
has order 1, 2 or 4. We will consider separately the following two 
possibilities: 


e G has an element of order 4 


e G has no element of order 4. 


G has an element of order 4 


If G has an element of order 4, then G is a cyclic group, isomorphic to C4. 
The pattern of the Cayley table of this group is shown in Figure 3. 


Examples of cyclic groups of order 4 include (Z4, +4), (Zé, x5) and the 
group of direct symmetries of the square, S*( 


G has no element of order 4 


Now consider the other possibility, that G does not have an element of 
order 4. Only the identity element has order 1, so the other three elements 
of G have order 2. If we let two of these elements be x and y, and we let 

z = £y, then by exactly the same argument as in the proof of 

Theorem B74 we can deduce that z is distinct from e, x and y, and that 
the Cayley table for {e, x, y, z} is as follows. 


m 
x 


8S o xee 


x 
x 
e 
z 
y 


x L 8 
x C 8 O 
o R © R 


Since G has only four elements, this is the Cayley table of G. The table 
has the pattern of the Klein four-group V, shown in Figure 4, which you 
met in Subsection 4.2 of Unit B2. So G is isomorphic to the Klein 
four-group. In particular, G is abelian. 


Examples of groups of order 4 isomorphic to the Klein four-group V 
include (Ug, xg) and the symmetry group of the rectangle, S (5). 


We have established the following result. 


Proposition B78 Isomorphism classes: order 4 
There are two isomorphism classes for groups of order 4: 
e one contains the cyclic group C4 

e the other contains the Klein four-group V. 


All groups of order 4 are abelian. 


Given a group G of order 4, we can determine the isomorphism class to 
which it belongs by looking at the orders of its elements, as follows. 


e If there are only two self-inverse elements (or, alternatively, if there is an 
element of order 4 — there would be two such elements), then G & C4. 

e If all elements are self-inverse (or, alternatively, if there is no element of 
order 4), then G S V. 


Remember that the symbol ¥ means ‘is isomorphic to’. 


Recall that you can see immediately from a group table whether a 
particular element «x is self-inverse, by checking whether the cell in the row 
labelled x and column labelled x contains the identity element, as 
illustrated in Figure 5. 


Exercise B139 


Each of the following sets is a subgroup of the symmetric group Se. In 
each case, determine whether the subgroup is isomorphic to C4 or to V. 


(a) {e, (1 3), (2 5), (1 3)(2 5)} 
(b) {e, (23 4 6), (2 4)(3 6), (264 3)} 


Notice from the Cayley table for {e,z,y,z} above that in a group 
isomorphic to the Klein four-group V, the composite of any pair of distinct 
non-identity elements is the third non-identity element. That is, if the 
three non-identity elements are x, y and z, then ry = z, rz = y 

and yz = x. It is useful to remember this fact. 


2.4 Groups of order 6 


In Subsection 4.2 of Unit B2 it was stated, without proof, that there are 
exactly two isomorphism classes for groups of order 6. We now prove this 
result. 


Suppose that G is a group of order 6. Then each element of G has order 1, 
2, 3 or 6. We will consider separately the following two possibilities: 


e G has an element of order 6 


e G has no element of order 6. 


2 Groups of small order 


Figure 5 A self-inverse 
element x 
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Figure 6 ‘The pattern of the 
Cayley table of C6 
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G has an element of order 6 


If G has an element of order 6, then G is a cyclic group, isomorphic to Ce. 
The pattern of the Cayley table of this group is shown in Figure 6. 


Examples of cyclic groups of order 6 include (Ze, +6) and (Z, x7). 


G has no element of order 6 


Now consider the other possibility, that G does not contain an element of 
order 6. In this case each non-identity element of G has order 2 or 3. By 
Theorem B75, since G has even order, it contains an element of order 2, 
say g. However, not all the non-identity elements of G have order 2, by 
Theorem B74, since the order of G is 6, which is not a multiple of 4. So G 
also contains an element of order 3, say h. 


Let H be the cyclic subgroup generated by h: 
H = (h) = {e, h, h?}. 


The element g does not lie in H, because H has order 3 and so its elements 
have order 1 or 3 by Corollary B69 to Lagrange’s Theorem. Hence, by the 
argument in the proof of Lagrange’s Theorem, the following array is an 
arrangement of the elements of G: 


g gh gh?. 


(Remember that we are using concise multiplicative notation, so we write 
gh rather than go h, and gh? rather than g o h?.) 


Thus the six distinct elements of G are 
e, h, h’, g, gh, git. 


We now construct a Cayley table for G. We can construct some of it 
directly by using the information that we have so far, as follows. 


e h k g gh gh? 


e e h k g gh gh? 


gh? | gh? g gh 


To make further progress we need to evaluate the composite hg, which 
must be one of the six elements e, h, h?, g, gh, ghè. It cannot be h, h? or e 
since they already appear in the same row, and it cannot be g since it 
already appears in the same column. That leaves the possibilities gh 

and gh?. 


We use proof by contradiction to show that hg 4 gh. If hg = gh, then we 
would have 


hg = gh#e, 

(hg)? = (hg)(hg) = (hg)(gh) 

(hg)? = (hg)?(hg) = h? (hg) 
which would tell us that the order of hg is not 1, 2 nor 3, and hence must 
be 6 (since the order of a group element divides the order of the group). 


But this would contradict the fact that G has no element of order 6. 
Therefore we must have 


hg = gh’. 


hg?h = heh = h? #e, 
h?g = eg 


GFE, 


We can enter this in the Cayley table, and we can then fill in the rest of 
the top right quarter of the table using only the fact that each group 
element must occur exactly once in each row and each column. However, 
we need to calculate one more entry before we can do the same for the 
bottom right quarter. Since hg = gh”, we have 


(gh)g = g(hg) = g(gh?) = gR? = eh? = K’. 


If we fill in this entry and complete the rest of the table using the fact that 
each group element must occur exactly once in each row and each column, 
then we obtain the following table. 


e h KÈ g gh gk 

e e h KÈ g gh gh? 
h è e gh? g gh 
hè | hR? eœ h gh gè g 
g g gh gh? e h R 
gh | gh gh? g R e h 
ghè |g? g gh h R e 


This table has the pattern shown in Figure 7, which is the same as the 
pattern of the Cayley tables of the groups $(A) and S3, shown below. 
This pattern is not symmetric with respect to the main diagonal, so these 
groups are not abelian. 


Cle a2 bP € 4 o e (123) (132) (23) (13) (12) 
ele abr st e e (123) (132) (23) (13) (12) 
alabetrs (123) | (123) (132) e (12) (23) (13) 
blbeastr aylay e (123) (13) (12) (23) 
rir oe teab (23) | (23) (13) (12) e (123) (132) 
sls trbea (13) | (13) (12) (23) (132) e (123) 
tlt rs abe (12) | (12) (23) (13) (123) (132) e 
S(A) S3 


2 Groups of small order 


Figure 7 The pattern of the 
Cayley tables of S(A) and $3 
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So we have established the following result. 


Proposition B79 Isomorphism classes: order 6 
There are two isomorphism classes of groups of order 6: 
e one contains the cyclic group Ce 


e the other contains the non-abelian group S(A). 


Given a group G of order 6, we can determine the isomorphism class to 
which it belongs by using the fact that one class contains abelian groups 
and the other class contains non-abelian groups, as follows. 


e If the group table is symmetric with respect to the main diagonal, then 
G S Ce. 

e If the group table is not symmetric with respect to the main diagonal, 
then G = S(A). 


Exercise B140 


Find each of the following in the symmetric group S6. 
(a) A subgroup isomorphic to C¢. 
(b) A subgroup isomorphic to S(A). 


The group S(A) is known as the dihedral group of order 6. 


More generally, for each integer n > 3, the symmetry group of the regular 
polygon with n edges is called the dihedral group of order 2n. For 
example, S(O) is the dihedral group of order 8, S(O) is the dihedral group 
of order 10, and so on. The dihedral group of order 2n is usually denoted 
by D, (or, in some texts, by Dən), but this notation is not used in this 
module. 


2.5 Groups of order 8 


We now turn to groups of order 8. Suppose that G is a group of order 8. 
Then each element of G has order 1, 2, 4 or 8. So every group of order 8 
satisfies exactly one of the following three possibilities: 


e G has an element of order 8 
e G has no element of order 8, but has an element of order 4 
e each element of G except e has order 2. 


These possibilities are discussed below (in a slightly different order), with 
the proofs omitted. 


G has an element of order 8 


If G has an element of order 8, then G is a cyclic group, isomorphic to Cy. 
Thus G is abelian. 


Such a group G comprises the identity, four elements of order 8, two 
elements of order 4 and one element of order 2. 


An example of a cyclic group of order 8 is (Zg, +g). The orders of the 
elements in this group are as follows. 


Element |0 1 2 3 4 5 6 7 
Order 1 8 4 8 2 8 4 8 


Each element of G except e has order 2 


Here G is a group comprising the identity and seven elements of order 2, 
so, by Theorem B73, it is abelian. It can be shown that all such groups are 
isomorphic to each other. 


An example of a group with this structure is the symmetry group of a 
cuboid with no square faces. You met this group in Exercise B34 in 

Unit B1. We can denote it by S(cuboid). It contains the identity 
symmetry, three rotations through 7 as shown in Figure 8, three reflections 
in planes halfway between opposite faces, and one further indirect 
symmetry, which maps each point of the cuboid to the ‘opposite’ point, 
that is, to the point that is reached if a line is drawn from the original 
point to the centre of the cuboid and then extended by the same distance 
again. You can think of this fourth indirect symmetry as ‘reflection in the 
central point of the cuboid’. 


2 Groups of small order 


Figure 8 A cuboid and its 
three non-identity rotational 
symmetries 
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G has no element of order 8, but has an element of order 4 


In this case, each non-identity element of G has order 2 or 4. Using an 
approach similar to that used for groups of order 6, we can show that there 
are three non-isomorphic groups of this type, as follows. 


e A non-cyclic abelian group comprising the identity, four elements of 
order 4 and three elements of order 2. The group (U15, X15), for example, 
has this structure, as you are asked to show in Exercise B141 below. 


e A non-abelian group comprising the identity, two elements of order 4 
ra and five elements of order 2. The group S(O), that is, the dihedral 
group of order 8, has this structure. The non-identity elements of S(O) 
are shown in Figure 9, and the orders of the elements are as follows. 


Element le ab crs tu 
Order 14242 2 2 2 


N e A non-abelian group comprising the identity, six elements of order 4 and 

one element of order 2. The standard example of such a group is the 
Figure 9 (0) quaternion group of order 8, denoted by Qs. (The blue box at the end 
of this subsection gives some of the history behind its name.) The 
elements of this group are usually denoted by 


il 1,4 459s Jrk; k, 


where 7, j and k are simply symbols, and —i,—j and —k denote the 
composites (—1)z, (—1)j and (—1)k. The Cayley table for Qs is shown 
below. Notice that i? = j? = k? = —1. It is straightforward to check 
that the Cayley table satisfies group axioms G1 (closure), G3 (identity) 
and G4 (inverses), and it can be shown that it also satisfies axiom G2 
(associativity). 


x | 1-1 i—i j -j k-k 


1| 1—1 i—i 9 —9 &—E 
-1 |-1 1-i i-j j-k k 


j| j -j -k &-1 1 = @ —i 
-j |-j j k-k 1-1-4 i 
k| k-k j-j -i i-l 1 
-k |-k k-j j i—i 1-1 


The orders of the elements of Qg are as follows. 


Element | 1 1 i —i j -j k —-k 
Order |1 2 4 4 4 4 4 4 
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Exercise B141 


Show that (U15, x15) is an abelian group of order 8 that has four elements 
of order 4 and three elements of order 2. 


Exercise B142 


Use the Cayley table of the quaternion group Qs to show that the elements 
i and —i of this group both have order 4. 


(You can denote a composite of elements x and y of Qs by xy, as the 
binary operation of Qg may be thought of as a type of multiplication. 
Remember though that xy and yx may not be equal.) 


The discussion above about groups of order 8 is summarised in the 
following proposition. 


Proposition B80 Isomorphism classes: order 8 


There are five isomorphism classes for groups of order 8, as follows. 


Class Abelian/ Numbers of elements of Example 
non-abelian order 1 order 2 order 4 order 8 
1 abelian il il 2 4 (Zs, +8) 
2 abelian 1 y 0 0 S(cuboid) 
3 abelian il 3 4 0 (Uis, x15) 
4 non-abelian 1 5 2 0 S(E) 
5 non-abelian 1 1 6 0 Qs 


This gives us the following strategy. 


Strategy B14 


To determine the isomorphism class of a group of order 8, determine 
whether the group is abelian and find the number of elements of 
order 2. Then use the table in Proposition B80. 


You can count how many elements of order 2 there are in a finite group by 
looking at its Cayley table: the number of elements of order 2 is one less 
than the number of self-inverse elements, because the self-inverse elements 
are the identity element and the elements of order 2. Remember also that 
a finite group is abelian if and only if its Cayley table is symmetric with 
respect to the main diagonal. 


2 Groups of small order 
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Exercise B143 


Each of the following Cayley tables is the group table of a group of 

order 8. In each case, use Strategy B14 to determine the isomorphism class 
to which the group belongs, and hence state a standard group from 
Proposition B80 to which the group is isomorphic. 


(a) oļe abcd fgh (b) ole abcdfgh 
ele abedfgh ele a bedfgh 
ala ecb fdhg ala bce fghd 
blb c eagihd f blib c eaghd f 
cle baehgfd cle ea bhdfg 
did f g hea be did f g hea be 
ff dhgqgaeec 6b fif gh dabee 
gig hdfbeea gig hdfbeea 
hjh g f dc bae hih d f g c¢c ea ob 

(c) ole a@ be d f g kh (d) ole a b ec d f gh 
ele a bed*fgh ele abedfgh 
aja bcd fghe aja bce fghd 
blb c d f g hea blb c e aghd f 
cle d fgheab cle eabhdfg 
d|d fg heabe dlid hg f baee 
fif g heaobed fif dhgebae 
gig h-è ab ed f gig fd hecba 
hih eabcdfg hih g fdaeeceb 


The quaternions 


In 1834 the Irish mathematician William Rowan Hamilton 
(1805-1865) published a paper in which he carefully explained how 
complex numbers can be regarded as ordered pairs of real numbers; 
specifically a + ib = (a,b). Complex numbers are a convenient 
notation for pairs, but space is three-dimensional, and his paper 
sparked a search for a similar notation for triples. What was required 
was a way of adding two triples so as to obtain a third, and 
multiplying two triples so as to obtain a third, in such a way that 
subtraction and division are also possible. The search for triples with 
the required properties always failed and later it was proved that no 
such algebra of triples can exist. But in 1843 Hamilton surprised 
himself by discovering an algebra of quadruples in which quadruples 
can be added, subtracted, multiplied and (if non-zero) divided. 


William Rowan Hamilton 
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Hamilton introduced three symbols 7, j and k and gave them simple 
but unexpected rules for their multiplication: 


P=}? =k? = l, 
Of = tke 


TE 


The third rule was a shock to almost everyone who saw it — everyone 
who had been looking for an algebra of triples up to this point had 
assumed that multiplication must be commutative. Hamilton then 
wrote quadruples as expressions of the form w + xi + yj + zk, where 
x, Y, Z, and w are real numbers. He called these quadruples 
quaternions, and studied the algebra that resulted. 


Hamilton left an account of his discovery in the form of a letter to his 
son, Archibald, written almost twenty years later. In it he famously 
described how he could not ‘resist the impulse — unphilosophical as it 
may have been — to cut with a knife on a stone of Brougham Bridge, 
as we passed it, the fundamental formula with the symbols, i, j, k; 
namely 


PS = =i 


which contains the Solution of the Problem, but of course, as an 
inscription, has long since mouldered away.’ There is now a stone 
plaque commemorating Hamilton’s discovery set into the side of the 
bridge. 


You saw earlier (in Subsection 3.4 of Unit B1 and Subsection 1.2 of 
Unit B2, respectively) that the complex numbers form an infinite 
group under multiplication when the element 0 = 0 + 07 is excluded, 
and {1,—1,%,—i} is a subgroup of this infinite group. In a similar way, 
the quaternions form an infinite group under multiplication when the 
element 0 = 0 + Oi + 07 + Ok is excluded, and the quaternion group 
Qs = {1,-1,1, -i, j, —j, k, —k} is a subgroup of this infinite group. 


2 Groups of small order 


The plaque on Brougham 
Bridge (usually known as 
Broome Bridge) in Dublin. 

It reads: Here as he walked by 
on the 16th of October 1843 


Sir William Rowan Hamilton 
in a flash of genius discovered 
the fundamental formula for 
quaternion multiplication 

i? = j? = k? = ijk = —1 & cut 
it on a stone of this bridge 
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2.6 Summary of isomorphism classes for 
groups of orders 1 to 8 


Table 5 summarises the results of Subsections 2.2 to 2.5. It lists the 


isomorphism classes for groups of orders 1 to 8, and places some of the 
groups that you have met in their classes. 


Table 5 Isomorphism classes for groups of orders 1 to 8 


Order Standard group(s) Properties Further examples 
1 CQ cyclic {0}, +), 1}, x) 
2 Co, (Z2, +2) cyclic art ); (Z3, x3) 
3 C3, (Zs, +3) cyclic ST (A), ({0, 4, 8}, +12), 
({1,4, T}, Xg) 
4 C4, (Za, +4) cyclic (Zs, x5), S*(D), S(%), 
({0, 3, 6, 9}, +12), 
({1, =i l; —i}, x) 
V, 85) abelian, (Us, xg), (U12, X12), 
non-cyclic ({1, 7,9, 15}, x16), 
({1, 9,11, 19}, X20) 
5 Cs, (Zs, +5) cyclic Sr (©) 
6 C6, (Ze, +6) cyclic S+ (O), (Zz, x7), (Ug, x9), 
({0, 2, 4, 6; 8, 10}, +12), 
(U14, X14) 
S(A) non-abelian 53, {e, (23), (24), (34), 
(234), (243)} 
7 C7, (Z7, +7) cyclic St (heptagon) 
8 Cs, (Zs, +8) cyclic S* (octagon) 
S(cuboid) abelian 
(Uis, x15) abelian (U20, X20) 
S(O) non-abelian 
Qs non-abelian 


3 Theorems and proofs in group theory 


In the next exercise you can use what you have learned about the 
isomorphism classes for small groups to show that the alternating 

group 44, a group of order 12, has no subgroup of order 6, as mentioned in 
Subsection 1.1. This shows that although Lagrange’s Theorem tells us the 
possible orders of a subgroup of a group, there may not be a subgroup of 
each of these possible orders. 


This exercise is quite challenging: it needs puzzling out. Try it for a few 
minutes, and if you are not making progress then look at the hint given at 
the start of the solution to the exercise. (Try not to look at the solution 
itself when you do so!) 


Exercise B144 


The alternating group A4 is given by 


Ay = {e, (1 2 3), (12 4), (13 4), (23 4), 
(1 3 2), (14 2), (143), (243), 
(1 2)(3 4), (1 3)(2 4), (1 4)(2 3)}. 


Use a contradiction argument to show that A4 has no subgroup of order 6. 


3 Theorems and proofs in group 
theory 


Throughout this book you have met many theorems and proofs, and you 
have been asked to produce some proofs of your own. In this section we 
will look again at the different ways in which theorems can be stated, in 
the context of the group theory that you have met, and we will revisit 
some of the simpler proofs in group theory that you have seen, and prove a 
few further results. This work should strengthen your ability to apply 
theorems correctly, understand proofs and produce your own proofs. These 
skills will be important in the remainder of the module. 


3.1 Statements of theorems 


Before you can prove, or indeed apply, a theorem, you need to be 
completely clear about what it actually claims. Any theorem can be 
expressed in many different ways using the elements of mathematical 
language that you met in Unit A3 Mathematical language and proof, and 
you will see theorems expressed in a variety of different ways throughout 
this module. In general, mathematicians aim to express each theorem as 
clearly and concisely as possible, using whatever language seems to suit 
that particular theorem. In this subsection you will practise interpreting 
theorems correctly, no matter how they are expressed. 


319 


Unit B4 Lagrange’s Theorem and small groups 


320 


Consider the following theorem, which you met in Unit B1. It is headed 
‘Proposition’ rather than ‘Theorem’ because this word is often used for 
theorems that are ‘less important’ in some way (for example, they might 
be quick and straightforward to prove). 


Proposition B11 


In any group, the identity element is unique. 


This theorem is expressed as a universal statement: it says that a 
particular property (a unique identity element) holds for every group. The 
word ‘any’ has been used, but it could just as well have been ‘every’. 


Another way in which the same theorem can be expressed is as follows. 


Proposition B11 (version 2) 


If G is a group, then the identity element of G is unique. 


Here the theorem is stated in the form ‘If P, then Q’, where P and Q are 
statements. That is, it is expressed as an implication. Remember from 

Unit A3 that when you see a theorem expressed as an implication, it is to 
be interpreted as a universal statement, with the ‘For all ...’ part omitted 
but understood implicitly. For example, the statement above really means 


For all G, if G is a group, then the identity element of G is unique. 
Many theorems can be expressed as implications in this way. 


In Unit A3 you saw that the statements P and Q in an implication ‘If P 
then Q’ are called the hypothesis and the conclusion of the implication, 
respectively. For Proposition B11, the hypothesis is ‘G is a group’ and the 
conclusion is ‘the identity element of G is unique’. 


There are various different ways to express a theorem as an implication, 
because, as you saw in Unit A3, an implication ‘If P, then Q’ can be 
expressed in various ways, such as those below. 


Ways to express the implication ‘If P, then Q’ 


e P implies Q e Q whenever P 

O JP = @ e Q follows from P 

e P is sufficient for Q e Q is necessary for P 
e Ponly ifQ e Q provided that P 


3 Theorems and proofs in group theory 


For instance, here are two alternative ways to express Proposition B11, by 
rewriting the implication in version 2 in different ways. 


Proposition B11 (version 3) 


The identity element of G is unique whenever G is a group. 


Proposition B11 (version 4) 


G is a group only if the identity element of G is unique. 


Versions 3 and 4 of Proposition B11 would probably not be used in 
practice, because they do not read naturally and are less easy to 
understand than versions 1 and 2. In particular, when the phrase ‘only if’ 
appears in a theorem, it is usually part of the phrase ‘if and only if’, which 
is discussed later in this subsection. 


Finally, here is one more way in which Proposition B11 can be expressed. 


Proposition B11 (version 5) 
Let G be a group. Then the identity element of G is unique. 


Here the theorem is stated in the form ‘Let P. Then Q’, where P and Q 
are statements. This is a very common way to express a theorem that 
could also be expressed as an implication ‘If P, then Q’. It is particularly 
useful when the statements P and Q are themselves quite complicated. 
The sentence of the form ‘Let P’ sets up a condition, P, that we are to 
assume holds for the remainder of the statement of the theorem. Then the 
sentence of the form ‘Then Q’ asserts that Q always holds under this 
condition. We still refer to the statements P and Q as the hypothesis and 
the conclusion, respectively, of the theorem. There are of course 
alternative ways to express the sentences of the form ‘Let P’ and ‘Then Q’: 
a common alternative to ‘Let P’ is ‘Suppose P’. 
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Worked Exercise B48 


The following theorem is from Subsection 2.2 of Unit B2. Rephrase it in 
the form ‘If..., then ...’, and state its hypothesis and conclusion. 


Theorem B29 


Let x be an element of a finite group G. Then « has finite order. 


The theorem in the next exercise is headed ‘Corollary’. Recall that a 
corollary is a theorem that follows from another theorem by a short 
additional argument. 


Exercise B145 


The following theorem is from Subsection 3.4 of Unit B1. 


Corollary B10 


If p is a prime number, then (Z5, x») is a group. 


(a) State the hypothesis and conclusion of this theorem. 
(b) Rephrase the theorem in each of the following forms. 
(i) Let .... Then.... (ii) ... whenever .... 

(iii) ... provided that .... (iv) ss. only if... 


(c) Which of your answers to part (b) do you think would be good ways 
to state the theorem? 


3 Theorems and proofs in group theory 


If the hypothesis P of a theorem is of the form ‘Pı and P> and... and Pp’ 
(it may not be phrased exactly like this, of course), then we usually call 
the individual statements Pı, P2,...,P, the hypotheses of the theorem. 
Similarly, if the conclusion Q is of the form ‘Qı and Qə and... and Qr’, 
then we usually call the individual statements Q1, Qo,...,Qn the 
conclusions of the theorem. 


No matter how a theorem is phrased, it is important that you can 
recognise all of its hypotheses and all of its conclusions, and that you do 
not mix them up. When you apply the theorem, you must make sure that 
all the hypotheses are satisfied before you can deduce the conclusion(s). 


Worked Exercise B49 


The following theorem is from Subsection 2.1 of Unit B2. (It is restated 
here using concise multiplicative notation.) State its hypotheses and 
conclusions. 


Theorem B27 Index laws 


Let x be an element of a group G, and let m and n be integers. The 
following index laws hold. 

(a) gman = m+n 

(b) (0m) =a" 


Oee 


Notice that the theorem in Worked Exercise B49 has the ‘Let .... Then 
.... form, but with the word ‘Then’ omitted and treated as understood. 
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Exercise B146 


The following theorem is from Subsection 3.3 of Unit B2. 


Theorem B37 


For each integer n > 2, the group (Zn, +n) is a cyclic group of 
order n. It is generated by the integer 1. 


(a) Rewrite the theorem in the form ‘If..., then ...’. 


(b) State the hypothesis (or hypotheses) and conclusion (or conclusions) 
of the theorem. 


The next exercise asks you to state the converse of a theorem. Remember 
from Unit A3 that the converse of the implication ‘If P then Q’ is the 
implication ‘If Q then P’. The converse of a true implication may or may 
not be true. 


Exercise B147 


The following theorem is from Subsection 3.2 of Unit B2. 


Theorem B35 


Every cyclic group is abelian. 


(a) Rewrite the theorem in the form ‘If..., then ...’. 


(You might find it helpful to introduce a symbol G for the group, as 
was done in version 2 of Proposition B11, discussed near the start of 
this subsection.) 


(b) State the converse of the theorem. 


(c) Is the converse true? Briefly justify your answer. 


The solution to Exercise B147 illustrates another point that it is useful to 
keep in mind when you work with theorems and proofs. As you have seen, 
we aim to write mathematical statements in a way that is as clear and 
concise as possible. Assigning a symbol to a mathematical object may help 
us to do that, or it may do the opposite, or it may not make much 
difference either way (as is the case here). Often there are several different 
clear and concise ways to express a mathematical statement, and the one 
we use is just a matter of preference. 


3 Theorems and proofs in group theory 


The next exercise asks you to try to recognise which statements from a list 
are correct alternative versions of a theorem from earlier in this unit. You 
may find it helpful to first identify the hypothesis and the conclusion of the 
theorem, but try also to recognise the correct versions simply by 
interpreting the language used in each statement in a natural way. 


Exercise B148 


Consider the following theorem from Subsection 2.1. 


Theorem B75 


Let G be a group of even order. Then G contains an element of 
order 2. 


(a) Which of the following are correct versions of this theorem? 


Every group of even order contains an element of order 2. 

2. Let G be a group that contains an element of order 2. Then G has 
even order. 

3. A group contains an element of order 2 provided that the group 
has even order. 
If G is a group of even order and x € G, then x has order 2. 

5. Ifa group contains an element of order 2, then the group has even 
order. 

6. If G is a group of even order, then G contains an element of 
order 2. 


(b) Which of the correct versions of the theorem from part (a) do you 
think are good ways to state the theorem? 


(c) Which of statements 1-6 in part (a) state the converse of the theorem? 


(d) Is the converse true? Briefly justify your answer. 


This subsection cannot of course describe all the many different ways in 
which theorems can be expressed. The theorem below, from Subsection 3.4 
of Unit B2, has a format that is not the same as that of any of the 
theorems that you have seen so far in this subsection. It starts with a 
sentence of the form ‘Let ...’. As always, this sets up a condition that we 
are to assume holds for the remainder of the statement of the theorem. 
The theorem then asserts that a particular statement always holds under 
this condition. This statement is an implication. 


The theorem is headed ‘Lemma’ rather than ‘Theorem’ because, as you 
saw in Unit A3, this word is used for theorems that are used in the proofs 
of other theorems. 
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Lemma B42 


Let m be a non-zero element of the group (Zn, +n). If m is a factor 
of n, then m has order n/m. 


In the next exercise you are asked to rephrase this theorem as an 
implication. 


Exercise B149 


(a) Rephrase Lemma B42 in the form ‘If ..., then ....’. Hence state its 
hypothesis (or hypotheses) and conclusion (or conclusions). 


(b) Which of the following are correct versions of Lemma B42? 


1. If m is a non-zero element of the group (Zn, +n), then m has 
order n/m provided that m is a factor of n. 


2. If m is a non-zero element of the group (Zn, +n) and m has 
order n/m, then m is a factor of n. 

3. Ifthe non-zero element m of the group (Zn, +n) is a factor of n, 
then it has order n/m. 


The theorem below, from Subsection 3.2 of Unit B2, is expressed with a 
structure very like that of Lemma B42 above: it uses a sentence of the 
form ‘Let ...’ to set up a condition, then it asserts that a statement holds 
under this condition. However, here the statement is an equivalence rather 
than an implication. 


Theorem B34 


Let G be a finite group of order n. Then G is cyclic if and only if G 
contains an element of order n. 


Remember from Unit A3 that an equivalence is a statement of the form 
‘P if and only if Q’, where P and Q are statements. It asserts that both of 
the implications ‘If P then Q’ and ‘If Q then P’ hold. It can also be 
expressed as ‘P <=> Q’, and in other ways too. 


So Theorem B34 states that both of the following theorems hold. 


Theorem B34 (‘if’ part) 


Let G be a finite group of order n. If G contains an element of 
order n, then G is cyclic. 
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Theorem B34 (‘only if’ part) 


Let G be a finite group of order n. If G is cyclic, then G contains an 
element of order n. 


Exercise B150 


(a) Rephrase the ‘if’ part of Theorem B34 in the form ‘If ..., then ....’. 
Hence state its hypothesis (or hypotheses) and conclusion (or 
conclusions). 


(b) Carry out part (a) for the ‘only if’ part. 


Exercise B151 


The following theorem is from Subsection 3.4 of Unit B2. 


Corollary B40 


Let m € Zn. Then m is a generator of the group (Zn, +n) if and only 
if m is coprime to n. 


(a) State the ‘if’ and the ‘only if’ parts of this theorem, expressing both 
in the form ‘If ..., then ...’. 


(b) State the hypothesis (or hypotheses) and conclusion (or conclusions) 
of the ‘if’ part. 


(c) Carry out part (b) for the ‘only if? part. 


Finally in this subsection, we will revisit one more useful idea about 
theorems that can be written in the form ‘If P, then Q’, that is, P => Q. 
Remember from Unit A3 that the implication 


P = Q 
is equivalent to the implication 
notQ => notP, 


and that the second implication here is called the contrapositive of the 
first implication. Since an implication and its contrapositive are 
equivalent, saying that an implication is true is the same as saying that its 
contrapositive is true. 


The contrapositive of a theorem provides a useful alternative 
interpretation of the theorem, which can be helpful when we want to apply 
the theorem. Also, sometimes the contrapositive of a theorem is simpler to 
prove than the original theorem. 
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Worked Exercise B50 


Consider again the following theorem, from Subsection 3.2 of Unit B2. 
Write it in the form ‘If ..., then ...’, and hence write down its 
contrapositive. 


Theorem B35 


Every cyclic group is abelian. 


Make sure that you do not confuse the contrapositive of an implication 
with the converse of an implication. Notice the difference between the 
contrapositive of the implication in Worked Exercise B50, and the converse 
of the same implication, which is 


if G is an abelian group, then G is cyclic. 


This converse is false, as you saw in Exercise B147. 


Exercise B152 
The following theorem is from Subsection 3.2 of Unit B2. Write it in the 


form ‘If ..., then ...’, and hence write down its contrapositive. 


Theorem B36 


Every subgroup of a cyclic group is cyclic. 


3 Theorems and proofs in group theory 


3.2 Producing proofs 


At first, being asked to produce a proof may feel like being asked to 
perform a magic trick. However, with the right support and preparation, 
and a good deal of practice, anyone can perform a magic trick! In the same 
way, learning to produce proofs requires support, preparation and practice. 


There are usually two stages to producing a proof: constructing it, where 
you work out how to do it and sketch out a rough version, and writing it, 
where you explain it clearly in a form intended for someone else (or 
yourself at a later time) to read and understand. 


Constructing a proof can be a bit like solving a puzzle: sometimes you may 
see immediately how to do it, but more often you will need to try out 
various ideas until one works. Often several different ideas will work, but 
some may work in a nicer — more elegant — way than others. 


Usually a good approach to trying to construct a proof is to: 
e write down what you know 
e think about what you want to prove 


e try to bridge the gap in an inspired way, using results and axioms that 
you already know. 


Do not despair! Professional mathematicians regularly cover many pages 
with mathematics trying to find a way to prove something, and then cover 
even more trying to find a nice way to do it! Many people enjoy the 
challenge of doing this. 


Once you think you have found a proof that works, and sketched out a 
rough version, you need to write it out clearly to explain it to others. You 
should aim to include enough explanation so that your reader does not 
have to rethink too much of the argument, but not so much explanation 
that the main argument is obscured. You should follow the usual principles 
of good mathematical writing: for example, you should write in sentences, 
use notation correctly and introduce all variables before using them. A 
finished proof produced by a professional mathematician, such as those 
given in this module, will usually have been significantly rewritten and 
‘polished’ from the version that was first written down. Writing good 
proofs can be an art, one that develops with practice and reveals a little of 
the writer’s individual style. 


Sometimes, if a proof is straightforward, you may find that you can do 
both the constructing and the writing at the same time. Also, when you 
produce a proof in an examination you will not have time to polish it 
much, so although the logic of your proof must be correct for full marks, a 
lower standard of proof writing (but not a poor standard) is acceptable. 
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As you will have noticed, the language used in proofs is sometimes slightly 
different from everyday English. For example, words such as thus, hence, 
therefore, so and consequently are useful for indicating which statements 
follow from which. Usually you can use these words interchangeably: you 
may prefer to avoid repeating the same word, or you may choose a 
consistent wording. 


The one thing that holds for all proofs is that the logical reasoning must be 
sound: the proof must completely justify the statement that it is proving. 


Proofs from ‘the Book’ 


The idea that mathematicians constantly strive to produce perfect 
proofs was evocatively captured by the prolific Hungarian 
mathematician Paul Erdős (1913-1996) who famously conceived of a 
‘transfinite Book’ in which God keeps the most perfect and elegant 
proof of each mathematical theorem. He used the word ‘transfinite’ to 
describe the Book because, as he said, it is ‘a concept in mathematics 
that is larger than infinite’. It has been often recounted that when 
Erdős was lecturing at an American summer camp to a group of 
highly talented students, he told them: ‘You don’t have to believe in 
God, but you should believe in the Book.’ 


(Source: Hoffman, P. (1998) The Man Who Loved Only Numbers, Hyperion, 
p. 26) 


The next two subsections are intended to help you build up your skills 
with proofs by practising reading and producing proofs in group theory. 
You will start with some simple proofs and build up to some that are a 
little harder. 


Throughout these subsections we will use the concise multiplicative 
notation for abstract groups that was introduced in Subsection 2.1. That 
is, we will denote a composite of two elements x and y of a general group 
simply by xy rather than z o y. 


3.3 Proofs using the group axioms 


In this subsection we will start gently by looking at how some basic 
properties of group elements can be deduced directly from the group 
axioms and from simple properties of groups that you met earlier. 


Most of the results here will not be new to you; our interest here is in how 
they can be proved. The idea is not for you to look up and emulate the 
proofs of these or similar results in earlier units, but to try to prove these 
results afresh, find inspiration and build up your confidence in constructing 
proofs. The methods of proof needed are all very similar. 
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Here is a reminder of the group axioms, which you met in Unit B1. They 
are stated here using the concise multiplicative notation mentioned above. 


Definition 
Let G be a set on which a binary operation is defined. Then G is a 
group if the following four axioms hold. 


G1 Closure For all g, h in G, 
gheG. 
G2 Associativity For all g, h, k in G, 
g(hk) = (gh)k. 
G3 Identity There is an element e in G such that 
ge=g=eg forallginG. 
(This element is an identity element.) 
G4 Inverses_ For each element g in G, there is an element h in G 
such that 
Gln. = e = Ng- 


(The element h is an inverse element of g.) 


As well as using the group axioms in our proofs, we will use the first two 
basic properties of groups that you met in Unit B1. These are restated 
below; they can be proved using the group axioms, as you saw earlier, and 
you may assume them throughout the rest of this section. 


Propositions B11 and B12 
In any group, 
e the identity element is unique, and we denote it by e, 


e each element x has a unique inverse, which we denote by x~!. 


The next worked exercise demonstrates how a simple result can be proved 
using these properties and the group axioms. 
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Worked Exercise B51 


Let G be a group and let x be an element of G. 


Assuming only the group axioms and Propositions B11 and B12, prove 
that if g is an element of G such that gx = x, then g = e. 


Solution 


®. Start by writing down what we are given — the hypothesis or 
hypotheses. When writing out our proof, we do not need to repeat the 
‘Let ...’ sentence in the question, even though it contains hypotheses, 
because any sentence of this form in a theorem or question is assumed 
to apply throughout the proof. (However, it is often helpful to note 
down such hypotheses when trying to construct a proof.) & 


Suppose that g is an element of G such that 
Oe = i. 


@. We want to get to g =e. Both sides of the given equation end in 
an x, so we try composing both sides with the inverse of x. ® 


Composing both sides of the equation on the right with the inverse 
of x gives 


(Gone. — an 


Hence 


-1 (by axiom G2, associativity), 


g(aa*) = zz 
so 

ge=e (by axiom G4, inverses), 
giving 

g=e (by axiom G3, identity), 


as required. 


You should usually finish a proof with some concluding words that confirm 
that the required result has been proved. For the simple proof in Worked 
Exercise B51, the final ‘as required’ serves this purpose. 


3 Theorems and proofs in group theory 


The results in the following exercises can be proved using a method similar 
to that in Worked Exercise B51. 


Exercise B153 


Let G be a group and let a be an element of G. 


Assuming only the group axioms and Propositions B11 and B12, prove 
that if a? = a then a =e. 


Exercise B154 


Let G be a group, and let g and h be elements of G. 


Assuming only the group axioms and Propositions B11 and B12, prove 
that if gh =e then h = g~t. 


Note that the result in Exercise B154 is clearly true when the group G is 
abelian, because in that case the equation gh = e is equivalent to the 
equation hg = e, giving gh = e = hg, which, by the definition of an inverse, 
implies that h = g~'. The proof in the solution to Exercise B154 shows 
that the result also holds for non-abelian groups. 


A more efficient way to prove the results in Worked Exercise B51 and 
Exercises B153 and B154 is to use the Cancellation Laws, which, as you 
saw in Unit B1, can be deduced from the group axioms. They are stated 
below, using concise multiplicative notation. 


Proposition B15 Cancellation Laws 
In any group G with elements a, b and z: 
e ifza=xb, thena=b (Left Cancellation Law) 


e ifax=bz, thena=b (Right Cancellation Law). 


In the next worked exercise, the result in Worked Exercise B51 is proved 
using one of these laws. When you are trying to construct a proof, you 
should always consider whether you can apply results proved earlier. 
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Worked Exercise B52 


Let G be a group and let x be an element of G. 


Use one of the Cancellation Laws to prove that if g is an element of G such 
that gx = x, then g =e. 


The next two exercises ask you to repeat Exercises B153 and B154, this 
time using the Cancellation Laws. 


Exercise B155 


Let G be a group and let a be an element of G. 


Use one of the Cancellation Laws to prove that if a? = a, then a = e. 


Exercise B156 


Let G be a group, and let g and h be elements of G. 


Use one of the Cancellation Laws to prove that if gh = e, then h = gut. 


As mentioned in Unit B1, as your familiarity with group theory grows you 
can start to merge some of the steps in your proofs, and not mention the 
group axioms every time you use them. You just need to make sure that 
the reasoning behind each step of your proof is either explained or will be 
immediately clear to a reader whose familiarity with group theory is about 
the same as yours. The proofs in the module texts will give you an idea of 
how much detail is required. 


3 Theorems and proofs in group theory 


Also, you do not need to use brackets in composites of three or more group 
elements, since, as discussed in Unit B1, axiom G2 (associativity) tells us 
that the positioning of these brackets does not affect the overall composite, 
as long as the order of the group elements in the composite remains 
unchanged. 


For example, here is a shorter version of the proof in Worked Exercise B51. 
The method is exactly the same. 


Worked Exercise B53 


Let G be a group and let x be an element of G. 


Prove that if g is an element of G such that gx = x, then g = e. 


Even though brackets are not needed in composites of group elements, 
sometimes it can be helpful to include them, as they can make the 
reasoning clearer. 


The results in the next two exercises can be proved using ideas similar to 
those that have been used in this subsection so far. You have seen 
Exercise B157 before, in Unit B1, but do not look back there: try it anew. 


Exercise B157 


Let G be a group and let a, b and c be elements of G. 


Prove that if abc = e, then bca = e. 
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The exercise below involves the idea of two group elements commuting. 
We say that elements x and y of a group G commute if xy = yx. Thus all 
pairs of elements in an abelian group commute, but only some do in a 
non-abelian group. 


Exercise B158 


Let G be a group and let x and y be elements of G. 


Prove that if x and y commute, then y = ryx7!. 


In the next exercise you have to try to think of a method for proving the 
proposition below, which is from Unit B1 and is stated here using concise 
multiplicative notation. You will need to think about the definition of the 
inverse of a group element. There is more than one way to prove this 
result. Do not look back at the proof provided in Unit B1! 


Proposition B14 
Let x and y be elements of a group G. Then 


(CO) ae 


Exercise B159 


Let G be a group, and let x and y be elements of G. 


Prove that (xy)~! = ya“. 


It is important to remember Proposition B14, as it comes up frequently 
when we are working with group elements. 

In the next exercise you will need to think about what the terms 
self-inverse and abelian mean, and work out a way to get from one to the 
other. There are different ways to do this: for example, one method 
involves using the group axioms, and another involves using 

Proposition B14. 


Exercise B160 


Let G be a group in which every element is self-inverse. 


Prove that G is abelian. 


In fact, the result in Exercise B160 is equivalent to Theorem B73 in 
Subsection 2.1, so you have essentially already seen a proof of it. 
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We end this subsection with a proof that is a little different from those in 
this section so far, and possibly a little tougher. It involves using proof by 
induction, which you met in Unit A3. It provides part of the proof of a 
result that you met in Unit B2, namely Theorem B27(c). 


Remember that when you want to prove by induction that a statement 
P(n) holds for all natural numbers n, you should proceed as follows. 


1. Identify the statement P(n), and state it clearly. 
2. Show that P(1) holds. 


3. Assume that P(k) holds for a general natural number k, and write 
down P(k). 


4. State that we need to deduce P(k +1), and write down P(k + 1). 
5. Deduce P(k + 1) from P(k). 
6. Conclude that P(n) holds for all natural numbers n. 


Exercise B1601 


Let G be a group and let x be an element of G. 


Use mathematical induction to prove that (x”)71 = (a~!)” for all n € N. 


3.4 Proofs involving subgroups 


In this subsection we will look at some results about subgroups. This will 
provide you with further practice in reading and writing proofs. You will 
also meet a few results that have not appeared earlier in this book. 


Here is a reminder of the definition of a subgroup, from Subsection 1.1 of 
Unit B2. 


Definition 


A subgroup of a group (G,o) is a group (H,o), where H is a subset 
of G. 


The definition includes the symbol o for the binary operation of the 
group G; it is retained here to make it clear that a subgroup of a group 
must have the same binary operation as the group. In this subsection, 
while keeping this condition in mind, we will continue to use concise 
multiplicative notation for abstract groups — that is, we will not use a 
symbol for the binary operation. 
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Some of the proofs in this subsection involve showing that a particular 
subset of a group is, or is not, a subgroup. In Unit B2 you saw that you 
can do this by considering three properties, called the subgroup 
properties, as stated in the following theorem. 


Theorem B24 Subgroup test 


Let G be a group and let H be a subset of G. Then H is a subgroup 
of G if and only if the following three properties hold. 

SG1 Closure For all x, y in H, the composite xy is in H. 

SG2 Identity The identity element e of G is in H. 

il 


SG3 Inverses For each x in H, its inverse x~ is in H. 


We start by proving the useful result that the intersection of any two 
subgroups is also a subgroup. 


Worked Exercise B54 


Let H and K be subgroups of a group G. 
Prove that the set H N K is a subgroup of G. 


The subgroups H and K in Worked Exercise B54 are interchangeable, so 
when we had to prove a fact about K that we had already proved for H, 
we did not give the full details but instead used the word likewise. This 
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removed unnecessary detail from the proof, making it less cluttered and 
therefore quicker and easier to follow. Other words and phrases that can 
be used in place of likewise include similarly and in a similar way. 


It is worth stating the result proved in Worked Exercise B54 as a theorem, 
so we can conveniently refer to it later. 


Theorem B81 


Let H and K be subgroups of a group G. Then H N K is also a 
subgroup of G. 


In the next exercise, rather than immediately launching into a proof 
similar to that in Worked Exercise B54, think carefully about what you 
know already that might be helpful. 


Exercise B162 


Let G be a group with subgroups H and K. 
Prove that the set H A K is a subgroup of H. 


We can now say that, similarly, if H and K are subgroups of a group G, 
then H N K is a subgroup of K. 


We now know that intersections of subgroups are subgroups, but what 
about unions of subgroups? 


Worked Exercise B55 


Show that the following statement is false. 


If H and K are subgroups of a group G, then the set HUK isa 
subgroup of G. 
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In Worked Exercise B55 we chose the group S(-) as a counterexample, 


but most of the other small groups that you have met would have worked 
just as well. Once we had chosen two subgroups of S(-), we showed that 
their union is not a subgroup by showing that it is not closed, but we could 
instead have used Lagrange’s Theorem, as follows. The set 

H UK = {e,a,s} has order 3, so by Lagrange’s Theorem it cannot be a 
subgroup of S(©), since 3 does not divide 4. 


Exercise B163 


Show that the following statement is false. 


If H and K are subgroups of a group G, then the set H U K is never 
a subgroup of G. 


Worked Exercise B55 and Exercise B163 together show that if H and K 
are subgroups of a group G, then the subset H U K may or may not be a 
subgroup of G. 


The solution to Exercise B163 illustrates that when you are trying to find 
a counterexample it is often helpful to start by looking for very simple 
possibilities. In the next exercise finding a counterexample is not quite so 
straightforward. 
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Show that the following statement is false. 


If H and K are distinct non-trivial proper subgroups of a group G, 
then the set H U K is never a subgroup of G. 


The next exercise asks you to prove a theorem from Unit B2. As before, 
try this without looking back to where the proof was first given. 


Prove the theorem below, using the definition that if x is an element of a 
group G, then (x) is the subset of G given by 


(x) = {a : k € Z}. 


Here are some more exercises involving subgroups for you to try. The 
result in Exercise B167 is justified in Subsection 1.1 of Unit B2, but, as 
usual, do not look back. Exercises B168 and B169 require more thought 
than Exercises B166 and B167. 


Let H be a subgroup of a group G, and let K be a subgroup of H. 
Prove that K is a subgroup of G. 


Prove that every subgroup of an abelian group is abelian. 
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Exercise B168 


Let G be a group and let H and K be distinct subgroups of G of the same 
prime order. 


Using Theorem B81 and Lagrange’s Theorem, prove that HN K = {e}. 


Exercise B169 


Let G be a group and let H and K be subgroups of G of coprime orders. 
Using Theorem B81 and Lagrange’s Theorem, prove that HN K = {e}. 


3.5 Checking proofs 


It is easy to make errors in proofs, so an important skill in mathematics is 
carefully reading mathematical arguments and spotting any problems. This 
is important not only for checking your own proofs, but also for checking 
those proposed by other people. Many people, when they do this kind of 
checking, tend to concentrate on the ‘visible’ mathematical working, such 
as algebraic manipulations. However, errors often lie elsewhere. For 
example, a logical deduction may be invalid, a definition or a theorem may 
have been misinterpreted, something may have been assumed that is not 
necessarily true, or there may be cases that have not been considered. It is 
important to try to look out for these sorts of problems. 


Famous errors in proofs 


In 1871, the London barrister and keen mathematician 

Alfred Bray Kempe (1849-1922) published a ‘proof’ of the so-called 
four-colour problem. This problem, which asks whether every map can 
be coloured with at most four colours in such a way that neighbouring 
countries are coloured differently, had first been posed in 1852. 
Kempe’s proof, which appeared in the newly founded American 
Journal of Mathematics, aroused considerable interest and was widely 
accepted. It was a very good proof — it was incorrect, but it was a 
very good incorrect proof! It contained sound ideas and it convinced 
mathematicians for 11 years until an error was found by another 
British mathematician, Percy John Heawood (1861-1955). The flaw 
in Kempe’s argument turned out to be serious and, despite extensive 
efforts of mathematicians in Europe and in the United States, it was 
not until 1976 that Kenneth Appel (1932-2013) and Wolfgang Haken 
(1928—) found a correct proof. Their famous proof, which was several 
hundred pages long, had required 1000 hours of computer time. This 
in turn sparked a new debate: can a proof be accepted as valid if it 
cannot be checked by hand? 
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Other notable errors include one by the great French mathematician 
Henri Poincaré (1854-1912), who realised that he had made a crucial 
mistake in his original prize-winning paper of 1889 on the three-body 
problem. But his realisation came only after the paper had been 
printed and copies distributed, though fortunately before the journal 
in which it was due to appear had been published. Nevertheless, 
Poincaré had to pay for the reprinting, which cost him more than the 
prize he had won! Famously, it was in correcting the mistake that he 
discovered the foundations of what today is known as mathematical 
chaos. 


A more recent example is that of Andrew Wiles’ (1953-) celebrated Kenneth Appel (left) and 
proof of Fermat’s Last Theorem. The theorem had withstood attack 
for over 350 years when in 1993 Wiles, after seven years of work, first 
presented his proof, generating a great amount of excitement. Wiles’ 
manuscript was sent for review prior to publication and it was only Po Fence ww 
then that Wiles realised there was a critical hole in his proof. A year iy 

passed and Wiles was about to give up trying to repair it when he 
suddenly saw how it could be done. Together with his former student 
Richard Taylor (1962—), Wiles repaired the hole and the 129-page 
proof was finally published in 1995. 


Wolfgang Haken 


To check a proof, you need to read it through, very carefully, from start to 
finish, making sure that the correct assumptions have been used (such as 
the correct hypotheses), and that at each step of the argument you are 
convinced that each new statement does indeed follow logically from 
previous statements (and from other known facts). You might find it 
helpful to try explaining each step to yourself in different words. When 
you reach the end you should make sure that the correct conclusions have 
been reached. And you do need to check any algebraic manipulations! 


If a proof uses a particular method of proof, such as proof by 
contradiction, proof by contraposition or proof by induction, then you need 
to make sure that the method has been applied correctly. In particular, for 
a proof by contradiction you should check that the correct negation has 
been used, and for a proof by contraposition you should check that the 
correct contrapositive has been used. 


The worked exercise below contains two ‘attempted proofs’ of a theorem 
from earlier in this unit and asks whether the attempts are correct. Before 
you look at the solution, you might like to try checking the attempted 
proofs for yourself. 


Andrew Wiles 
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Worked Exercise B56 


Consider the following theorem from Subsection 2.1 of this unit. 


Theorem B75 


Let G be a group of even order. Then G contains an element of 
order 2. 


Determine whether the following two attempted proofs of this theorem are 
correct. For each one that is incorrect, explain why. 


Proof attempts (may be incorrect!) 


Attempt 1 

The group G has even order, so 2 divides the order of G. By 
Lagrange’s Theorem, G has a subgroup of order 2, and such a 
subgroup is generated by an element of order 2. Thus G has an 
element of order 2. 


Attempt 2 

We prove the contrapositive. Let G be a group of odd order, and let g 
be any element of G. By Lagrange’s Theorem, the order of the 
subgroup (g) must divide the order of G, so the order of (g) cannot 
be 2. Therefore g does not have order 2. Thus G does not have any 
elements of order 2. Since the contrapositive is true, the original 
statement is also true. 
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In fact the statement proved in Attempt 2 in Worked Exercise B56 is 
equivalent to the converse of Theorem B75. 


Exercise B170 
Below are four further attempted proofs of Theorem B75, the theorem 
stated in Worked Exercise B56. 


Determine which, if any, of these attempted proofs are correct. For each 
one that is incorrect, explain why. 


Proof attempts (may be incorrect!) 


Attempt 3 

The group S(©) has even order (it has order 4), and every 
non-identity element in S(-) has order 2. Thus a group of even order 
has an element of order 2. 


Attempt 4 

Let G be a group with an element of order 2, say g. Then (g) = {e, g} 
is a subgroup of G of order 2. By Lagrange’s Theorem, since G has a 
subgroup of order 2, the order of G must be divisible by 2, that is, it 

must be even. This proves the result. 


Attempt 5 

Let G be a group with no element of order 2. Then every non-identity 
element g in G has an inverse g~! that is not equal to g. These 
elements g and g~! are inverses of each other, so every element of G, 
except the identity, comes in a pair. Therefore G has an odd number 
of elements, and so has odd order. Thus the contrapositive of the 
original statement is true and therefore the original statement is also 
true. 


Attempt 6 

Let G be a group of even order. We use proof by contradiction. 
Suppose that G does not contain an element of order 2. Then there is 
no element x of G that satisfies the equation x? = e. This equation is 
equivalent to the equation x = 2~!. However, there is an element of G 
that satisfies this equation, namely the identity element e, since 

e =e '. This contradiction shows that the assumption that G does 
not contain an element of order 2 is incorrect. Hence G does contain 
an element of order 2, which proves the required result. 
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In the final exercise in this unit you are asked to find an error in a proof 
and fix it. 


Exercise B171 


Consider the following (true) statement and attempted proof. 


Statement 


Let G be a finite group. Then the orders of ab and ba are the same for 
every a,b in G. 


Proof attempt (incorrect!) 


Let a,b € G. Since G is finite, both ab and ba have finite order. 
Suppose that ab has order n. Then 


(ab)" =e, 
that is, 


abab:--ab =e. 
— 


n copies of ab 


Composing both sides on the left with a~! and on the right with a 
gives 


aa baba- -- ba ba = a~'ea, 
— 


n — 1 copies of ba 


that is, 


baba---ba = e, 
— 


n copies of ba 


which we can write as 
(ba)” =e. 
Hence ba also has order n. 


Thus the orders of ab and ba are the same. This completes the proof. 


(a) Contrary to the final sentence, the proof is incomplete. Explain what 
the problem is. 


Hint: Think carefully about the definition of the order of a group 
element. 


(b) Provide the missing portion of the proof. 
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Learning outcomes 


Summary 


In this unit you have met Lagrange’s Theorem, one of the most 
fundamental theorems in group theory. You have seen how by using this 
theorem together with other theorems from earlier in this book we can 
determine the different isomorphism classes for groups of orders 1 to 7, and 
you have met the isomorphism classes for groups of order 8. You have also 
practised working with theorems and proofs, which are crucial components 
of pure mathematics. Now that you have reached this point, you should be 
starting to appreciate the beauty of group theory, and the power of the 
type of abstract approach that it exemplifies. You should be ready to go 
on to the deeper group theory presented in Book E. 


Learning outcomes 


After studying this unit, you should be able to: 


understand and apply Lagrange’s Theorem and its corollaries 
understand the structure of all groups of prime order 
describe the isomorphism classes for groups of orders 1 to 8 


determine the isomorphism class to which a given group of order 8 or 
less belongs 


understand and apply theorems expressed in a variety of different ways 
read and understand simple proofs in group theory 
prove simple results in group theory 


check simple proofs. 
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Solutions to exercises 


Solution to Exercise B131 


It follows from Lagrange’s Theorem (Theorem B68) 
that in each case the possible orders of the 
subgroups are the positive divisors of n. 


(a) The possible orders are 1, 2, 4, 5, 10 and 20. 
(b) The possible orders are 1, 5 and 25. 
(c) The possible orders are 1 and 29. 


Solution to Exercise B132 


In each case there are several possibilities for the 
array, depending on which element we choose each 
time there is a choice to be made. If we always 
choose the first possible element from the list 
e,a,b,c,r,s,t,u, then we obtain the following 
arrays. 


(a) 


U Bao 
eto oe 


(i) e a b cœ 
r u t 8 


Solution to Exercise B133 


The table below contains a complete list of all the 
subgroups of A4 together with their orders. 


Order Subgroup of A4 
1 {e} 
2 {e, (1 2)(3 4)} 
2 {e, (1 3)(2 4)} 
2 {e, (1 4)(2 3)} 
3 {((1 2 3)) = ((1 3 2)) = fe, (1 2 3), (1 3 2)} 
3 ((124))=](14 2) = {e, (124), (142)} 
3 (134)=(143) = te, (134), (143) 
3 ((234))= (243) = {e, (2 3 4), (2 43); 
4 {e (1 2)(3 4), (1 3)(2 4), (1 4)(2 3)} 


= 
N 
D 

A 
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All the subgroups of A4, except the one of order 4 
and A, itself, are cyclic subgroups. The subgroup 
of order 4 represents the symmetry group of the 
labelled rectangle below. 


1 4 


|| 


2 3 


Solution to Exercise B134 
(a) The order of S4 is 4! = 24. 


The permutation (1 2 3 4) is a 4-cycle and so has 
order 4. 


Hence the order of (1 2 3 4) divides the order of $4. 
(b) As in part (a), the order of S4 is 4! = 24. 


The permutation (1 3 4) is a 3-cycle and so has 
order 3. 


Hence the order of (1 3 4) divides the order of S4. 

(c) The order of (Zg, +9) is 9. 

The consecutive multiples of 5 in (Zg, +9) are 
.,0,5,1,6,2,7,3,8,4,0,..., 

so the order of 5 in (Zg, +) is 9. 

Hence the order of 5 divides the order of (Zg, +9). 

(d) As in part (c), the order of (Zg, +9) is 9. 

The consecutive multiples of 6 in (Zg, +9) are 
25063 Oct, 

so the order of 6 in (Zg, +) is 3. 

Hence the order of 6 divides the order of (Zg, +9). 


Solution to Exercise B135 


(a) The group G has order 5, which is a prime 
number, so G is cyclic, by Corollary B70. 

(b) The identity element in the group is y, 
because the row and column labelled y repeat the 
borders of the table. 


To verify that the other elements have order 5, we 


calculate their successive powers, using the 
information in the Cayley table. We have 


v =vov=y, 


v =v ov=wov=z, 


vi=vsov=z0Vv=z, 


vy =viov=Lr0V=y, 
so v has order 5. Similarly, 


w =wow=r, 


w? =w ow=zrow =v, 


wt = wow =vow =z, 


w=wiow=zow=y, 


so w has order 5; 
e=ror=z, 
r? =r or =z0r=uU, 
=x ox=wor=v, 
e=stor=vo0or=y, 


so x has order 5; 


P=oz=vo0oz=z, 


g=Poz2=ec07=w, 

2 =z*oz=woz=y, 

so z has order 5. 

(c) The group G has generators w, x, v and z. 
The group (Z5, +5) has generators 1, 2, 3 and 4. 


Using the technique of matching powers of the 
generators w and 1, we obtain the following 
isomorphism. 
ġo: G — Zs 
yr 0 
w= l 
wowr >1+51 
wowowr>1l+51+51 
wowoĦwow m> 1+5 1+5 1+51 


Solutions to exercises 


This simplifies to the following. 
ġ : G — Zs 
y —> 0 
w= 1 
T= 2 
vd 
z=—> 4 


(There are three other isomorphisms, obtained 
from w —> 2, w — 3 and w > 4.) 


Solution to Exercise B130 


(a) Since |G| = 14, the possible orders of proper 
subgroups of G are 1, 2 and 7, by Lagrange’s 
Theorem. 


The trivial subgroup has order 1, so is certainly 
cyclic. Also, since 2 and 7 are primes, any 
subgroup of G of order 2 or 7 is cyclic, by 
Corollary B70 to Lagrange’s Theorem. 


Thus every proper subgroup of G is cyclic. 


(b) We generalise the argument in part (a). Since 
|G| = pq, where both p and q are primes, the 
possible orders of proper subgroups of G are 1, p 
and q, by Lagrange’s Theorem. 


The trivial subgroup has order 1, so is certainly 
cyclic. Also, since p and q are primes, any 
subgroup of G of order p or q is cyclic, by 
Corollary B70 to Lagrange’s Theorem. 


Thus every proper subgroup of G is cyclic. 


Solution to Exercise B137 


(a) (i) The statement ex = x is rewritten as 


ecr = 2. 


(ii) The statement 272° = x° 


xox =r. 


is rewritten as 


(iii) The statement (zyz)—1 = z-1y-1z is 
rewritten as 


1 1 1 


(royoz)t=zloy tog 

(iv) The statement x° = e does not need to be 
rewritten. 

(v) The statement zy = rz =—> y=zis 


rewritten as 


TOY=LOZ y= 2. 
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(b) (i) The statement ex = x is rewritten as 
O+x2=2. 
(ii) The statement x72? = z? is rewritten as 
22 + 3x = ör. 
(iii) The statement (xyz)! = z 
rewritten as 
—(@+y +2) =(-2)+(-y) + (-2), 
or, since every additive group is abelian, 
—(@+y +2) = (=x) + (~y) + (2). 
(iv) The statement z? = e is rewritten as 


Ox = 0. 


(v) The statement sy = zz = > y=z is 
rewritten as 


Et+YH=UL+Z => y=z%. 


Solution to Exercise B138 


Let G be a group in which each element except the 


identity has order 2, and let x and y be elements 


of G. We have to show that ry = yx. Since ry € G 


and since g = g~! for each g € G, we have 


= yo. 
Thus G is abelian. 


Solution to Exercise B139 


(a) The orders of the elements are as follows. 


Element |e (13) (25) (13)(25) 


Order 1 2 2 2 


Since the group contains no element of order 4, it 
is isomorphic to V. 


(b) The orders of the elements are as follows. 


Element |e (2346) (24)(36) (2643) 


Order 1 4 2 4 


Since the group contains an element of order 4, it 
is isomorphic to C4. 


(The group in part (b) is the cyclic subgroup 
generated by (2 3 4 6) or by (2 6 4 3).) 
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Solution to Exercise B140 
There are many possible answers. 


(a) Any cyclic subgroup of S¢ of order 6 is 
isomorphic to Cg. One possibility is the subgroup 
generated by the permutation (1 2 3 4 5 6): 


((123456)) 
= {e, (123456), (1 3 5)(2 4 6), 
(1 4)(2 5)(3 6), (1 5 3)(2 6 4), (16 5 43 2)}. 


(b) Any non-abelian subgroup of S¢ of order 6 is 
isomorphic to S(A). One possibility is the 
subgroup 

{e, (2 3), (2 6), (3 6), (2 3 6), (2 6 3)} 


obtained by labelling the vertices of the equilateral 
triangle with the symbols 2, 3 and 6. 


Solution to Exercise B141 


We know that (U15, x15) is a group, by 
Theorem B9 in Unit B1. It is abelian, since x15 is 
a commutative binary operation. 


We have 
Uis = {1, 2,4,7,8, 11,13, 14}, 
so (U15, X15) has order 8. 
The identity element 1 has order 1. 
The consecutive powers of 2 in (U15, X15) are 
coy RA BAO AB ose 


so 2 has order 4. The element immediately before 
the identity element 1 in the cycle of powers of 2 
is 8, so 8 is the inverse of 2 and hence it also has 
order 4. Also, the cycle above shows that the 
consecutive powers of 4 = 2? are 


Pee) fe a Ie a ec: eee 
so 4 has order 2. 
The consecutive powers of 7 are 
ee ee ese 


So 7 has order 4, and 13, the inverse of 7, also has 
order 4. 


The consecutive powers of 11 are 


..,1,11,1,11,.... 


So 11 has order 2. 


The consecutive powers of 14 are 
weg ll 141, 14, 05. 
So 14 has order 2. 


In summary, the orders of the elements 
of (U5, X15) are as follows. 


Element |1 2 4 7 8 11 13 14 
Order 14244 2 4 2 


So (Uj5, X15) is an abelian group of order 8 that 
has four elements of order 4 and three elements of 
order 2. 


(When you are carrying out calculations in 
modular arithmetic like those above, remember 
that there are ways to make your calculations 
quicker and easier, as you saw in Unit A2 Number 
systems. For example, to work out 14? in 

(Ui5, X15), instead of starting by working out 

14? = 196, you can proceed as follows: 


14? = 14 x 14 = (-1) x (—1) = 1 (mod 15). 


Thus 14 X15 14= 1.) 


Solution to Exercise B142 


The Cayley table for Qg shows that the identity 
element of Qs is 1. Also, by the Cayley table, we 
have 


==]; 

i =i = (-1)i = -i, 

it = Pi =(-i)i=1, 
and 

=i, 


= (—i)?’(—i) = (-1)(—i) = å, 
(—i)* = (—i)?(—i) = i(—i) = 
Thus i and —7 both have order 4. 


Solution to Exercise B143 


(a) This group is abelian and has 7 elements of 
order 2, so it belongs to class 2. It is isomorphic 
to S(cuboid). 


Solutions to exercises 


(b) This group is abelian and has exactly 3 
elements of order 2, so it belongs to class 3. It is 
isomorphic to (U15, X15). 


(c) This group is abelian and has only one 
element of order 2, so it belongs to class 1. It is 
isomorphic to (Zs, +s). 


(Note also the bottom left to top right diagonal 
stripe pattern of the Cayley table: this shows that 
this group is cyclic.) 


(d) This group is non-abelian and has only one 
element of order 2, so it belongs to class 5. It is 
isomorphic to the quaternion group Qs. 


Solution to Exercise B144 


(Hint for finding a solution to this exercise: 
Assume that A4 has a subgroup H of order 6. By 
considering isomorphism classes, determine what 
the orders of the elements of H must be. Then 
show that H has a subgroup whose order does not 
divide 6.) 


Suppose that A4 has a subgroup H of order 6. 


As Ay has no element of order 6, H is isomorphic 
to the non-abelian group S(A). Thus H 

contains e, two elements of order 3 and three 
elements of order 2. 


Now A, contains only three elements of order 2, 
namely 


(1 2)(3 4), (1 3)(2 4), (1 4)(2 3), 


so these must all be in H. However, these three 
elements of order 2, along with e, form a subgroup 
of S4 (it is the subgroup obtained by labelling the 
vertices of the rectangle with the symbols 1, 2, 3 
and 4). This subgroup is a subgroup of H. 


This subgroup has order 4, which contradicts 
Lagrange’s Theorem, as 4 does not divide 6. 


Thus A, has no subgroup of order 6. 


(Here is an alternative solution, which you might 
have found. It starts in the same way as the 
solution above. 


Suppose that A, has a subgroup H of order 6. 


As A, has no element of order 6, H is isomorphic 
to the non-abelian group $(A). Thus H 


351 


Unit B4 Lagrange’s Theorem and small groups 


contains e, two elements of order 3 and three 
elements of order 2. 


Now Ay, contains only three elements of order 2, 
namely 


(1 2)(3 4), (1 3)2 4), (1 4)(2 3), 


so these must all be in H. Also, the two elements 
of order 3 in H must be inverses of each other, so 
they must be 


(a bc) (a cb), 


for some distinct a,b,c € {1,2,3,4}. Let d be the 
element of {1,2,3,4} other than a, b and c. Then 
the permutation (a b)(c d) is an element of H, 
since H contains all three possible permutations of 
this form. Thus, since H is a subgroup, the 
composite 


(a b c)o (a b)(c d) = (acd) 


and 


is also an element of H. This contradicts the fact 
that the only elements of order 3 in H are (a b c) 
and (a c b). 


Thus A, has no subgroup of order 6.) 


Solution to Exercise B145 
(a) The hypothesis is 

p is a prime number. 
The conclusion is 

(Zi, Xp) is a group. 
(b) The theorem can be rephrased in the following 
forms. 
(i) Let p be a prime number. Then (Z, xp) is a 
group. 
(ii) (Zz, 


number. 


Xp) is a group whenever p is a prime 


(iii) (Z%, xp) is a group provided that p is a prime 
number. 

(iv) p is a prime number only if (Z%, xp) is a 
group. 

(c) There is no definitively right or wrong answer 
as to which of (i)—(iv) in part (b) are good ways to 
state the theorem, but a reasonable answer is that 
(i)—(iii) are good ways, and (iv) is not, as it is less 
easy to understand. 
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Solution to Exercise B146 


(a) The theorem can be rewritten as follows. 


If n is an integer with n > 2, then the 
group (Zn, +n) is a cyclic group of order n 
and is generated by the integer 1. 


(b) The hypothesis is 
e nis an integer with n > 2. 


(Alternatively, you can regard the theorem as 
having two hypotheses: 


e n is an integer, 
e n> 2.) 


The conclusions are 


e the group (Zn, +n) is a cyclic group of order n, 
e the group (Zn, +n) is generated by the integer 1. 


Solution to Exercise B147 


(a) The theorem can be written as 

If G is a cyclic group, then G is abelian. 
or 

If a group is cyclic, then it is abelian. 
(b) The converse can be stated as 

If G is an abelian group, then G is cyclic. 
or 

If a group is abelian, then it is cyclic. 
or 


Every abelian group is cyclic. 


(c) The converse is false. For example, S(©) is an 


abelian group that is not cyclic. 


Solution to Exercise B148 


(a) Statements 1, 3 and 6 are correct versions of 
the theorem. 


(Statements 2 and 5 state the converse of the 
theorem, as mentioned in the solution to part (c) 
below, and statement 4 claims that in a group of 
even order every element has order 2, which is not 
what the original theorem claims.) 


(b) There is no definitively right or wrong answer 
to this part, but a reasonable answer is that 
statements 1 and 6 are good ways to state the 


theorem, and statement 3 is not, as it is less easy 
to understand. 


(c) Statements 2 and 5 state the converse of the 
theorem. 


(d) The converse is true, because the order of an 
element of a group divides the order of the group, 
by Corollary B69 to Lagrange’s Theorem, so a 
group that contains an element of order 2 must 
have an order that is a multiple of 2. 


Solution to Exercise B149 


(a) Lemma B42 can be rephrased as an 
implication as follows. 


If m is a non-zero element of the group 
(Zn, +n) and m is a factor of n, then m has 
order n/m. 


The hypotheses are 


e m is a non-zero element of the group (Zn, +n), 


e mis a factor of n. 
The conclusion is 
e m has order n/m. 


(Alternatively Lemma B42 can be regarded as 
having three hypotheses, as follows: 


e m is an element of the group (Zn, +n), 
e m is non-zero, 


e mis a factor of n. 


However, notice that if an element m of (Zn, +n) 
satisfies the hypothesis ‘m is a factor of n’, then it 
must also satisfy the hypothesis ‘m is non-zero’. So 
in fact the hypothesis ‘m is non-zero’ in 

Lemma B42 is not needed: the word ‘non-zero’ 
could be omitted from the statement of the lemma. 
It is included for convenience and clarity: it makes 
it immediately clear that the lemma applies only 
to non-zero elements of (Zn, +n).) 


(b) Statements 1 and 3 are correct versions of 
Lemma B42, and statement 2 is incorrect. 


(Statement 2 has ‘m has order n/m’ as a 
hypothesis and ‘m is a factor of n’ as a conclusion; 
they should be the other way round.) 


Solutions to exercises 


Solution to Exercise B150 


(a) The ‘if’ part of the theorem can be rephrased 
as an implication as 


If G is a finite group of order n and G contains 
an element of order n, then G is cyclic, 


or slightly more concisely as 


If G is a finite group of order n that contains 
an element of order n, then G is cyclic. 


The hypotheses are 


e Gis a finite group of order n, 


e G contains an element of order n. 
The conclusion is 
e Gis cyclic. 


(b) The ‘only if’ part of the theorem can be 
rephrased as an implication as 


If G is a finite group of order n and G is 
cyclic, then G contains an element of order n, 


or slightly more concisely as 


If G is a finite cyclic group of order n, then G 
contains an element of order n. 


The hypotheses are 

e Gis a finite group of order n, 
e Gis cyclic. 

The conclusion is 


e G contains an element of order n. 


Solution to Exercise B151 
(a) The ‘if’ part is as follows. 


If m € Zn and m is coprime to n, then m is a 
generator of the group (Zn, +n). 


The ‘only if’ part is as follows. 


If m € Zn and m is a generator of the 
group (Zn, +n), then m is coprime to n. 


(b) For the ‘if’ part, the hypotheses are 
© MEZn, 


e m is coprime to n. 
The conclusion is 


e m is a generator of the group (Zn, +n). 


353 


Unit B4 Lagrange’s Theorem and small groups 


(c) For the ‘only if’ part, the hypotheses are 


emeZy, 
e mis a generator of the group (Zn, +n). 


The conclusion is 


e m is coprime to n. 


Solution to Exercise B152 
The theorem can be written as: 


If H is a subgroup of a cyclic group, then H 
is cyclic. 


The contrapositive is: 


If H is not cyclic, then H is not a subgroup 
of a cyclic group. 


It can be stated more clearly as: 


If a group is not cyclic, then it is not a 
subgroup of a cyclic group. 


(It is possible to write the theorem in the form ‘If 
..., then...’ in a different way, and hence obtain 

its contrapositive in a different form. The theorem 
can alternatively be written as: 


If G is a cyclic group, then every subgroup of 
G is cyclic. 


The contrapositive of this statement is: 


If it is not the case that every subgroup of G 
is cyclic, then G is not a cyclic group. 


This can be stated more clearly as: 


If a group G has a non-cyclic subgroup, then 
G is not a cyclic group. 


Different ways of writing a theorem and its 
contrapositive can be useful in different situations.) 


Solution to Exercise B153 
Suppose that 


a =a: 

Composing both sides on the left with a~! gives 
a (a?) = ata. 

Therefore 


(a`ta)ja =a ta (by axiom G2, associativity), 
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so 
ea=e (by axiom G4, inverses), 
and hence 
a=e (by axiom G3, identity), 


as required. 


(Note that we could equally well have composed 
both sides on the right with a~! here.) 


Solution to Exercise B154 
Suppose that 


gh=e. 

Composing both sides on the left with g~! gives 
g ‘(gh) =g" te. 

Therefore 


(g ‘g)h=g te (by axiom G2, associativity), 


so 
eh = gte (by axiom G4, inverses), 
and hence 
h=g! (by axiom G3, identity), 


as required. 


Solution to Exercise B155 
Suppose that 
a =a. 


By axiom G3 (identity), this equation can be 
written as 


aa = ae, 

so, by the Left Cancellation Law, 
=e, 

as required. 


(Alternatively, we could have written the equation 
as aa = ea and used the Right Cancellation Law.) 


Solution to Exercise B156 
Suppose that 


gh=e. 


By axiom G4 (inverses), this equation can be 
written as 


gh=g9", 


so, by the Left Cancellation Law, 
=o, 


as required. 


Solution to Exercise B157 
Suppose that 


abc = ë. 
Composing both sides on the left with a7! gives 
atabc =a7'e, 
so 
be = a7. 
Now composing both sides on the right with a gives 
bca = ata, 
sO 


bca = e, 
as required. 
Solution to Exercise B158 
Suppose that x and y commute. Then 


Ly = YE. 
Composing both sides on the right with «~! gives 


xyr! = yeu, 
that is, 

zyx" = ye, 
so 

y=aye, 


as required. 


Solutions to exercises 


(We compose on the right here because that gives 
xyx' on the left-hand side of the equation, which 
is the expression that we are trying to prove is 
equal to y. If instead we compose on the left with 
x +, then we obtain 

a lay E a lya, 
and hence 

pa yi; 


which is a different expression for y. This 
expression is also correct, but it is not the one we 
were asked to prove.) 


Solution to Exercise B159 
Two different proofs are given. 
Proof 1 


Since (xy)~! is the inverse of xy, we have 


l-e, 


xsy(zy) 
Composing both sides with x~! on the left gives 

a *ey(zy) t = xte, 
that is, 

y(zy) t = a. 


Now composing both sides with y~! on the left 
gives 


Gy) t =y tamt, 
that is, 
(æy) t = ytet, 


as required. 
Proof 2 


We show that y~!x7! is an inverse of xy. To do 
that, we have to show that 


(zy)(y s ) =e=@ "2 Gy): 


Now 
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and 


=y ey 
_ 1 
=y y 
= €; 
so y~'x~' is an inverse of xy. Hence, since every 


group element has a unique inverse, y~!a~! is the 
inverse of xy; that is, 


(zy) = ya, 


(This is the proof that you saw in Unit B1.) 


Solution to Exercise B160 


Two different proofs are given. The second uses 
Proposition B14. 


Proof 1 


Let g and h be any elements of G. We have to 
show that gh = hg. 


Every element of G is self-inverse, so gg = e, 
hh = e and 


(gh)(gh) =e. 


Composing both sides of the last equation on the 
left with g and on the right with h gives 


g(gh)(gh)h = gh, 
that is, 

(gg)hg(hh) = gh, 
which gives 

ehge = gh. 
Hence 

hg = gh. 
Thus G is abelian. 


Proof 2 


Let g and h be any elements of G. We have to 
show that gh = hg. 


Every element of G is self-inverse, so g~! = g, 


h-!=h and 
(gh) = gh. 
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By Proposition B14, we also have 
(gh)? = h'g. 

Thus 
gh =h-tg7. 

Therefore, since g7} = g and h™t = h, 
gh = hg. 

Thus G is abelian. 


Solution to Exercise B161 

Let P(n) be the statement 
(a)! = (a4), 

Then P(1) is true, because the equation 
(z!) = (s71)! 

is equivalent to the equation 
gisa, 


Now let k > 1 and assume that P(k) is true; that 
is, 


(a*)-1 — Ga 
We want to deduce that P(k + 1) is true, that is, 


(a**1) l= (g DE 


Now 


(x 1)k+L _ (x 1) ky 1 
=i 
=( 


x*)~"a-! (by P(k)) 
rz”)! (by Proposition B14) 
— (LFE, 


Hence P(k + 1) is true. 


Thus P(k) => P(k+1) for all k > 1. Therefore, 
by the Principle of Mathematical Induction, P(n) 
is true for all n € N. 


Solution to Exercise B162 


We know from Theorem B81 that HN K isa 
subgroup of G, so HM K is a group. Hence to 
prove that H N K is a subgroup of H we just need 
to check that H N K is a subset of H. This is true 
simply by the definition of HM K, so the stated 
result follows. 


Solution to Exercise B163 
We give a counterexample to the statement. 


Let G = S(C), and take both H and K to be equal 
to G. Then H and K are subgroups of G and 

H U K = G, so H U K is a subgroup of G. This 
counterexample shows that the given statement is 
not true. 


(We could have taken G to be any group at all 
here, and there are also many other possibilities for 
H and K: we could have taken them both to be 
the trivial subgroup, for example, or we could have 
taken them to be any two equal subgroups.) 


Solution to Exercise B164 
We give a counterexample to the statement. 


Let 


G = 8(0), 
H = (a) = {e,a, b,c}, 
K = (b) = {e,b}. 


Then H and K are distinct non-trivial proper 
subgroups of G. Also HU K =H,soHUK isa 
subgroup of G. This counterexample shows that 
the given statement is false. 


(We could have taken H and K to be any distinct 
non-trivial proper subgroups of a group G such 
that one of H and K is a subset of the other. 
Another such counterexample is obtained by 
taking G to be the cyclic group (Zg, +8) with 

H = (2) = {0,2,4,6} and K = (4) = 40,41) 


Solution to Exercise B165 

We check that the three subgroup properties hold. 
SG1 Let g and h be elements of (x). Then g = x° 
and h = qt for some integers s and t. So 


t +t 


hare Ha": 

Since s + t € Z, this shows that gh can be written 
as a power of x, so gh € (x). 

SG2 The identity element e of G can be written 
as e = 2°, so it is in (x). 


SG3 Let g be any element of (x). Then g = xê for 
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some integer s. Now 


gt — (x5)! 
s 


=x ° (by one of the index laws). 


Since —s € Z, this shows that g~! can be written 
as a power of x, so g7} € (2). 


Since all three subgroup properties hold, (x) is a 
subgroup of G. 


Solution to Exercise B166 


We know that K is a subgroup of H, so K isa 
group. Hence to prove that K is a subgroup of G 
we just need to check that it is a subset of G. This 
is true because K is a subset of H and H isa 
subset of G. Hence K is a subgroup of G. 


Solution to Exercise B167 


Let G be an abelian group, and let H bea 
subgroup of G. 


Let x,y € H. Then x,y € G since H is a subgroup 
of G. Since G is abelian, it follows that ry = yz. 
Thus H is abelian, as required. 


Solution to Exercise B168 


Let the order of H and K be p, where p is prime. 
By Theorem B81, the set HM K is a subgroup 

of G. It is also a subset of each of H and K, so it 
is a subgroup of each of H and K. Hence, by 
Lagrange’s Theorem, its order divides p, so it is 
either 1 or p. If it is p, then HM K is a subgroup 
of H that has the same order as H, so HA K =H, 
and similarly H N K = K. But this is impossible 
since H # K. Hence the order of HM K is 1, and 
therefore, since H N K is a subgroup, HN K = {e}. 


Solution to Exercise B169 


Let the orders of H and K be p and q, respectively, 
where p and q are coprime. By Theorem B81, the 
set H N K is a subgroup of G. It is also a subset of 
each of H and K, so it is a subgroup of each of H 
and K. Hence, by Lagrange’s Theorem, its order 
divides p and q. Since p and q are coprime, their 
only positive common factor is 1, so the order of 
H A K is 1. Therefore, since H N K is a subgroup, 
HAK = {e}. 
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Solution to Exercise B170 


Attempt 3 

This attempted proof is incorrect. It gives an 
example of a group of even order that contains an 
element of order 2, but to prove the theorem we 
have to prove that every group of even order 
contains an element of order 2. 


(This kind of ‘proof’ is known to mathematics 
tutors as a ‘proof by example’; this is not a valid 
method of proof!) 


Attempt 4 
This attempted proof is also incorrect. It is a 
correct proof of the following statement: 


A group that contains an element of order 2 
has even order. 


This is the converse of the theorem to be proved. 
Unfortunately the fact that the converse of a 
statement is true tells us nothing about the truth 
of the original statement. 


(The solution to Worked Exercise B56, Attempt 2, 
gives another way of expressing the converse — that 
way is the contrapositive of the statement above.) 


Attempt 5 

This attempted proof is correct. It correctly proves 
the contrapositive of the theorem to be proved, and 
the contrapositive is equivalent to the theorem. 


(However, the proof would have been clearer if it 
had started by saying that it was going to prove 
the contrapositive and had then stated the 
contrapositive. ) 


Attempt 6 

This attempted proof is incorrect. The problem 
occurs in the step ‘Then there is no element x of G 
that satisfies the equation z? = e.’ This is not a 
correct deduction, because even if a group does not 
contain an element of order 2, there is still an 
element x of G that satisfies the equation x? = e, 
namely the identity element e. 


(Saying that an element x has order 2 is not 
equivalent to saying that x? = e. If an element x 
has order 2, then it follows that x? = e, but if an 
element x satisfies x? = e then it does not follow 
that it has order 2, as x could be e, which has 
order 1.) 
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Solution to Exercise B171 


(a) The problem is that to show that the order of 
ba is n, we have to show not only that (ba)” = e, 
but also that there is no natural number k smaller 
than n such that (ba)* = e. 


(b) We can fix the proof by adding the following 
immediately before the sentence ‘Hence ba also has 
order n.’ 


Now suppose that there is a natural number k 
smaller than n such that 


(ba)* =e. 


Then, by an argument similar to the one 
above, it follows that 


(ab)* =e. 


But this contradicts the fact that the order of 
ab is n. So there is no such natural number k. 


Alternatively, we can exploit the fact that the 
elements a and b in the original statement are 
interchangeable, and replace the sentence ‘Hence 
ba also has order n.’ by the following. 


Let the order of ba be m. Then the argument 
above shows that m < n. By the same 
argument, with the roles of a and b 
interchanged, it follows that the order of ab is 
at most m; that is, n < m. 


Since m <n and n < m, we have m =n. 


There are other possibilities for fixing the proof, 
apart from the two suggestions above. 
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